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7.1 Matrices and Systems of Linear Equations

Definition

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

A linear equation is

aixy + axxp+ -+ apx, = b
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7.1 Matrices and Systems of Linear Equations

Definition

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

A linear equation is

aixy +axx2 + -+ apx, = b
It is homogeneous if b =10
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7.1 Matrices and Systems of Linear Equations

Definition

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

A linear equation is

aixy + axxp+ -+ apx, = b

It is homogeneous if b =10

For n = 2, we write

ax+ by =c
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7.1 Matrices and Systems of Linear Equations

Definition

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

A linear equation is

aixy +axxo+ -+ apx, = b

It is homogeneous if b =0

For n = 2, we write

ax+ by =c¢
For n = 3, we write

ax+by+cz=d
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7.1 Matrices and Systems of Linear Equations

Definition

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

(s1,52,53,---5p) is a solution of a;x; + axxo + -+ - + apxp, = b if

ais1+axsy+---+ansp = b
is true.
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7.1 Matrices and Systems of Linear Equations

Definition

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

(s1,52,53, - sp) is a solution of a;x; + axxp + -+ - + apx, = b if

ais1+axsy+---+ansp = b
is true.

Example (2,5,4) is a solution of 3x — 4y + 5z = 6.
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7.1 Matrices and Systems of Linear Equations

Definition

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

(s1,52,53, - sp) is a solution of a;x; + axxp + -+ - + apx, = b if

ais1+axsy+---+ansp = b
is true.

Example (2,5,4) is a solution of 3x — 4y + 5z = 6.

Find a solution of 2x + 4y = 0.
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7.1 Matrices and Systems of Linear Equations

Definition

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

A system of linear equations

ajnxi tapxo+ - +amx, = b
anx1 + axpxa + -+ + aXn b

amiXx1 + amaxo +

“o+ amnXn
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7.1 Matrices and Systems of Linear Equations

Definition

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

A system of linear equations:

a11x1 + apxo + -+ + a1pXn
as1 X1 + axpXxp + -+ - + axpXp

= by
= b
amiX1 + ameXx2 + -+ amnXn = bm.
(s1,52,53,---5p) is solution if
ayjs1 + axjsy + -+ -+ apjs, = b;  for all
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

When m = n = 2 we write

ax + by=e
cx + dy=f
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Solve
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Solve

x+4y =5
1) 2x—y=1
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Solve

x+4y =5
1) 2x—y=1

x+2y =
2) 2x + 4y

=} (=) Ay
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Solve

1) x+4y =5

2x—y=1

) x+2y=1
2x +4y =4

3) x—2y=3

3x—6y =9
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

When m = n = 3 we write

ax+by+cz=u
dx+ey+fz=v
gx+hy+iz=w
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

When m = n = 3 we write

ax+by+cz=u
dx+ey+fz=v
gx+hy+iz=w

=} = = Ay
A A P
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

Solve

X—y+2z=5
2x —2y +4z =10
3x -3y +6z=15

=} (=) Ay
A A P
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Augmented Matrices and Elementary Row Operations

ailr  ar - awn b
a1 ax - axn b
ami a@m2 -+ amn bm.
is called the augmented matrix of
aiixy+apxe+--+anxn, = b
aziXy + axpxe + -+ aypx, =

b

amix1 +amex2 + -+ amnXn = bm.
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Find the augmented matrix
x+4y =5
1) Y

2x—y=1
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Find the augmented matrix
x+4y =5
1) Y

2x—y=1

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems




7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Find the augmented matrix

xX+4y =5 1
1) 2x—y=1 —>

X+ 2y =
2) 2x 4+ 4y =
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Find the augmented matrix

X+4y=5 1 4 5
Dooy-1 — [2-1 ]

x+2y=1
2 oqay—4 [
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Find the augmented matrix
x+4y =5
1)

2x—y=1

2) x+2y=1
2x +4y =4

X+y+2z=9
3) 2x+4y—3z=1

3x+6y —5z=0
=] = = = = DAl
A A P
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples
Find the augmented matrix
x+4y =5
1)

2x—y=1

2) x+2y=1
2x +4y =4

X+y+2z=9
3) 2x+4y—3z=1

1 1 2 9
— 2 4 3 1
3x+6y —5z=0 3 6 -5 0
=] = = = = Ay
W



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

7.2 Matrices and Matrix Operations

DEFINITION An m x n (read as m by n) matrix is a rectangular

array of mn numbers arranged in m horizontal rows and n vertical
columns.

An m X n matrix is given by

411 4d12 -+ din
ax ax - ap
A=
| dm1 dm2 ' dmn 1
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s
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

7.2 Matrices and Matrix Operations

DEFINITION An m x n (read as m by n) matrix is a rectangular
array of mn numbers arranged in m horizontal rows and n vertical

columns.
An m X n matrix is given by

a1 d12 - din
a1 ax» -+ ap
A=
| dm1 dm2 ' dmn 1

The numbers aj; are called the i, j-th entries of the matrix.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

7.2 Matrices and Matrix Operations
DEFINITION An m x n (read as m by n) matrix is a rectangular
array of mn numbers arranged in m horizontal rows and n vertical
columns.
An m X n matrix is given by

a1 d12 - din
a1 ax» -+ ap
A=
| dm1 dm2 ' dmn 1

The numbers aj; are called the i, j-th entries of the matrix.

For brevity, we write
A=la;], i=12,---mj=12,---n

A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

More Terminology

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

If m = n, the matrix A is called a square matrix.
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
More Terminology

If m = n, the matrix A is called a square matrix.
The i-th row of A is

[ an ain |-
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
More Terminology

If m = n, the matrix A is called a square matrix.
The i-th row of A is

[ ai1
The j-th row of A is

ain ]

31_,'
azj
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Examples

For each of the following matrices find the size, the rows, the
columns, and entries.

1 2 3 6

A=12 3 2 14 B:[é :‘;’ Z]
3 1 -1 -2
i 1 21 3
c=|: ﬂ D:{; g] E=|-3 15 6
- 9 2 0
1
2
F=[101] G=[0 20 3 1] H=]9
3
0
o =3 - = = Dag

DA
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7.1 Matrices and Systems of Linear Equations

More Terminology

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

In a matrix A the entries aj; for the main diagonal.
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
More Terminology

In a matrix A the entries aj; for the main diagonal.

A 1 x n matrix is called row matrix or a row vector
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
More Terminology

In a matrix A the entries aj; for the main diagonal.

A 1 x n matrix is called row matrix or a row vector

An m x 1 matrix is called column matrix or a column vector
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

More Terminology

In a matrix A the entries aj; for the main diagonal.
A 1 X n matrix is called row matrix or a row vector
An m x 1 matrix is called column matrix or a column vector

Definition Two matrices are defined to be equal if they have the
same size and their corresponding entries are equal.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Addition of Matrices

DEFINITION 3 If A= [a;] and B = [b;;] are m x n, then
A+ B= [a,-j + b,'j]

A — B = [aj — by]

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

Scalar Multiplication

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

DEFINITION If A= [a;] is m x n, then

cA = [cajj]
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Matrix Multiplication

DEFINITION 5 If A is an m x r matrix and B is an r X n matrix,
then the product AB is the m x n.
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Matrix Multiplication

DEFINITION 5 If A is an m X r matrix and B is an r X n matrix,
then the product AB is the m x n.

If A=[aj]is mx rand B = [bj] are r x n, then

r
AB = [cjj] where ¢ = Za,-kbkj, for each i, j.
k=1

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems




7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Examples
Given_
1 2 3 6 2 -3 5
A=1|2 -3 2 14 B=|6 -5 4
|3 1 -1 -2 0 7 -1
_ 1 21 3
C= 22 i]D [éﬁ] E=|3 15 6
- 9 2 0
1
3 -2
F=[0 2 3] G= g H_[_l 4]

find the dimensions, the sum, and products of the matrices. If you
cannot add or multiply any two, state the reason(s).

[m] [l = =
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Transpose

DEFINITION If A is any m X n matrix, then the transpose of A,

denoted by AT, is defined to be the n x m matrix that results by
interchanging the rows and columns of A.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Transpose

DEFINITION If Ais any m X n matrix, then the transpose of A,
denoted by AT, is defined to be the n x m matrix that results by
interchanging the rows and columns of A.

Note The first column of AT is the first row of A

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Transpose

DEFINITION If Ais any m X n matrix, then the transpose of A,
denoted by AT, is defined to be the n x m matrix that results by
interchanging the rows and columns of A.

Note The first column of AT is the first row of A

The second column of AT is the second row of A, and so forth.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Transpose

DEFINITION If Ais any m X n matrix, then the transpose of A,
denoted by AT, is defined to be the n x m matrix that results by
interchanging the rows and columns of A.

Note The first column of AT is the first row of A

The second column of AT is the second row of A, and so forth.

If A= [a;]is mx n, then AT =[a;]is nx m

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Algebraic Properties of Matrices

THEOREM
(a) A+B=B+A

(b) A+(B+C)=(A+B)+C
(c) A(BC) = (AB)C

(d) A(B+C)=AB+AC

(e) (B+£C)A=BA+CA

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Matrix Addition and Multiplication

(f) a(B+C)=aB+aC
() (axp)(B=aB+p3B
(h) a(B+C)=aB+aC
(1) a(BC) = (ap)C

() (BC) = (aB)C = B(aC)

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Properties of Matrix Multiplication

1)

AB may be defined and BA may not
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Matrix Multiplication

1)

AB may be defined and BA may not
For example, if Ais 2 x 3 and B is 3 x 4.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Matrix Multiplication

1) AB may be defined and BA may not
For example, if Ais 2 x 3 and B is 3 x 4.

2) AB and BA may both be defined, but they may have different
sizes

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Matrix Multiplication

1) AB may be defined and BA may not
For example, if Ais 2 x 3 and B is 3 x 4.

2) AB and BA may both be defined, but they may have different
sizes

For example, if Ais 2 x 3 and B is 3 x 2, then AB is 2 x 2 while
BA'is 3 x 3.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Matrix Multiplication

1) AB may be defined and BA may not
For example, if Ais 2 x 3 and B is 3 x 4.

2) AB and BA may both be defined, but they may have different
sizes

For example, if Ais 2 x 3 and B is 3 x 2, then AB is 2 x 2 while
BA'is 3 x 3.

3) AB and BA may both be defined and have the same size, but
the two matrices may be different.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of the Transpose

THEOREM If the sizes of the matrices are such that the stated
operations can be performed, then:

@ (AN =A

(b) (A+B)T =AT +BT
(c) (KA)T = kAT

(d) (AB)T =BTAT

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Diagonal, Triangular, and Symmetric Matrices

Diagonal Matrices A square matrix in which all the entries off
the main diagonal are zero is called a diagonal matrix.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Diagonal, Triangular, and Symmetric Matrices

Diagonal Matrices A square matrix in which all the entries off
the main diagonal are zero is called a diagonal matrix.

Triangular Matrices A square matrix in which all the entries
above the main diagonal are zero is called lower triangular matrix
A square matrix in which all the entries below the main diagonal
are zero is called upper triangular matrix.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.2 Matrices and Matrix Operations

Diagonal, Triangular, and Symmetric Matrices

Diagonal Matrices A square matrix in which all the entries off
the main diagonal are zero is called a diagonal matrix.

Triangular Matrices A square matrix in which all the entries
above the main diagonal are zero is called lower triangular matrix
A square matrix in which all the entries below the main diagonal
are zero is called upper triangular matrix.

A matrix that is either upper triangular or lower triangular is called
a triangular matrix.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.2 Matrices and Matrix Operations

Diagonal, Triangular, and Symmetric Matrices

Diagonal Matrices A square matrix in which all the entries off
the main diagonal are zero is called a diagonal matrix.

Triangular Matrices A square matrix in which all the entries
above the main diagonal are zero is called lower triangular matrix
A square matrix in which all the entries below the main diagonal
are zero is called upper triangular matrix.

A matrix that is either upper triangular or lower triangular is called
a triangular matrix.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Triangular Matrices

1)

A square matrix A = [ajj] is upper triangular if and only if all
entries to the left of the main diagonal arc zero; that is, a;; = 0 if
i>J.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Triangular Matrices

1) A square matrix A = [a;j] is upper triangular if and only if all
entries to the left of the main diagonal arc zero; that is, a;; = 0 if
i>J.

2) A square matrix A = [aj] is lower triangular if and only if aj;
entries to the right of the main diagonal are zero; that is, a;j = 0 if
i<j.

u]
)
I
i
i
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Triangular Matrices

1) A square matrix A = [a;j] is upper triangular if and only if all
entries to the left of the main diagonal arc zero; that is, a;; = 0 if
i>J.

2) A square matrix A = [aj] is lower triangular if and only if aj;
entries to the right of the main diagonal are zero; that is, a;j = 0 if
i<j.

3) A square matrix A = [aj;] is upper triangular if and only if the
ith row starts with at least / — 1 zeros for every i.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.2 Matrices and Matrix Operations

Properties of Triangular Matrices

1) A square matrix A = [ajj] is upper triangular if and only if all
entries to the left of the main diagonal arc zero; that is, a;; = 0 if
i

2) A square matrix A = [aj] is lower triangular if and only if aj;
entries to the right of the main diagonal are zero; that is, a;j = 0 if
i<j.

3) A square matrix A = [aj;] is upper triangular if and only if the
ith row starts with at least / — 1 zeros for every i.

4) A square matrix A = [ajj] is lower triangular if and only if the
Jjth column starts with at least j — 1 zeros for every j.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Triangular Matrices

THEOREM a)

The transpose of a lower triangular matrix is
upper triangular,and the transpose of an upper triangular matrix is
lower triangular.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Triangular Matrices

THEOREM a) The transpose of a lower triangular matrix is
upper triangular,and the transpose of an upper triangular matrix is
lower triangular.

b) The product of lower triangular matrices is lower
triangular,and the product of upper triangular matrices is upper
triangular.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Triangular Matrices

THEOREM a) The transpose of a lower triangular matrix is
upper triangular,and the transpose of an upper triangular matrix is
lower triangular.

b) The product of lower triangular matrices is lower
triangular,and the product of upper triangular matrices is upper
triangular.

c) A triangular matrix is invertible if and only if its diagonal
entries are all nonzero.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.2 Matrices and Matrix Operations

Properties of Triangular Matrices

THEOREM a) The transpose of a lower triangular matrix is
upper triangular,and the transpose of an upper triangular matrix is
lower triangular.

b) The product of lower triangular matrices is lower
triangular,and the product of upper triangular matrices is upper
triangular.

c) A triangular matrix is invertible if and only if its diagonal
entries are all nonzero.

d) The inverse of an invertible lower triangular matrix is lower
triangular, and the inverse of an invertible upper triangular matrix
is upper triangular.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Symmetric Matrices

DEFINITION A square matrix A is said to be symmetric if

A = AT. In other words, A = [a;] us symmetric if and only
a,-j = aj,-

foralli, j=1,2,--- ,n.

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Symmetric Matrices

Find AT, BT, 5A, and B— Aif A= [
5_ [ 1 2

2 3
34}and
2 5]'

=] = = = = DAl
A A P
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Symmetric Matrices

Find AT, BT, 5A, and B—AifA:[
1 2
3_[2 5].

2 3
3 4 ] and
Are they all symmetric?

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems




7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Symmetric Matrices
. T ST . 2 3
Find A", B', 5A,and B—Aif A= 3 4 and
1 2
B = [ L2 ]
Are they all symmetric?

THEOREM If A and B are symmetric matrices with the same
size, and if k is any scalar, then:

(a) AT is symmetric

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Symmetric Matrices

Find AT, BT, 5A,and B— Aif A= [ § i ] and
1 2
2-[1 2]
Are they all symmetric?
THEOREM If A and B are symmetric matrices with the same
size, and if k is any scalar, then:
(a) AT is symmetric

b) A+ B are symmetric.

[m] = =

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Symmetric Matrices

Find AT, BT, 5A,and B— Aif A= [ g i ] and
1 2
2-]1 2]
Are they all symmetric?
THEOREM If A and B are symmetric matrices with the same
size, and if k is any scalar, then:
(a) AT is symmetric
b) A+ B are symmetric.

c) kA is symmetric.

[m] = =

J ALY
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

A system

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
System of Equations as Matrix Equation

aiixiy + aioxo +

o+ aipXn
az1Xx1 + axpxe +

cetamx, = b
am1X1 + amex2 + -+ ampXn = bm.
can be represented as a matrix equation

AX =0b
where

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

System of Equations as Matrix Equation

[ a a -~ a i
wmon ] [a o
n
X2 by
A= , X = . , b=
Xn
| dm1 dm2 - dmn i

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Examples

Express the following systems in matrix form:
— 4y = —
1) x —4y 5

x+2y=1
Ix—y =2 2) 2x+4y =4

3) x+y+2z=9
3x — 4y — 8 x+4y —3z=13
x—dy+z=—5 X+2y4+3z—w=1

4) 3x—y=2 5)
2y —3z=4

2x+4y —4w =0
3x—4y+z+w=38

x—w=4

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
7.3 Linear Systems of Equations: Gauss Elimination

Elementary row operations on a matrix are

1.

Multiply a row through by a nonzero constant.

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
7.3 Linear Systems of Equations: Gauss Elimination

Elementary row operations on a matrix are

1.

Multiply a row through by a nonzero constant.
2.

Interchange two rows.

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
7.3 Linear Systems of Equations: Gauss Elimination

Elementary row operations on a matrix are

1.

Multiply a row through by a nonzero constant.
2.

Interchange two rows.

3. Add a constant times one row to another.

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

N
x
_|_
N
<
1
w
N
I
O = O

=} = = Ay
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

X + y + 2z =

9 11 2 9
2x 4+ 4y - 3z =1 — 2 4 3 1
3x + 6y - 5z = 0 3 6 50

Add —2 times the first equation (row) to the second (row):

=] = = ) Q>
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example
x + y + 2z =9 1 1 2 9
2x 4+ 4y - 3z =1 — 2 4 3 1
3x + 6y - 5z = 0 3 6 50

Add —2 times the first equation (row) to the second (row):

x + y + 2z = 9
2y — Tz = -—-17
3x + 6y — bz = 0

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

x + y + 2z =9 1 1 2 9
2x 4+ 4y - 3z =1 — 2 4 3 1
3x + 6y - 5z = 0 3 6 50

x + y + 2z = 9 11 2 9
2y — Tz = -—-17 — 0 2 -7 -17
3x + 6y — bz = 0 3 6 -5 0

o =) = = Al
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

x + y + 2z =9 1 1 2 9
2x 4+ 4y - 3z =1 — 2 4 3 1
3x + 6y - 5z = 0 3 6 50

x + y + 2z = 9 11 2 9
2y — Tz = -—-17 — 0 2 -7 -17
3x + 6y — bz = 0 3 6 -5 0

o =) = = Al
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

x + y + 2z = 9
2y — Tz
3x 4+ 6y

bz = 0

=} = = Ay
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example
x + y + 2z = 9 11 2 9
2y — Tz = -—17 — 0 2 -7 -17
3x + 6y — 5z = 0 3 6 -5 0

Add —3 times the first equation (row) to the third (row):

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example
x + y + 2z = 9 11 2 9
2y — Tz = -—17 — 0 2 -7 -17
3x + 6y — 5z = 0 3 6 -5 0

Add —3 times the first equation (row) to the third (row):

x + y + 2z = 9
2y — Tz = =17
3y 11z = =27

=] = = = ) Q>
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example
x + y + 2z = 9 11 2 9
2y — Tz = -—17 — 0 2 -7 -17
3x + 6y — 5z = 0 3 6 -5 0

Add —3 times the first equation (row) to the third (row):

x + y + 2z 9 1 1 2 9
2y — Tz = =17 — 0o 2 -1 -17
3y — 11z —27 0o 3 -11 -27

=) = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Example
Multiply the second equation (row) by 1/2:
= = = = = DAl
A A P
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Multiply the second equation (row) by 1/2:

X 4+ y + 2z = 9
y - 3z = -3
3y — 11z = =27

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Multiply the second equation (row) by 1/2:

1 1 2 9
x + y + 2z = 9 7 17
_ 1, - _u 01 - -3
Y 22 = 2 -
3y — 11z = =27

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Example
Multiply the second equation (row) by 1/2:
X

11 2 9
+ v + 2z = 9 7 17
7 17 01 —3 —-%
y — §Z = -5 E—
3y — 11z = =27 0 3 —11 —27
Add —3 times the second equation (row) to the third (row):

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example
Multiply the second equation (row) by 1/2:

1 1 2 9
x + y + 2z = 9 7 17
_ 1, - _u 01 -3 —3%
y 22 = 2 -
3y — 11z = =27

0 3 -—-11 =27

x + vy + 2z = 9
- 32 = -3

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example
Multiply the second equation (row) by 1/2:

1 1 2 9
x + y + 2z = 9 7 17
_ 1, - _u 01 -3 —3%
y 22 = 2 -
3y — 11z = =27

x + y + 2z = 9 1 1 2 9
- I, = _ o 1 I _1r
R S 0o 1 _3

2 2 2 2

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Multiply the third equation (row) by —2:

<
|
I~
N
Il
|
|»-‘
~

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Multiply the third equation (row) by —2:

X + y + 22 = 9 11 2 9
y — %z = -¥ — o1 -1 -u
z = 3 0 0 1 3

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Multiply the third equation (row) by —2:

X + y + 2z = 9 11 2 9
y - k- ¥ — Jo1 - %
z = 3 00 1 3

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Multiply the third equation (row) by —2:

X + y + 2z = 9 11 2 9
y - k- ¥ — Jo1 - %
z = 3 00 1 3

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Multiply the third equation (row) by —2:

X + y + 2z = 9 11 2 9
y - k- ¥ — Jo1 - %
z = 3 00 1 3

We now have z = 3 and so use the second equation to get y = 2
and then use these values of z and y to get x =

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Multiply the third equation (row) by —2:

X + y + 2z = 9 11 2 9
y - k- ¥ — Jo1 - %
z = 3 00 1 3

We now have z = 3 and so use the second equation to get y = 2
and then use these values of z and y to get x = 1.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Multiply the third equation (row) by —2:

X + y + 2z = 9 11 2 9
y - k- ¥ — Jo1 - %
z = 3 00 1 3

We now have z = 3 and so use the second equation to get y = 2
and then use these values of z and y to get x = 1.
Or we could continue

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Add —1 times the second equation(row) to the first:

X +1—212 32—5

7,  _ _r

y - 32 = -3
z 3

=] =) - = DAl
A A P
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Add —1 times the second equation(row) to the first:

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems

11 35
2Z 2
7, — _1
2 = 2
z = 3
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o = O



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example

Add —1 times the second equation(row) to the first:

S 1o ¥ ¥
N LR
z 3 0 0 1 3

Add —11/2 times the third to the first and 7/2 time the third to
the second:

X = 1 1 00 1
y = 2  — 01 0 2
z = 3 00 1 3

=] =) = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

A matrix is said to be in reduced row echelon form if it satisfies
the following properties:
1)

The first nonzero number in the row is a 1 (a leading 1).

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

A matrix is said to be in reduced row echelon form if it satisfies
the following properties:

1)  The first nonzero number in the row is a 1 (a leading 1).
2)

Rows of zeros are at the bottom of the matrix.

=] = = D
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

A matrix is said to be in reduced row echelon form if it satisfies
the following properties:

1)  The first nonzero number in the row is a 1 (a leading 1).
2) Rows of zeros are at the bottom of the matrix.

3) The leading 1 in the lower row occurs further to the right of
the leading 1 in the higher row.

A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

A matrix is said to be in reduced row echelon form if it satisfies
the following properties:

1)  The first nonzero number in the row is a 1 (a leading 1).
2) Rows of zeros are at the bottom of the matrix.

3) The leading 1 in the lower row occurs further to the right of
the leading 1 in the higher row.

4)  Each column that contains a leading 1 has zeros everywhere
else.

A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Row Echelon Form

A matrix that has the first three properties is said to be in row
echelon form.

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Row Echelon Form

A matrix that has the first three properties is said to be in row
echelon form.

Thus, a matrix in reduced row echelon form is in row echelon form,
but not conversely.

o =) = = Al
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Row Echelon Form

A matrix that has the first three properties is said to be in row
echelon form.

Thus, a matrix in reduced row echelon form is in row echelon form,
but not conversely.

1 4 2 6 01 2 8 0
A= 0 1 6 8 and B=| 0 0 1 -9 0 | arein
0 0 1 4 0 0 0 0 1

row echelon forms but not reduced row echelon forms. (Why?)

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Row Equivalent

Two matrices A and B are called row equivalent if one is obtained
from the other by performing a series of elementary row operation.

=] = = = = DAl
A A P
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Row Equivalent

Two matrices A and B are called row equivalent if one is obtained
from the other by performing a series of elementary row operation.

Note: If the augmented matrices of two linear systems are row
equivalent, then the systems have the same solutions.

= = =
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems




7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Examples

Which of the following are in reduced row echelon form?

100 1 100
A=|0 1 0 -17| B=|0 1 0
00 1 3 000
12030 rrsan
C= D=|0 1 2 2
0000 1 0o o0 1 s
(00000
[0 1 2 108 -3 2
E=|0 0 0 F=|0 1 4 -9 3
1 3 4 001 1 2
0> «F> «=» «E» E

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

Note: Every m x n nonzero matrix can be reduced to a unique
matrix that is in reduced row echelon form (or rref.

=] = = = = DAl
A A P
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

RREF

Note: Every m x n nonzero matrix can be reduced to a unique
matrix that is in reduced row echelon form (or rref.

Example Find the rref of the matrix

0 2 3 —4 1
A 0 0 2 3 4
2 3 1-5 2 4
2 0 -6 9 7
o = = = T DaQ

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Elimination Method

Example Solve the following using the method of elimination.
xX+2y+3z=06

2x —3y+2z=14
x+y—z=-2

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Elimination Method

Example Solve the following using the method of elimination.
xX+2y+3z=06

2x —3y+2z=14

x+y—z=-2
Solution:

The augmented matrix of the system is

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



Elimination Method

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example Solve the following using the method of elimination

xX+2y+3z=06
2x —3y+2z=14
3X+y—z=-2
Solution:

The augmented matrix of the system is

2 3 6
2 -3 2 14
31 -1

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



Elimination Method

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Example Solve the following using the method of elimination
x+2y+3z=6

2x —3y+2z=14

3X+y—z=-2
Solution:

The augmented matrix of the system is

-1
row echelon form.

We now apply elementary row operations to reduce it to a reduced
= = - = Ay
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

Elimination Method

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Add —2 times row 1 to row 2 and

—3 times row 1 to row 3:

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Elimination Method

Add —2 times row 1 to row 2 and

—3 times row 1 to row 3:
1 2 3 6

2 -3 2 14

31 -1 -2

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



Elimination Method

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Add —2 times row 1 to row 2 and

—3 times row 1 to row 3:
1 2 3 6 1 2 3 6

2 3 2 14 — | 0 -7 -4 2

31 -1 -2 0 -5 -10 -20

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Elimination Method
Add —2 times row 1 to row 2 and —3 times row 1 to row 3:
1 2 3 6 1 2 3 6
2 -3 2 14 — | 0 -7 -4 2
31 -1 -2 0 -5 -10 -20
Multiply the third row by —1/5:

=] = = = = DAl
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Elimination Method

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Add —2 times row 1 to row 2 and —3 times row 1 to row 3:
1

6 1 2 3 6
-3 2 14 — | 0 -7 -4 2
31 -1 -2 0 -5 -10 -20
1 2 3 6
Multiply the third row by —1/5: 0 -7 4 2
0 1 2 4

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



Elimination Method

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Add —2 times row 1 to row 2 and —3 times row 1 to row 3:
1

6 1 2 3 6
3 2 14| — |0 -7 -4 2
3 1 -1 -2 0 -5 -10 -20
1 2 3 6
Multiply the third row by —1/5: 0 -7 4 2
01 2 4
Interchange rows 2 and 3:

=] = = = = DAl
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Elimination Method

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Add —2 times row 1 to row 2 and —3 times row 1 to row 3:
1

2 3 6 1 2 3 6
2 -3 2 14| —]|0 -7 -4 2
3 1 -1 -2 0 -5 -10 -20

1 2 3 6

Multiply the third row by —1/5: 0 -7 4 2

01 2 4

1 2 3 6
Interchange rows 2 and 3: 01 2 4
0 -7 -4 2

=] =) = ) Q>
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Elimination Method

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Add —2 times row 1 to row 2 and —3 times row 1 to row 3:
1

2 3 6 1 2 3 6
2 3 2 14| —1|0 -7 -4 2
3 1 -1 -2 0 -5 -10 -20
1 2 3 6
Multiply the third row by —1/5: 0 -7 4 2
0 1 2 4
1 2 3 6
Interchange rows 2 and 3: 0 1 2 4
0 -7 4 2
Add 7 times row 2 to row 3:

= = = Qv
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elimination Method

Add —2 times row 1 to row 2 and —3 times row 1 to row 3:

1 2 3 6 1 2 3 6
2 3 2 14| —1|0 -7 -4 2
3 1 -1 -2 0 -5 -10 -20
1 2 3 6
Multiply the third row by —1/5: 0 -7 4 2
0 1 2 4
1 2 3 6
Interchange rows 2 and 3: 0 1 2 4
0 -7 4 2
1 2 3 6
Add 7 times row 2 to row 3: 01 2 4
0 0 10 30

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

Elimination Method

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Multiply the third row by 1/10:

=] = = = = DAl
A A P
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7.1 Matrices and Systems of Linear Equations

Elimination Method

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Multiply the third row by 1/10:

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Elimination Method

Multiply the third row by 1/10:

1 2 3 6
01 2 4
0 0 1 3
Add —2 times row 3 to row 2:

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elimination Method

1 2 3 6
Multiply the third row by 1/10: | 0 1 2 4
| 0 0 1 3
(1 2 3 6
Add —2 times row 3 to row 2: 01 0 -2
| 0 0 1 3

=] = - = = )y

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elimination Method

1 2 3 6
Multiply the third row by 1/10: | 0 1 2 4
| 0 0 1 3
1 2 3 6
Add —2 times row 3 to row 2: 01 0 -2
| 0 0 1 3

Add —3 times row 3 to row 1:

o> <5 = = = 9Dac

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elimination Method

Multiply the third row by 1/10:

o W~ O

Add —2 times row 3 to row 2:

Add —3 times row 3 to row 1:

CoOorOoOOR OO R

OO ORNOKRN

FOWHOWRNW
[\
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elimination Method

Multiply the third row by 1/10:

o W~ O

Add —2 times row 3 to row 2:

Add —3 times row 3 to row 1:

CoOorOoOOR OO R

OO ORNOKRN

FOWHOWRNW
[\

Add —2 times row 2 to row 1:

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elimination Method

Multiply the third row by 1/10:

o W~ O

Add —2 times row 3 to row 2:

Add —3 times row 3 to row 1:

Add —2 times row 2 to row 1:

OO H OO OO OO0 K
O OO R OOF,NOKFKNDN
H OO, OWHFOWRFRLDNDW
=
o
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elimination Method

Multiply the third row by 1/10:

o W~ O

Add —2 times row 3 to row 2:

Add —3 times row 3 to row 1:

Add —2 times row 2 to row 1:

OO H OO OO OO0 K
O OO R OOF,NOKFKNDN
H OO, OWHFOWRFRLDNDW
=
o

The solution is x =

u]
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I
i
i
)
)
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elimination Method

Multiply the third row by 1/10:

o W~ O

Add —2 times row 3 to row 2:

Add —3 times row 3 to row 1:

Add —2 times row 2 to row 1:

HOOHFH,HOWRFOWRFNDW
=
o

N OOH OO OO+ OO HR

2
1
0
2
1
0
0
1
0
0
1
0
=3

The solution is x = 1, y = —2 and

u]
)
I
i
i

J ALY
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Gauss-Jordan Elimination

Definition The method used in the above example is called
Gauss-Jordan Elimination method.

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Gauss-Jordan Elimination

Definition The method used in the above example is called
Gauss-Jordan Elimination method.

Example Use the Gauss-Jordan elimination method to solve the
system whose augmented matrix is

13 -2 0 2 O 0
2 0 -5 -2 4 -3 -1
0 0 5 10 0 15 5
2 6 0 8 4 18 6
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Gauss-Jordan Elimination

Definition The method used in the above example is called
Gauss-Jordan Elimination method.

Example Use the Gauss-Jordan elimination method to solve the
system whose augmented matrix is

13 -2 0 2 O 0
2 0 -5 -2 4 -3 -1
0 0 5 10 0 15 5
2 6 0 8 4 18 6

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Use Gauss-Jordan elimination method to the solve the
homogeneous system:

x1 4+ 3x — 2x3 +  2xs = 0

2x1 + 6xo + 5x3 + 2x4 + 4xs + 3x = 0

5x3 4+ 10xy + 15x¢ = O

2x1 + 6xo + 8xs + 4xs + 18x = O
o =) = = 9Dac

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

Theorem Every homogeneous system of linear equations is
consistent. The solution

X1=0;X2=07"' s Xn

=0
is called the trivial solution.

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

Theorem Every homogeneous system of linear equations is
consistent. The solution

X1=0;X2=07'”7Xn

=0
is called the trivial solution.

Any other solution is called nontrivial solutions.

=] =) = = = D
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems




7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Theorem Every homogeneous system of linear equations is
consistent. The solution

X1=0,X2=0,"',Xn=0

is called the trivial solution.

Any other solution is called nontrivial solutions.

Note Any homogeneous system has either the trivial solution or
infinitely many solutions.

A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

Theorem If a homogeneous linear system has n unknowns, and if
the reduced row echelon form of its augmented matrix has r

nonzero rows, then the system has n — r free variables.

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Theorem If a homogeneous linear system has n unknowns, and if
the reduced row echelon form of its augmented matrix has r
nonzero rows, then the system has n — r free variables.

Example Solve

x + 2y + 3z + w = 0
x -y + z - w =0
X + by + 5z + 3w = 0
5 + 4y + 11z + w = 0

u]
)
I
i
i

D
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

Theorem A homogeneous linear system with more unknowns
than equations has infinitely many solutions.

=] = = = = DAl
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Theorem A homogeneous linear system with

more unknowns
than equations has infinitely many solutions.

Example Solve

x + y + z + w =
X + w

I
o oo

x + 2y + z =

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Theorem A homogeneous linear system with

more unknowns
than equations has infinitely many solutions.

Example Solve

x + y + z + w =
X + w

I
o oo

x + 2y + z =

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

equation

7.4 Linear Independence and Rank of a Matrix
DEFINITION A set S = {vy, vp, --

, v, } of vectors in R” is
called a linearly independent set if the only solution of the vector

kivi + kovo +---+ kv, =0
is the trivial solution

ki =0, kp =0, ks =0, +---+ k,

=0.

=] =) - = = DAl
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

7.4 Linear Independence and Rank of a Matrix
DEFINITION A set S = {vy, v, --- , v,} of vectors in R" is

called a linearly independent set if the only solution of the vector
equation

kivi + kovo +---+ kv, =0
is the trivial solution
ki =0, kb =0, k=0, +---+ k, =0.

If there are solutions in addition to the trivial solution, then S is
said to be a linearly dependent set.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.4 Linear Independence and Rank of a Matrix

DEFINITION A set S = {vy, v, --- , v,} of vectors in R" is
called a linearly independent set if the only solution of the vector
equation

kivi + kovo +---+ kv, =0
is the trivial solution
ki =0, k=0, k=0, +---+ k. =0.

If there are solutions in addition to the trivial solution, then S is
said to be a linearly dependent set.

Example The most basic linearly independent set in R” is the set
of standard unit vectors

e; =(1,0,0,---,0), --- , e, =(0,0,0,---,1)

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

EXAMPLES

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Determine whether the vectors are linearly independent or linearly
dependent
1.

vi = (1,-2,3), vo = (5,6,—1) , v3 = (3,2,1) in R3.

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

EXAMPLES

Determine whether the vectors are linearly independent or linearly
dependent

1. vi=(1,-2,3), vy =(56,-1),v3 = (3,2,1) in R3.

2. v =(1,2,-2,-1), v = (4,9,9,—4) , v3 = (5,8,9,—5) in
R*.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
L O S O
Some Properties of Linear Independence
THEOREM (a) A set S with two or more vectors is linearly

dependent if and only if at least one of the vectors in S is

expressible as a linear combination of the other vectors in S.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Some Properties of Linear Independence
THEOREM (a) A set S with two or more vectors is linearly
dependent if and only if at least one of the vectors in S is
expressible as a linear combination of the other vectors in S.
(b) A set S with two or more vectors is linearly independent if
and only if no vector in S is expressible as a linear combination of
the other vectors in S.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Some Properties of Linear Independence
THEOREM (a) A set S with two or more vectors is linearly
dependent if and only if at least one of the vectors in S is
expressible as a linear combination of the other vectors in S.
(b) A set S with two or more vectors is linearly independent if
and only if no vector in S is expressible as a linear combination of
the other vectors in S.

THEOREM (a) A finite set that contains 0 is linearly
dependent.

A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



Some Properties of Linear Independence
THEOREM (a) A set S with two or more vectors is linearly
dependent if and only if at least one of the vectors in S is
expressible as a linear combination of the other vectors in S.
(b) A set S with two or more vectors is linearly independent if
and only if no vector in S is expressible as a linear combination of
the other vectors in S.

THEOREM (a) A finite set that contains 0 is linearly
dependent.

(b) A set with exactly one vector is linearly independent if and
only if that vector is not 0.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



Some Properties of Linear Independence
THEOREM (a) A set S with two or more vectors is linearly
dependent if and only if at least one of the vectors in S is
expressible as a linear combination of the other vectors in S.
(b) A set S with two or more vectors is linearly independent if
and only if no vector in S is expressible as a linear combination of
the other vectors in S.

THEOREM (a) A finite set that contains 0 is linearly
dependent.

(b) A set with exactly one vector is linearly independent if and
only if that vector is not 0.

(c) A set with exactly two vectors is linearly independent if and
only if neither vector is a scalar multiple of the other.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



Some Properties of Linear Independence
THEOREM (a) A set S with two or more vectors is linearly
dependent if and only if at least one of the vectors in S is
expressible as a linear combination of the other vectors in S.
(b) A set S with two or more vectors is linearly independent if
and only if no vector in S is expressible as a linear combination of
the other vectors in S.

THEOREM (a) A finite set that contains 0 is linearly
dependent.

(b) A set with exactly one vector is linearly independent if and
only if that vector is not 0.

(c) A set with exactly two vectors is linearly independent if and
only if neither vector is a scalar multiple of the other.

THEOREM Let S = {vy, vo, --- , v, } be a set of vectors in R".
If r > n, then S is linearly dependent.
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Row Space, Column Space, and Null Space

DEFINITION

If Ais an m X n matrix, then the subset of R”
containing all linear combination of the row vectors of A is called
the row space of A.

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Row Space, Column Space, and Null Space

DEFINITION If A is an m x n matrix, then the subset of R”
containing all linear combination of the row vectors of A is called
the row space of A.

The subset of R™ containing all linear combination of the column
vectors of A is called the column space of A.
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Row Space, Column Space, and Null Space

DEFINITION If A is an m x n matrix, then the subset of R”
containing all linear combination of the row vectors of A is called
the row space of A.

The subset of R™ containing all linear combination of the column
vectors of A is called the column space of A.

The solution space of the homogeneous system of equations
AX = 0, which is a subspace of R”, is called the null space of A.

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

Let b= (1,—9,—3) and A=

N = =
= N W

Show that b is in the column space of A.

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations

THEOREM

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

If Xo is any solution of a consistent linear system AX = b, and if
S ={vi,va, -

,Vk} is a basis for the null space of A,then every
solution of AX = b can be expressed in the form

X =Xg+ v + covo + -+ - + cxVi.

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

THEOREM

If Xo is any solution of a consistent linear system AX = b, and if
S ={vi1,va, -+, vk} is a basis for the null space of A,then every
solution of AX = b can be expressed in the form

X =Xp+ civi + Vo + - - - + CrVyk.

Conversely, for all choices of scalars ¢, ¢, - - - , ¢k, the vector X in
this formula is a solution of AX = b.

Example Find the general solution of AX = b, where

1 3 =2 0 2 0
2 6 -5 -2 4 -3
0 0 5 10 0 15
2 6 0 8 4 18

b=(0,-1,5,6) and A=

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

THEOREM

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

matrix.

Elementary row operations do not change the null space of a
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

THEOREM

Elementary row operations do not change the null space of a
matrix.

THEOREM Elementary row operations do not change the row
space of a matrix.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

THEOREM

Elementary row operations do not change the null space of a
matrix.

THEOREM Elementary row operations do not change the row
space of a matrix.

Example Find a basis for the null space of
1 3 =2 0 2 0

A_|26 5 -2 4 -3
“l0 o0 5 10 0 15
2 6 0 8 4 18

o> <5 = Dl
A A P
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

THEOREM

If a matrix R is in row echelon form, then the row vectors with the
leading I's (the nonzero row vectors) form a basis for the row space
of R, and the column vectors with the leading 1s of the row
vectors form a basis for the column space of R.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

THEOREM

If a matrix R is in row echelon form, then the row vectors with the
leading I's (the nonzero row vectors) form a basis for the row space
of R, and the column vectors with the leading 1s of the row
vectors form a basis for the column space of R.

Example Find a basis for the row space of
1 -3 4 -2 5 4
2 —6 9 -1 8 2
2 -6 9 -1 9 7
-1 3 —4 2 -5 -4

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

THEOREM

If a matrix R is in row echelon form, then the row vectors with the
leading I's (the nonzero row vectors) form a basis for the row space
of R, and the column vectors with the leading 1s of the row
vectors form a basis for the column space of R.

Example Find a basis for the row space of
1 -3 4 -2 5 4
2 —6 9 -1 8 2
2 -6 9 -1 9 7
-1 3 —4 2 -5 -4
1 -3 4 =2 5 4

A=

0 01 3 -2 -6
Apply REF to get R = 0 0 0 0 1 5
0 0 0 0 0 0

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Rank and Nullity

THEOREM The row space and column space of a matrix A have
the same dimension.
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Rank and Nullity

THEOREM The row space and column space of a matrix A have
the same dimension.

column space matrix A is called the rank of A and is denoted by
rank(A)

=] =) = = 2
A A P
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Rank and Nullity

THEOREM The row space and column space of a matrix A have
the same dimension.

DEFINITION The common dimension of the row space and
column space matrix A is called the rank of A and is denoted by
rank(A)

The dimension of the null space of A is called the nullity of A
and is denoted by nullity(A).

A A P
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Rank and Nullity

THEOREM The row space and column space of a matrix A have
the same dimension.

DEFINITION The common dimension of the row space and
column space matrix A is called the rank of A and is denoted by
rank(A)

The dimension of the null space of A is called the nullity of A
and is denoted by nullity(A).

THEOREM If A is a matrix with n columns, then

rank(A) + nullity(A) = n.
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DEFINITION

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
H 1
7.7 Determinants and Cramer's Rule

1)

determinant of A by

letA=|2 P

q ] . The we define the

a b
= . d‘—ad—bc.
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7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

7.7 Determinants and Cramer’s Rule

DEFINITION 1) Let A= i 2 ] The we define the

determinant of A by

det(A) = |A| = 2 Z‘:ad—bc.

2) If A=[aj] is a square matrix, then the minor of entry aj; is
denoted by Mj; and is defined to be the determinant of the
submatrix that remains after the ith row and jth column are
deleted from A.
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7.7 Determinants and Cramer’s Rule

DEFINITION 1) Let A= i Z ] The we define the

determinant of A by

det(A) = |A| = 2 Z‘:ad—bc.

2) If A=[aj] is a square matrix, then the minor of entry aj; is
denoted by Mj; and is defined to be the determinant of the
submatrix that remains after the ith row and jth column are
deleted from A.

3) The number (—1)"*/Mj; is denoted by C; and is called the
cofactor of entry a;; .

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Example

Find the minors and cofactors of the matrix

1 20
3 0 -1
2 1 2
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A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Definition of a General Determinant

THEOREM If A is an n x n matrix, then regardless of which row
or column of A is chosen, the number obtained by multiplying the

entries in that row or column by the corresponding cofactors and
adding the resulting products is always the same.

=] =1 2
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
DEFINITION The sum in the above theorem is called the

the determinant of A.

determinant of A and is refered to as the cofactor expansions of
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DEFINITION The sum in the above theorem is called the

determinant of A and is refered to as the cofactor expansions of
the determinant of A.

IfA = [ajj], then expansion along the jth column is gvien by

det(A) = Z ajCyj, for any j.
k=1

e e
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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DEFINITION The sum in the above theorem is called the
determinant of A and is refered to as the cofactor expansions of
the determinant of A.

IfA = [ajj], then expansion along the jth column is gvien by

det(A) = Z ajCyj, for any j.
k=1

The expansion along the ith row is given by

n
det(A) = Z ajxCix, for any i.
k=1

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Determinant of a Triangular Matrix

THEOREM If A is an n x n triangular matrix (upper triangular,
lower triangular, or diagonal), then

det(A) = a11a22 *** ann
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Evaluating Determinants by Row Reduction
a column of zeros, then

THEOREM Let A be a square matrix. If A has a row of zeros or

det(A) = 0.
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Evaluating Determinants by Row Reduction

THEOREM Let A be a square matrix. If A has a row of zeros or
a column of zeros, then

det(A) =0

For example,

=] = = = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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Evaluating Determinants by Row Reduction

THEOREM Let A be a square matrix. If A has a row of zeros or
a column of zeros, then

det(A) = 0.

For example,

o O O

e
THEOREM Let A be a square matrix. Then

det(A) = det (AT) .
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Evaluating Determinants by Row Reduction

THEOREM Let A be a square matrix. If A has a row of zeros or
a column of zeros, then

det(A) = 0.

For example,

o O O

e
THEOREM Let A be a square matrix. Then

det(A) = det (AT) . For example, ‘

a b a ¢
c d b d
= = = = Qv
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Elementary Row Operations

THEOREM (a)

Let A be an n x n matrix and if B is the matrix
that results when a single row or single column of A is multiplied
by a scalar k , then det(B)

= kdet(A). That is
air an atn air an atn
kaji  kaj» kajn =k| a1 ap2 ain
aml am2 amn

ami  am2 - amn
=] = = = ) Q>
A A P
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elementary Row Operations
THEOREM (b)

Let A be an n x n matrix and if B is the matrix
that results when two rows or two columns of A are interchanged,
then det(B) = —det(A). That is

dl1 da12 ain a1l a2 e din
dj1 42 - djn i1 a2 - din
ainl  aip - ain a1 ajp ajn
dml dm2 °*  dmn dml am2 °°  dmn
=] = = = )
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Elementary Row Operations

THEOREM Let A be an n X n matrix.

(c) If B is the matrix that results when a multiple of one row of

A is added to another row or when a multiple of one column is
added to another column, then

det(B) = det(A).
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Elementary Row Operations

THEOREM Let A be an n X n matrix.

(c) If B is the matrix that results when a multiple of one row of
A is added to another row or when a multiple of one column is
added to another column, then

det(B) = det(A).

3 6 -9 15

. 1 2 3 0
Find 00 -3 0
0 1 1 4

[m] = =

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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Elementary Row Operations

THEOREM Let A be an n X n matrix.

(c) If B is the matrix that results when a multiple of one row of
A is added to another row or when a multiple of one column is
added to another column, then

det(B) = det(A).

3 6 -9 15 1 3 1 5 3

1 2 3 o0 -2 -7 0 —4 2

Find 0 0 1 0 1
0 0 -3 0

01 1 a 0 0 2 1 1

0 0 0 1 1

A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Elementary Row Operations

THEOREM If A is a square matrix with two proportional rows or
two proportional columns, then det(A) = 0.

=] = = = = DAl
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Elementary Row Operations

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

THEOREM If A is a square matrix with two proportional rows or
two proportional columns, then det(A) = 0.

a b
Example If

c
d e f |=-06,then find
g h i
2a b ¢
2¢ h i
2d e f

=] = = = = DAl
A A P
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Elementary Row Operations

THEOREM If A is a square matrix with two proportional rows or
two proportional columns, then det(A) = 0.

a b c
Example If | d

e f | =—6, then find
g h i
2a b ¢ 3a 3b 3c
2¢ h i d+a e+b f+c
2d e f

4g  4h 4i

=] =) ) A v
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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Elementary Row Operations

THEOREM If A is a square matrix with two proportional rows or
two proportional columns, then det(A) = 0.

a b c
Example If | d e f | = —6, then find
g h i
2a b ¢ 3a 3b 3c
2¢ h i d+a e+b f+c
2d e f 4g 4h 4
a b ¢
d e f
2a 2b 2c
o> = = . Dac

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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Elementary Row Operations

THEOREM If A is a square matrix with two proportional rows or
two proportional columns, then det(A) = 0.

a b c
Example If | d e f | = —6, then find
g h i
2a b ¢ 3a 3b 3¢
2¢ h i d+a e+b f+c
2d e f 4g 4h 4
a b ¢ a 2d 3g
d e f b 2e 3h
2a 2b 2c c 2f 3i
=) 5 = = =z 9q

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Determinants

THEOREM If B is an n x n matrix and E is an n x n elementary
matrix, then

det(EB) = det(E)det(B).

=] = = = = DAl
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Properties of Determinants

THEOREM If B is an n x n matrix and E is an n x n elementary
matrix, then
det(EB) = det(E)det(B).

a b c k 0 O
Example f A=| d e f [andEg=| 0 1 0
g h i 0 0 1
0 0 1 1 0 0
Eb=(0 1 0|,andEs=| 0 1 5 |,
1 0 0 0 0 1
then find E1 A, E;A, E3A and their determinants.

A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Determinants

THEOREM A square matrix A is invertible if and only if

det(A) # 0.
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Properties of Determinants

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

THEOREM A square matrix A is invertible if and only if

det(A) # 0.
Example Is A =

N ==
N O DN

3
1 | invertible?
6

=] = = = = DAl
A A P
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Determinants

THEOREM If A and B are square matrices of the same size, then

det(AB) = det(A) det(B).

=] = = = = DAl
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Properties of Determinants

7.1 Matrices and Systems of Linear Equations 7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

THEOREM If A and B are square matrices of the same size, then

det(AB) = det(A) det(B).

1 2 3 2 1 3

Example lLet A=| 1 1 0 |andB=|0 1 1
0 0 1 1 1 0

compute AB and the determinants of A, B, and AB.
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Determinants

THEOREM 2.3.5 If A is invertible, then

det (A71) = %(A)'

=] = = = = DAl
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Properties of Determinants

THEOREM 2.3.5 If A is invertible, then

det (A71) = %(A)'
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A A P
1
Cramer's Rule

If AX = b is a system of n linear equations inn unknowns such
that det(A) # 0, then the system has a unique solution. This
solution is given by

_det(a))
X1 = det(Al)

_ det(Ay)
2~ det(a)

X = det(A,)
where A; is the matrix obtained by replacing the entries in the jth
column of A by the entries in the matrix b.

T det(A)

=] =) = ) Q>
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: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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7.8. Inverse of a Matrix

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

Given

o o
w =
@

find AB.
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Identity Matrices

A square matrix with 1's on the main diagonal and zeros elsewhere
is called an identity matrix

=] = = = = DAl
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Identity Matrices

A square matrix with 1's on the main diagonal and zeros elsewhere
is called an identity matrix

An n x n identity matrix is denoted by /,.
THEOREM

If R is the reduced row echelon form of an n x n
matrix A, then either R has a row of zeros or R is the identity
matrix /,,.

= = =
A A P
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Inverse of a Matrix

DEFINITION If A is a square matrix, and if a matrix B of the
same size can be found such that

AB=1,=BA
inverse of A.

then A is said to be invertible (or nonsingular) and B is called an

=] =) - = = DAl
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Inverse of a Matrix

DEFINITION If A is a square matrix, and if a matrix B of the
same size can be found such that

AB =1, = BA
inverse of A.

then A is said to be invertible (or nonsingular) and B is called an

The inverse of A is denoted by A~1.

=] =1 = )
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Inverse of a Matrix

DEFINITION If A is a square matrix, and if a matrix B of the
same size can be found such that

AB=1,=BA

then A is said to be invertible (or nonsingular) and B is called an
inverse of A.

The inverse of A is denoted by A~1.

If no such matrix B can be found, then A is said to be singular (or
non-invertible).

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P

Which of these matrices have inverses?
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Properties of Inverses
THEOREM

B=C.

If B and C are both inverses of the matrix A, then

=] = = = = DAl
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Properties of Inverses

THEOREM If B and C are both inverses of the matrix A, then
B=~C.

THEOREM 1 The matrix A = [ 2

q ] is nonsingular if and
only if

ad —bc#0

and if this is the case, then

1 d -b
_1_
A _ad—bc[—c a]

: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems



7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Properties of Inverses

THEOREM

If A and B are invertible matrices with the same
size, then AB is invertible and

(AB)"1=B71AaL.

=] = = = = DAl
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7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
A A P
Properties of Inverses

THEOREM

If A and B are invertible matrices with the same
size, then AB is invertible and

(AB)"1=B71AaL.
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Inversion Algorithm

To find the inverse of an invertible matrix A, find a sequence of

elementary row operations that reduces A to the identity and then
perform that same sequence of operations on /, to obtain A™1.
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir
Inversion Algorithm

To find the inverse of an invertible matrix A, find a sequence of
elementary row operations that reduces A to the identity and then
perform that same sequence of operations on /, to obtain A™1.

1 2
Example Find the inverseof A= | 2 5
1 0

=] =) = = 2
A A P
: Chapter Seven: Linear Algebra: Matrices, Vectors, and Linear Systems
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7.1 Matrices and Systems of Linear Equations

7.2 Matrices and Matrix Operations 7.3 Linear Systems of Equations: Gauss Elimir

More on Linear Systems and Invertible Matrices

THEOREM A system of linear equations has zero, one, or

infinitely many solutions. There are no other possibilities.
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More on Linear Systems and Invertible Matrices

THEOREM A system of linear equations has zero, one, or
infinitely many solutions. There are no other possibilities.

THEOREM If A is an invertible n x n matrix, then for each n x 1
matrix b,the system of equations AX = b has exactly one
solution,namely,

X =A"1p.
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More on Linear Systems and Invertible Matrices

THEOREM A system of linear equations has zero, one, or
infinitely many solutions. There are no other possibilities.

THEOREM If A is an invertible n x n matrix, then for each n x 1
matrix b,the system of equations AX = b has exactly one
solution,namely,

X =A"1h

EXAMPLE Find the solution of

I
N

x + 3y + =z
2x + 2y + z = -1
2x + 3y + =z

I
w

A A P
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EXAMPLE Find the solution of the systems
—x+4y+z = 0

—x+4y+z = -3

x4+9y—-2z = 1 and x+9y -2z = 4

6x+4y -8z = 0 6x+4y -8z = -5
——————————————— o F = = 9ae
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EXAMPLE Find the solution of the systems
—x+4y+z = 0

—x+4y+z = -3

x4+9y—-2z = 1 and x+9y -2z = 4

6x+4y -8z = 0 6x+4y -8z = -5
——————————————— o F = = 9ae
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