
Chapter 2 Graphs of Functions,  Limits, and 
Continuity

ü 2.1 Plotting Graphs

Students should read Chapter 1 of Rogawski's Calculus  [1] for a detailed discussion of the material presented in this
section.

ü 2.1.1  Basic Plot

In this section, we will discuss how to plot graphs of functions using Mathematica and how to utilize its various plot options.  We
will discuss in detail several options that will be useful in our study of calculus.  The basic syntax for plotting the graph of a

function y = f x with x ranging in value from a to b is Plot f , x, a, b. On the other hand, Plot f1, f2, ..., fN, x, a, b
plots the graphs of f1, f2, ..., fN  on the same set of axes.

Example 2.1.  Plot the graph of f x = x2 - 3 x + 1 along the interval -2, 5.
Solution: 

Plotx2  3 x  1, x, 2, 5

-2 -1 1 2 3 4 5

2

4

6

8

10

Example 2.2.  Plot the graph of y = cos 3 x along the interval -4, 4.
Solution: 



PlotCos3 x, x, 4, 4
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Example 2.3.  Plot the graphs of the two functions given in Examples 2.1 and 2.2 prior on the same set of axes to show their
points of intersection.

Solution: 

Plot x2  3 x  1, Cosx, x, 3, 6
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Example 2.4.  Plot the graphs of f x = x2+x+1

x+1
and gx = sin 4 x

4
 on the same set of axes.

Solution: 
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Plotx^2  x  2  x  1, Sin4 x  4, x, 4, 4
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Note that the graph of y = sin 4 x 4 is displayed poorly in output above since its range (from -1 to 1) is too small compared to

the  range  of  y = x2 + x + 2x + 1.   We  can  zoom  in  using  the  PlotRange  option.  The  syntax  for  PlotRange  is

PlotRange Æ c, d  (the arrow is generated by entering a minus sign (-) followed by greater than sign) where c, d  is the
interval on the y-axis to be displayed.  More generally, PlotRange -> a, b, c, d specifies the interval a, b on the x-axis
while c, d specifies the interval on the y-axis. 

Plotx^2  x  1  x  1, Sin4 x  4, x, 4, 4, PlotRange  4, 4

-4 -2 2 4

-4

-2

2

4

Example 2.5.    Plot the graphs of the following functions.

a)   f x = x2

x2-4
b) f x = sin x + cos x c) f x = x ex + ln x d) f x = x2

x2+4

Solution: We recall that the natural base ‰ is entered as E or ‰ (from the Basic Math Assistant Palette) and that ln x is Logx.
Note also that sin x and cos x are to be entered as Sinx and Cosx (see Chapter 1 of this text for a discussion of Mathematica's
notation).  We leave it to the reader to experiment with different intervals for the domain of each graph so as to capture its salient
features. 

a)
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Plot x2

4  x2
, x, 5, 5
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b)

PlotSinx  Cosx, x, 2 Pi, 2 Pi
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c)
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Plotx Ex  Logx, x, 3, 3
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NOTE:  The above graph needs to be read carefully. First of all, it is clear from the graph above that f x = x ex - ln x tends to ¶
as x tends to 0.  It is also clear from the graph that f x tends to ¶ as x tends to ¶.  Note, however, that the graph suggests

(incorrectly) that the domain is 0, ¶.  If we zoom in on the graph near x = 0, then we see that the domain does NOT include the
point x = 0. 

Plot x2

x2  4
, x, 5, 5 
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ü 2.1.2  Plot Options

Next, we will introduce various options that can be specified within the Plot command.  To begin with, evaluating the command

Options[Plot] displays the following options:
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OptionsPlot

AlignmentPoint  Center, AspectRatio 
1

GoldenRatio
, Axes  True,

AxesLabel  None, AxesOrigin  Automatic, AxesStyle  , Background  None,
BaselinePosition  Automatic, BaseStyle  , ClippingStyle  None,
ColorFunction  Automatic, ColorFunctionScaling  True, ColorOutput  Automatic,
ContentSelectable  Automatic, CoordinatesToolOptions  Automatic,
DisplayFunction  $DisplayFunction, Epilog  , Evaluated  Automatic,
EvaluationMonitor  None, Exclusions  Automatic, ExclusionsStyle  None,
Filling  None, FillingStyle  Automatic, FormatType  TraditionalForm,
Frame  False, FrameLabel  None, FrameStyle  , FrameTicks  Automatic,
FrameTicksStyle  , GridLines  None, GridLinesStyle  ,
ImageMargins  0., ImagePadding  All, ImageSize  Automatic,
ImageSizeRaw  Automatic, LabelStyle  , MaxRecursion  Automatic,
Mesh  None, MeshFunctions  1 &, MeshShading  None, MeshStyle  Automatic,
Method  Automatic, PerformanceGoal  $PerformanceGoal,
PlotLabel  None, PlotPoints  Automatic, PlotRange  Full, Automatic,
PlotRangeClipping  True, PlotRangePadding  Automatic, PlotRegion  Automatic,
PlotStyle  Automatic, PreserveImageOptions  Automatic, Prolog  ,
RegionFunction  True &, RotateLabel  True, Ticks  Automatic,

TicksStyle  , WorkingPrecision  MachinePrecision

ü PlotStyle

PlotStyle is an option for Plot that specifies the style of lines or points to be plotted. Among other things, one can use this option

to specify a color of the graph and the thickness of  the curve.  PlotStyle  should be followed by an arrow and then the option:

PlotStyle Æ {option}. For example, if we want to plot a graph colored in red, we evaluate  

Plotx2, x, 3, 3, PlotStyle  Red
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The next example shows how to use PlotStyle to specify two styles: a color and thickness.
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Plotx2, x, 3, 3, PlotStyle   Blue, Thickness0.02
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PlotStyle can also be used to specify options for two or more graphs.  Here are two examples to demonstrate this:

Plotx2, x3  x  1, x, 3, 3, PlotStyle  Green, Yellow 
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Plotx2, x3  x  1, x, 3, 3, PlotStyle  Magenta, Thickness0.01,

Cyan, Thickness0.001, Dashing0.01, 0.01, 0.01
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ü PlotRange

We have already used the PlotRange option in Section 2.1 of this text (see Example 2.4 prior).  This option specifies the range of
y-values on the graph that should be plotted. As observed in the same example in Section 2.1, some points of a graph may not be

plotted unless we specify the y-range of the plot.  The option PlotRange Æ  All   includes all  y-values corresponding to the
specified values of x.  Here is an example. 

Plotx5  2 x  1, x, 5, 5
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Plotx5  2 x  1 , x, 5, 5, PlotRange  All

-4 -2 2 4

-3000

-2000

-1000

1000

2000

3000

ü Axes 

There are several options regarding axes of plots. We consider four of them.

1. Axes:    The specification Axes Æ True  draws both axes, whereas  Axes Æ False  draws no axes and AxesØ{True,False}
draws the x-axis only. An example of the last case  is given below.

Plot x Sin3 x, x, 10, 10, Axes  True, False

-5 0 5 10

2. AxesLabel: The default specification AxesLabel Æ None leaves the axes unlabeled.  On the other hand, AxesLabel Æ expr 

will only label the y-axis as expr and AxesLabel Æ { "expr1", "expr2" } labels both the x-axis and y-axis as expr1 and expr2,
respectively.  Examples of both cases are given below.
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Plotx Cosx,  x, 10, 10, AxesLabel  y
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Plotx Cosx,  x, 10, 10, AxesLabel  "x", "y"
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3.  AxisOrigin:  The option AxesOrigin  specifies the location where the two axes should intersect. The default value given by

AxesOrigin Æ Automatic chooses the intersection point of the axes based on an internal (Mathematica) algorithm. It usually

chooses (0,0). The option AxesOrigin Æ {a,b}  allows the user to specify the intersection point as (a,b).

4.  AxesStyle:  This option specifies the style of the axes. Here is an example where we specify the thickness of the x-axis and

color (blue) of the y-axis. We also use the AxesOrigin option.
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Plotx Cosx,  x, 10, 10, AxesOrigin  10, 10,

AxesStyle   Blue, Thickness0.01,
AxesLabel  "x", "y"
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ü Frame

There are several options regarding the frame (border) of a plot. We show these options in the following examples:

Plotx Cosx,  x, 10, 10, Frame  True 
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Plotx Cosx,  x, 10, 10, Frame  True,

FrameLabel  "The graph of y  x cos x", "yaxis", None, None
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The graph of y = x cos x

y-
ax

is

Plotx Cosx ,  x, 10, 10, PlotStyle  Red, Frame  True,
FrameLabel  "The graph of y  x cos x", "yaxis", None, None,

FrameStyle  Blue, Thickness0.005,
Yellow, Thickness0.005, Green, Thickness0.013, Orange 
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The graph of y = x cos x

y-
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We encourage the reader to experiment with this example by changing the color specifications to see which option controls
which edge color of the frame.

ü Show

The command Show[graphics, options]  displays graphics (consisting of possibly many different graphics objects) using the

options specified by options. Also Show[ plot1,plot2, ....] displays the graphics plot1, plot2, ... on one coordinate system. 

plot1  PlotSinx, x, Pi, Pi ;

plot2  ListPlot 0, 0, Pi  2, 1, Pi, 0, PlotStyle  Red, PointSize.02;
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Showplot1, plot2
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Here is an option we can use to identify the sine curve by inserting the expression y = sin x near its graph. 

Showplot1, plot2,

Epilog  Text"ysin x", 2.7, 1, 0, 1

-3 -2 -1 1 2 3

-1.0

-0.5

0.5

1.0
y=sin x

ü Animation

Animateexpr, t, a, b generates an animation of expr in which the parameter t varies from a to b. 

Animateexpr, t, a, b, dt generates an animation of expr in which t varies from a to b in steps of dt. 

Animateexpr, t, a1, a2, a3, ... , an  generates  an  animation  of  expr  in  which  t  takes  on  the  discrete  set  of  values

a1, a2, a3, ..., an. 

Animateexpr, t, a, b, s, c, d, ....  generates an animation of expr in which t  varies from a to b,  s varies from c to d,
and so on. 

Important Note: If you are reading the printed version of this publication, then you will not be able to view any of the anima-

tions generated from the Animate command in this chapter.  If you are reading the electronic version of this publication format-

ted as a Mathematica Notebook, then evaluate each Animate command to view the corresponding animation.  Just click on the
arrow button to start the animation.  To control the animation just click at various points on the sliding bar or else manually drag
the bar.
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Example 2.6.  Analyze the effect of the shift f x + a, f x + a,  f b x , and b f x for various values of a and b for the fucntion
f x = cos x.

Solution: 

fx_ : Cosx
AnimatePlotCosx, Cosx  a, x, 2 Pi, 2 Pi,

PlotStyle  Black , Red, PlotRange  2, 2, a, 0, 8 

a
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Next, we will animate the graphs of f x + a in red and f x + a in blue :
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AnimatePlotCosx, Cosx  a, Cosx  a, x, 2 Pi, 2 Pi,

PlotStyle  Black, Red, Blue, PlotRange  1, 5, a, 0, 6 
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Here is the animation for the graphs of f b x and b f x.
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AnimatePlotCosx, Cosb  x, b  Cosx,

x, 2 Pi, 2 Pi, PlotStyle  Black , Red, Blue, b, 0, 8 

b
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Here is an animation that shows all four shifts at once. We can fix as many parameters as we want (just click on their pause
buttons) and analyze the behavior due to the remaining parameters. 
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AnimatePlotCos x , Cosx  a, Cosx  b, Cosc x, d  Cosx , x, 0, 10,

PlotStyle  Black, Red, Blue, Green, Brown, Yellow, PlotRange  5, 5,
a, 0, 5, b, 0, 5, c, 0, 5, d, 0, 5
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Example 2.7.  Here is an animated example of a graph that shows the behavior of a general quadratic polynomial as we vary its
coefficients.  

Solution: 
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AnimatePlota x2  b x  c, x, 3, 3, PlotRange  10, 10,

a, 3, 3, b, 3, 3, c, 3, 3

a

b

c
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We suggest that you pause two of the parameters and vary the third one manually to see the change in the location of the zeros,
the vertex, the regions of concavity,  and the regions on which the graph increases and decreases. Then make the necessary
changes to redo this problem for polynomials of higher degree.    

ü Contour Plot

To end our discussion on graphics, we now consider plotting graphs of equations in two variables.  Among such equations are the
famous family of elliptic curves that arise in number theory: y2 = x3 + a x + b, where a and b are parameters. The command for

graphing equations implicitly in two variables x and y is ContourPloteqn, x, a, b, y, c, d, which displays the graph of eqn
for which x varies from a to b and y varies from c to d. 

Example 2.8. Plot the graphs of curves given by the equation y2 = x3 + a x + b for various values of a and b. 

Solution: First, we define a function f x, a, b to represent the right-hand side of the equation y2 = x3 + a x + b so that f  is a

function of x as well as a and b. We then plot the equation y2 = f x, a, b, where we consider three different sets of values:

a = 1, b = 1; a = -4, b = 0; and a = -3, b = 3.  

fx_, a_, b_ : x3  a x  b
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ContourPlot y2  fx, 1, 1, x, 10, 10, y, 10, 10, Axes  True, Frame  False
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ContourPlot y2  fx, 4, 0, x, 10, 10, y, 10, 10, Axes  True, Frame  False
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ContourPlot y2  fx, 3, 3, x, 10, 10, y, 10, 10, Axes  True, Frame  False
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Discovery Exercise: Evaluate the following table and discuss which pararemeters produce curves that are familiar. Make sure to
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delete the semicolon at the end of the command. 

TableContourPlot y2  fx, a, b, x, 10, 10,

y, 10, 10, Axes  True, Frame  False , a, 4, 4, b, 3, 3;

ü Exercises 

 In Exercises 1 through 8, plot the graphs of the given functions on the specified interval:

1. f x = x2 + 1 on -5, 5 2. gx = 1

x-2
 on 0, 4

3. hx = sin x

x
 on -p, p 4.  f x = x3 - 5 x2 + 10 on  -5, 5

5. f x = 32 - 2 x2  on  -4, 4 6. f x = x + 1

x
  for -10, 10

7. f x = x3 - x + 1 on -3, 3 8. gx = 1-cos x

x
 on -p, p

9.  Plot the graphs of f x = xx - 3 x + 3 and gx = cos 2 x  together on the same set of axes and over the interval -20, 20.
Use the PlotRange option to adjust the range of the viewing window so that their points of intersection are visible.

 In Exercises 10 through 13,  plot the graphs of the given functions using at least one plot option discussed in this section.

NOTE: ln x is one of the built-in Mathematica functions and is entered as Log[x].   The logarithmic function log a x is entered as

Log[a,x].  For the natural base e you either type E or you can obtain ‰ from the Basic Math Assistant Palette.
10. f x = x4 + 2 x3 + 1 for   -3 § x § 3 11. f x = x ln x  for   0 § x § 4 

12. f x = 1 - 1

x3
+ 1

x
      for  -20 § x § 20 13. f x = x ex for -4 § x § 4

 In Exercises 14 through 18,  plot the graphs of the given pairs of functions on the same axes. Use the PlotStyle  option to
distinguish the graphs.

14. f x = ‰x and gx = ln x  15. f x = 2 x

x-5
 and gx = x-5

2 x
   

16. f x = x2 - sin x   and   gx = x4 + 1 - x2 + 1

17. f x = 3 x + 1 and gx = x-1

3
     18. f x = x + 1

3

and gx = x - 13  
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19. Let f x = x2 - 123
. 

a) Define f  in Mathematica  as it appears above and plot its graph.

b) Rewrite f  as f x = x2 - 12
3 plots its graph as it appears here. 

c) Explain why the graphs are not identical. Generalize this remark to general functions with rational exponents.  

20. Let f x = 2 c x-x2

c2
, c > 0. 

a)  Graph f  for various values of c.  (You may use the Animate command.)
b)  Use the graph in part a) to sketch the curve traced out by the vertices of the highest point as c varies. Can you guess what this
curve is?  

21.  Use the Animate command to plot the graph of f x  by varying the parameters a, b, c, d, and e for each of the following
functions.   Discuss how each parameter affects the shape of the graph.
a)  f x = a x3 + b x2 + c x + d
b)  f x = a x4 + b x3 + c x2 + d x + e

22. a) Use ContourPlot to plot the graph of the curve defined by the equation y y2 - c y - d = x x - a x - b for various

values of a, b, c, d.  (Hint: You may want to define g[y,c,d] as the left hand side and f[x,a,b] as the right hand side and then use

the command ContourPlot[f[x, a, b] ä g[y, c, d], {x, -5, 5}, {y, -5, 5}, Frame Æ False, Axes Æ True].)
b)  For the parameters you selected in part a, at how many points is the slope of this curve equal to zero?  Estimate the x-coordi-
nates of these points.
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ü 2.2 Limits

Students should read Chapter 2 of Rogawski's Calculus  [1] for a detailed discussion of the material presented in this
section.

ü 2.2.1  Evaluating Limits 

Limit f , x -> a, Direction -> 1 computes the limit as x as approaches a from the left (i.e., x increases to a).

Limit f , x -> a, Direction -> -1 computes the limit as x approaches a from the right (i.e., x decreases to a).

Limit f , x -> a finds the limiting value of f  as x approaches a.

NOTE: Mathematica will use the right-hand limit when evaluating Limit.  If the limit does not exist, then Mathematica will
attempt to explain why or else return the limit expression unevaluated if it has insufficient information about the function.

Example 2.9.  Evaluate lim
xØ1

x2+x+2

x+1
.

Solution: Here is a table of values of the function f x = x2+x+2

x+1
 when x is sufficiently close to 1. 

fx_ :
x2  x  2

x  1

From the left
Tablex, fx, x, 0.8, 0.99, 0.01  TableForm

0.8 1.91111
0.81 1.91497
0.82 1.9189
0.83 1.9229
0.84 1.92696
0.85 1.93108
0.86 1.93527
0.87 1.93952
0.88 1.94383
0.89 1.9482
0.9 1.95263
0.91 1.95712
0.92 1.96167
0.93 1.96627
0.94 1.97093
0.95 1.97564
0.96 1.98041
0.97 1.98523
0.98 1.9901
0.99 1.99503
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From the right
Tablex, fx, x, 1.2, 1.01, 0.01  TableForm

1.2 2.10909
1.19 2.10324
1.18 2.09743
1.17 2.09166
1.16 2.08593
1.15 2.08023
1.14 2.07458
1.13 2.06897
1.12 2.0634
1.11 2.05787
1.1 2.05238
1.09 2.04694
1.08 2.04154
1.07 2.03618
1.06 2.03087
1.05 2.02561
1.04 2.02039
1.03 2.01522
1.02 2.0101
1.01 2.00502

From the tables, it is reasonable to expect that the limit is 2. Here is the graph of the function together with the point 1, 2).   

plot1  Plotx^2  x  2  x  1, x, 1, 2, PlotRange  0, 3;
plot2  GraphicsGreen, PointSizeLarge, Point1, 2  ;

plot3  GraphicsRed, Line1, 0, 1, 2, 0, 2;
Showplot1, plot2, plot3
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Evaluating the limit confirms this: 

Limitx^2  x  2  x  1, x  1
2

Example 2.10.  The height of a projectile, fired in the air with initial velocity 32 ft/s, is given by yt = -16 t2 + 64 t + 3. Find the
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average velocity of the projectile over the interval 1, t for various values of t.  Then find the instantaneous velocity at t = 1. 

Solution: We define

yt_  16 t2  64 t  3

vt_ 
yt  y1

t  1

3  64 t  16 t2

48  64 t  16 t2

1  t

tt  2, 1.5, 1.01, 1.001, 1.0001, 1.00001;
Tablettk, vttk, k, 1, Lengthtt  TableForm

2 16
1.5 24.
1.01 31.84
1.001 31.984
1.0001 31.9984
1.00001 31.9998

Here tt is the list of values for t and tt[[k]] refers to the kth element in the list tt (see Chapter 1 of this text for an explanation of

lists).  Also, Length[t] gives the number of elements in the list tt, which is 6 for our example. 

The above table clearly suggests that the instantaneous velocity at t = 1 is 32 ft/s. The graph below also verifies this.

plot1  Plotvt, t, 0, 2, PlotRange  0, 50;
y  Simplifyvt . t  1;
plot2  Graphics PointSizeLarge, Point1, y  ;
plot3  GraphicsRed, Line1, 0, 1, y, 0, y;

Showplot1, plot2, plot3
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Example 2.11.  Show that f x = cos1  x does not have a limiting value as x approaches 0. 
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Solution: We define

fx_ : Cos1  x
f0.1, .05, 0.001, .0001, .000001
0.839072, 0.408082, 0.562379, 0.952155, 0.936752

These values suggest that the limit does NOT exist. To make this clear, we consider the following two tables.  The first table uses
values of the form x = 2  2 n + 1 p, where n is a positive integer, while the second table uses x = 1  2 n + 1 p.  Each of these
sets of values for x approach 0 as nØ¶.

t1  Table 2.

Pi 2 n  1 , n, 1, 100, 10;

ft1
1.83697  1016, 3.1847  1015, 4.40935  1015, 1.47143  1015, 2.10695  1014,

1.3233  1014, 9.30793  1015, 3.42715  1015, 2.59681  1014, 2.00873  1014

t2  Table 1.

Pi 2 n  1 , n, 1, 100, 10;

ft2
1., 1., 1., 1., 1., 1., 1., 1., 1., 1.

The first table indicates that the values of f x approach 0, while the second table indicates the values approach -1.  Recall that if
the limit exists, then it must be unique.  Thus, our limit does not exist because the values of f  do not converge to a single value.
Next, we analyze the graph of the function.

Plotfx, x, 1, 1
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This indicates that there is too much oscillation around x = 0.  Let us try zooming in around this point.
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PlotCos1  x, x, 0.1, 0.1
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 Note how zooming in on this graph does not help. This indicates that the limit does not exist.  

Example 2.12. Consider the function f x = 21x-2-1x

21x+2-1x .  Find limxØ0 f x.

Solution:

Limit 21x  21x

21x  21x
, x  0

1

2

It may appear that the limit is 1

2
, but the simplified form of f x (using the Simplify command) shows this not to be the case.

Instead we shall consider one-sided limits.

Simplify 21x  21x

21x  21x


1

2
1  41x

Limit 21x  21x

21x  21x
, x  0, Direction  1

Limit 21x  21x

21x  21x
, x  0, Direction  1



1

2

Since the left- and right-hand limits are not the same, we conclude that the limit does not exist. 
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Plot 21x  21x

21x  21x
, x, 1, 1, PlotRange  30, 1
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-15

-10

-5

NOTE: One needs to be careful when using Mathematica to find limits. If you are not certain that the limit exists, use one-sided
limits:

Example 2.13.  Evaluate lim
xØ5+

x-5

x-5
.

Solution: 

LimitAbsx  5  x  5, x  5, Direction  1
1

Note that Mathematica's convention for right-hand limits is "going in the negative direction." Thus, the standard notation lim
xØ5+

should be evaluated as Limit f x, x Æ 5, Direction Æ -1.  A similar remark applies to the left-hand limit. 

Again, we can check the answer by plotting the graph of the function:

PlotAbsx  5  x  5, x, 3, 7

4 5 6 7

-1.0

-0.5

0.5

1.0
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Warning: This plot does not show the true graph of f x near x = 5.  It may appear that f  is continuous at x = 5 because of the
vertical line there but this is not the case since f  is undefined at x = 5 and its one-sided limits do not agree:

Absx  5  x  5 . x  5

LimitAbsx  5  x  5, x  5, Direction  1
LimitAbsx  5  x  5, x  5, Direction  1

Power::infy : Infinite expression 
1

0
 encountered. à

Infinity::indet : Indeterminate expression 0 ComplexInfinity encountered. à

Indeterminate

1

1

Below is the true graph of f , which shows the (non-removable) discontinuity at x = 5.

ü 2.2.2  Limits Involving Trigonometric Functions  

For trigonometric functions, Mathematica uses the same traditional notation in calculus except that the first letter of the trigono-

metric function must be capitalized. Thus, Sin[x] is Mathematica's notation for sin x (see Appendix A of this text for a descrip-
tion of notational differences).

Example 2.14.  Evaluate lim
xØ0

sin 4 x
x

.

Solution: 

LimitSin4 x  x, x  0
4

Let us check the answer by graphing the function up close in the neighborhood of x = 0:
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PlotSin4 x  x, x, 1, 1

-1.0 -0.5 0.5 1.0

1

2

3

4

Example 2.15.  Evaluate lim
tØ0

sin t

t
.

Solution: We will consider both the left- and right-hand limits.

Limit Sint
Abst , t  0, Direction  1

1

Limit Sint
Abst , t  0, Direction  1

1

Thus, the limit does not exist. This can be clearly seen from the graph of the function below. 

Plot Sinx
Absx , x, 2 Pi, 2 Pi

-6 -4 -2 2 4 6

-1.0

-0.5

0.5

1.0

Example 2.16. Find
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a)  limxØ0
cos x-1

sin x
 b) limxØ0 tan x cossin 1  x

Solution: 

a  LimitCosx  1  Sinx, x  0
0

b  LimitTanx CosSin1  x, x  0
0

NOTE: In your textbook, it is proven that limxØ0
cos x-1

x
= 0 and limxØ0

sin x

x
= 1. Writing 

cos x-1

sin x
=  cos x-1

x
 sin x

x
, we see that the

answer  for  part  a)  is  valid  by  applying  the  quotient  rule  for  limits.  For  the  second  limit  in  part  b),  we  note  that
-1 § cos sin1  x § 1and hence - tan x § tan x cos sin 1 x § tan x .  Since limxØ0 tan x = limxØ0 -tan x = 0 we call upon
the Squeeze Theorem to conclude that limxØ0 tan x cos sin 1  x = 0.

The following graphs verify both answers.

Plot Cosx  1

Sinx , x, 2 Pi, 2 Pi

-6 -4 -2 2 4 6

-6

-4

-2

2

4

6
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PlotTanx  CosSin1  x, x, 2 Pi, 2 Pi

-6 -4 -2 2 4 6

-6

-4

-2

2

4

6

Example 2.17.  Find  limxØc
cos x-cos c

x-c
 for  values of c = 0, p 6, p 4, p 3, p 2.

Solution: We  will use the substitution command /. to evaluate the limit for different values of c. 

Limit Cosx  Cosc
x  c

, x  c . c  0, Pi  6, Pi  4, Pi  3, Pi  2

0, 
1

2
, 

1

2
, 

3

2
, 1

Can you guess a general formula for the answer in terms of c?  (Hint: What trigonometric function takes on these values?)

Example 2.18. Find  limxØ0
cos m x-1

x2
for various values of m.  Then make a general statement about this limit and prove your

assertion.  

Solution: Here is a table of limits for integer values of m ranging from 1 to 10.

TableLimit Cosm x  1

x2
, x  0, m, 1, 10

 1

2
, 2, 

9

2
, 8, 

25

2
, 18, 

49

2
, 32, 

81

2
, 50

A reasonable guess at a general formula for the answer would be limxØ0 cos m x - 1x2 = -m2 2.  We can check this with

values of m ranging from 10 to 20.  

TableLimit Cosm x  1

x2
, x  0, m^2  2, m, 10, 20

50, 50,  121

2
, 

121

2
, 72, 72,  169

2
, 

169

2
, 98, 98,  225

2
, 

225

2
,

128, 128,  289

2
, 

289

2
, 162, 162,  361

2
, 

361

2
, 200, 200

For a mathematical proof, first take m = 1 and plot the graph
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Plot Cosx  1

x2
, x, Pi, Pi, AxesOrigin  0, 0

-3 -2 -1 1 2 3

-0.5

-0.4

-0.3

-0.2

-0.1

The graph above confirms that the limit is -1 2.

For the general case, let t =m x so that x2 = t2

m2
.  Then note that xØ 0  if and only if t Ø 0.  Thus, the limit can be evaluated in

terms of t as 

limxØ0
cos m x-1

x2
= limtØ0

cos t-1

t2m2
=m2 limtØ0

cos t-1

t2
= -m2

2
.  

ü 2.2.3 Limits Involving Infinity

Example 2.19.  Evaluate lim
xØ¶

3 x - 2 2 x2 + 1  and  lim
xØ-¶

3 x - 2 2 x2 + 1 .

Solution: 

Limit3 x  2  Sqrt2 x^2  1, x  Infinity
3

2

N
2.12132

Limit3 x  2  Sqrt2 x^2  1, x  Infinity


3

2

Observe how the two limits differ. The following graph confirms this. 
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Plot3 x  2  Sqrt2 x^2  1, x, 30, 30

-30 -20 -10 10 20 30

-3

-2

-1

1

2

NOTE: Can you explain the cusp on the graph near x = 0?

Example 2.20.  Evaluate lim
xØ2-

4-x2

x-2
.

Solution: 

LimitSqrt4  x^2  x  2, x  2, Direction  1


We plot the function over two different ranges to visually understand why the answer is -¶.  Notice how the first range fails to
show this.

Plot Sqrt4  x^2
x  2

, x, 1, 3

1.5 2.0 2.5 3.0

-8

-7

-6

-5

-4

-3

-2
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Plot Sqrt4  x^2
x  2

, x, 1, 3, PlotRange  100, 10

1.5 2.0 2.5 3.0

-100

-80

-60

-40

-20

NOTE: The plot domain is specified to be 1, 3, but observe that this function is undefined for values of x greater than 2 because
this results in taking the square root of a negative number.

Example 2.21.  Evaluate lim
xØ¶

sin x.

Solution: 

LimitSinx, x  Infinity
Interval1, 1

Here, Mathematica is telling us that the limit does not exist by returning the range of values for sin x as x approaches infinity.

Example 2.22. Find  limxØ¶
sin x

x
 .

Solution: 

Limit Sinx
x

, x  Infinity
0

We can verify this limit by using the Squeeze Theorem.  In our case, we take f x = -1  x , gx = sin x

x
and hx = 1  x .  Then

f x § gx § hx (recall that -1 § sin x § 1 for all x).
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Plot1  Absx, Sinx  x, 1  Absx,

x, 0, 30, PlotStyle  Red, Green, Blue

5 10 15 20 25 30

-0.3

-0.2

-0.1

0.1

0.2

0.3

Since 1  x  and -1  x  both approach 0 as xØ¶, we conclude that sin x x approaches zero as well. 

Example 2.23. Evaluate limxØ¶  ex

xn , where n is any integer.

Solution: 

TableLimit^x  xn, x  Infinity, n, 1, 200, 10
, , , , , , , , , , , , , , , , , , , 

This table suggests that the limit is infinity. We confirm this with Mathematica:

Limit 
x

xn
, x  

ComplexInfinity

NOTE: This example reveals that exponential functions grow more quickly than polynomial functions. 

Example 2.24.  Evaluate limxØ1+ 1

ln x
- 1

x-1
.

Solution: 

Limit[(1/Log[x])-(1/(x-1)),x->1,Direction->1]

1

2

Again, we can graph the function near  x = 1 to visually understand why the answer is 1 2 (we leave this to the student).  Note,
however, that this example shows that 1  ln x and 1  x - 1 both grow to ¶ at the same rate as xØ 1+.

Example 2.25. Let  f x = xn-1

xm-1
.  Evaluate limitxØ1 f x by substituting in various values of m and n.

Solution: 
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TableLimitxn  1  xm  1, x  1, m, 1, 10, n, 1, 10  TableForm

1 2 3 4 5 6 7 8 9 10
1
2

1 3
2

2 5
2

3 7
2

4 9
2

5

1
3

2
3

1 4
3

5
3

2 7
3

8
3

3 10
3

1
4

1
2

3
4

1 5
4

3
2

7
4

2 9
4

5
2

1
5

2
5

3
5

4
5

1 6
5

7
5

8
5

9
5

2

1
6

1
3

1
2

2
3

5
6

1 7
6

4
3

3
2

5
3

1
7

2
7

3
7

4
7

5
7

6
7

1 8
7

9
7

10
7

1
8

1
4

3
8

1
2

5
8

3
4

7
8

1 9
8

5
4

1
9

2
9

1
3

4
9

5
9

2
3

7
9

8
9

1 10
9

1
10

1
5

3
10

2
5

1
2

3
5

7
10

4
5

9
10

1

Can you guess a formula for limitxØ1 f x in terms of m and n?  Enter the command Limitxn - 1  xm - 1, x Æ 1 into an
input box and evaluate it to verify your conjecture.  

Let us end this section with an example where the Limit command is used to evaluate the derivative of a function (in anticipation
of commands introduced in the next chapter for computing derivatives).

By definition, the derivative of a function f  at x (i.e., the slope of its tangent line at x) is 

f ' x = lim
D xØ0

f x+D x- f x
D x

.

Example 2.26.  Find the derivative of f x = 1

x
 according to the limit definition.

Solution: We first examine the derivative by tabulating values of the difference quotient, 
f x+D x- f x

D x
,  for  some arbitrarily

chosen values of D x:

fx_ : 1  x

delta  0.1, 0.01, .0001, .00001, .000001, .00000001;

Tabledeltak, Simplify fx  deltak  fx
deltak ,

k, 1, Lengthdelta  TableForm

0.1  1.
0.1 xx2

0.01  1.
0.01 xx2

0.0001  1.
0.0001 xx2

0.00001  1.
0.00001 xx2

1.  106  1.

1.106 xx2

1.  108  1.

1.108 xx2

This table suggests that f ' x = -1 x2 in the limit as D xØ 0.  We confirm this with Mathematica:
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Limitfx  Deltax  fx  Deltax, Deltax  0


1

x2

ü Exercises 

 In Exercises 1 through 8, compute the limits:

1. lim
xØ1

x2-1

x-1
2. lim

xØ-5

100

x+5
3. lim

xØ¶

1+x+x2

x10-x
3

4. lim
xØ0

sin x

x

5. lim
xØ0

sin 5 x

3 x
  6. lim

xØ0

1-cos x

4 x
  7. lim

xØ3

x3-27

x2-9
  8.  lim

xØ-¶

x3-27

x2-6

 In Exercises 9 through 13,  evaluate each of the limits. Verify your answers by plotting the graph of each function in the neighbor-
hood of the limit point. 

9. limxØ 2  2 x-1

4-3 x
 10. limxØ0+  1-ln x

e1x  11. limxØ0+  1

x
- ln x 

12. lim
xØ p

2
-  sec 3 x cos 5 x 13.limxØ 0  sin x cos  1

x


14. Use various values of a to find the following limits.  Confirm your answers by plotting the graph of each function correspond-
ing to your chosen values for a.  Make a conjecture for a general formula.  Then verify your conjecture by using Mathematica to
evaluate the limits but keeping the constant a  unassigned.

a)  lim
xØa

x3-a3

x-a
b)   lim

xØ1

x3-a x2+a x-1

x-1

15. Consider the quadratic function f x = a x2 - x + 1.  Plot the graph of f  using small values of a.  What do you observe about
the  roots  of  f ?  What  is  the  limit  of  the  roots  of  f  as  aØ 0?   Hint:  Use  the  command

AnimatePlota x2 - x + 1, x, 0, 50, PlotRange Æ -50, 50, a, 0, .1, .01   to  help  you  analyze  the  root  and  then

change the values of a as well as the plot domain. Then use the quadratic formula to prove your assertion.  NOTE: One can also

use the Solve or Roots commands to determine the roots of f.

ü 2.3 Continuity

Students should read Section 2.4 of Rogawski's Calculus [1] for a detailed discussion of the material presented in this
section.

Recall that a function is continuous at x = a if and only if limxØa f x = f a.  Graphically, this means that there is no break (or
jump) in the graph of f  at the point a, f a. It is not possible to indicate this discontinuity using computer graphics for the
situation where the limit exists and the function is defined at a but the limit is not equal to f a.  For other cases of discontinuity,
computer graphics are very helpful.    

To verify if a given function is continuous at a point, we evaluate its limit there and check if this limit is equal to the value of the
function.  

Example 2.27. Show that the function f x = x3 - 1 is continuous everywhere.

Solution: We could draw the graph and observe this fact. On the other hand, we can get Mathematica to check continuity:
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fx_ : x3  1

Limitfx, x  c  fc
True

This means that limxØ c f x = f c and hence f  is continuous everywhere.

Example 2.28.  Find points of discontinuity for each of the following functions:

a) Let  f x = 
x2-1

x-1
, if x ∫ 1

2, if x = 1.
.

b) Let  gx = 
x2-1

x-1
, if x ∫ 1

6, if x = 1.
.

Solution: The command If[cond, true, false] evaluates true if cond is satisfied and gives false if cond  is not satisfied. This
command can be used to define piece-wise functions such as those in this example.

a) We first check continuity of f  at x = 1.

fx_ : Ifx  1,
x2  1

x  1
, 2

Limitfx, x  1  f1
True

Hence, the function is continuous at x = 1.  For continuity at other points, we observe that the rational function x2- 1

x-1
 simplifies to

x + 1 in this case (factor the numerator!)  and thus is continuous at any point except x = 1.  Thus, f  is continuous everywhere. We
can also confirm this by examining the graph of f  below.

Plotfx, x, 6, 6

-6 -4 -2 2 4 6

-4

-2

2

4

6

b) As in part a, we first consider continuity of g at x = 1.  

gx_ : Ifx  1,
x2  1

x  1
, 6
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Limitgx, x  1  g1
False

Thus, g is NOT continuous at x = 1. For continuity at other points, we again observe that the rational function 
x2- 1

x-1
= x + 1 and

thus is continuous for x ∫ 1. 

Caution: The plot of the graph of g  given below indicates (incorrectly) that g  is continuous everywhere! Care must be taken
when examining Mathematica plots to draw conclusions about continuity. 

Plotgx, x, 6, 6

-6 -4 -2 2 4 6

-4

-2

2

4

6

Example 2.29.  Let  f x =  2 x + c, if x ¥ 2

x2 + c x - 1, if x < 2.
  

For what values of c is f  continuous over its entire domain?

Solution: For x > 2, we have f x = 2 x + c. Hence, f  is continuous on the interval 2, ¶ since the interval is open.  For x < 2,
f x = x2 + c x - 1 . Thus, f  is continuous on -¶, 2  for the same reason.  For f  to be continuous at x = 2, we must have
limxØ2 f x = f 2.  But the limit exists if and only if 

limxØ2- f x = limxØ2+ f x
Note that limxØ2+ f x = 4 + c = f 2. Thus, it suffices to find all values of c for which the left-hand limit and the right-hand limit

are equal. This can be done using Mathematica's Solve command.

Clearc, f
fx_ : Ifx  2, x2  c x  1, 2 x  c
lhs  Limitfx, x  2, Direction  1
rhs  Limitfx, x  2, Direction  1
3  2 c

4  c

Solvelhs  rhs , c
c  1

Thus, f  is continuous if c = 1. We confirm this by plotting the graph of f  corresponding to this c value.
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Plotfx . c  1, x, 5, 7

-4 -2 2 4 6

5

10

15

Example 2.30. Let  f x =  sin 1

x
, if x ∫ 0

0, if x = 0
.  Prove that for any number k between -1 and 1 there exists a value for c such that

f c = k.

NOTE: Observe that f  is not continuous at x = 0 so the converse of the Intermediate Value Theorem does not hold.   

Solution: For k = 0, we choose c = 0 so that f 0 = 0.  For any nonzero k between -1 and 1, define y = sin-1 k (using the princi-
pal domain of the sine function) and let c = 1  y. Then f c = sin 1 c = sin y = k. The  graph of f  following shows that there are
in fact infinitely many choices for c.  

fx_ : Sin1  x
Plotfx, x, Pi, Pi

-3 -2 -1 1 2 3

-1.0

-0.5

0.5

1.0

ü Exercises 

1.   Let   f x =  ex, if x § 0

ln x, if x > 0
.

a)  Graph the above function and discuss the type of discontiniuty at x = 0.
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b)   Repeat part a. for the function 

f x =  cos p x

2
, if x § 1

x - 1 , if x > 1
.

2. Find values for c in which f  (defined below) is continuous over its entire domain:

f x =  x2 + c, x < 1,

c ex, x ¥ 1

Plot the graph of f  corresponding to these c values.

3. Let

f x =  x + 1, if x § 2

x2 - c, if x > 2
.

a)  For what value(s) of c is the function  continuous at x = 2? With this choice of c does f  have a discontinuity at any other
point? Plot the graph of the function.

b)  For what value(s) of c is the function  continuous at x = -2? With this choice of c does f  have a discontinuity at any other
point? Plot the graph of the function.                                                                                                                                               

4. Find values of a and b such that the function f  is continuous everywhere where f x = 
2 a x + b, x < -5

6 b, -5 § x < 1

3, x ¥ 1

  .  HINT: Solve

first for b by equating the second and third expressions for f.
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