
Chapter 5 Integration

ü 5.1  Antiderivatives (Indefinite Integral)

Students should read Section 4.8 of Rogawski's Calculus [1] for a detailed discussion of the material presented in this
section.

Integrate f , x gives the indefinite integral (or antiderivative) of f  with respect to x.  The command Integrate can evaluate all
rational functions and a host of transcendental functions, including exponential, logarithmic, trigonometric, and inverse trigono-

metric functions.  One can also use the palette button  Ñ „Ñ (BasicMathInput Palette) to evaluate integrals. 

Example 5.1.  Evaluate   x2 - 2 x + 1 „ x.

Solution:  

Method 1: (Palette buttons)

In[1]:=  x2  2 x  1 x

Out[1]= x  x2 
x3

3

NOTE: Mathematica does not explicitly include the constant of integration C  in its answers for indefinite integrals; the user
should always assume that this is implicitly part of the answer.

Method 2: (Integrate command)

In[2]:= Integratex^2  2 x  1, x

Out[2]= x  x2 
x3

3

Example 5.2.  Evaluate   xx2 + 12 „ x.

Solution:  

Method 1: (Palette buttons)

In[3]:=  x x2  12
x

Out[3]=
x2

2


x4

2


x6

6

NOTE:  Observe  that  if  the  substitution  u = x2 + 1  is  used  to  transform  this  integral,  then  the  answer  becomes

 xx2 + 12 „ x = 1

2  u2 „u = 1

6
1 + x23

.  How does one reconcile this answer with the one obtained in the output above?

The following are examples of integrals that can be evaluated in a routine manner using the substitution method.  The reader
should perform the integration by hand to check answers.



Example 5.3.   Evaluate  x

x+1
„ x.

Solution:  

In[4]:= 
x

x  1
x

Out[4]=
2

3
2  x 1  x

Example 5.4.  Evaluate  x2 sinx3 „ x.

Solution:  

In[5]:=  x2 Sinx3 x

Out[5]= 
1

3
Cosx3

Note: Mathematica can certainly integrate much more complicated functions, including those that may require using any of the
integration techniques discussed in your calculus textbook. We will consider some of these in Section 5.4.   

ü Exercises 

In Exercises 1 through 6, evaluate the integrals. Simplify your answers.

1.  x2 + 2 „ x 2.  cos 3 x „ x 3.  1 - x2 „ x

4.  sin 2 x „ x 5. 3 x5+6 x4-x+1

x3
d x 6.   1

1+ sin2 x
d x

In Exercises 7 and 8, evaluate the integrals by first using Mathematica to decompose the integrand as a sum of partial fractions

(using the Apart[expr] command to perform this decomposition).

7.  x2+2 x-1

2 x3+3 x2-2 x
„ x 8. 1

xx+1 2 x+3 „ x

ü 5.2  Riemann Sums and the Definite Integral

Students should read Sections 5.1 and 5.2 of Rogawski's Calculus [1] for a detailed discussion of the material presented in
this section.

There are two basic integration commands in Mathematica to evaluate definite integrals. Integrate f , x, a, b calculates the

definite integral (area under the curve) of f  on the interval a, b using analytic methods. NIntegrate f , x, a, b calculates a
numerical approximation of the definite integral of f  on a, b using numerical methods.

Review of Riemann Sums: A partition of a closed interval a, b is a set P = x0, x1, x2, .... , xn of points of a, b such that 

a = x0 < x1 < x2 < ... .. < xn = b.

Given a function f  on a closed interval a, b and a partition P = x0, x1, .... , xn of the interval a, b,  recall that a Riemann
sum of f  over a, b relative to P is a sum of the form 
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i=1
n f xi

*D xi, 

where  D xi = xi - xi-1  and  xi
*is  an  arbitrary  point  in  the  ith  subinterval  xi-1, xi.   For  simplicity,  we  shall  assume  that

D xi = D x = b-a

n
 for all i.  A Riemann sum is therefore an approximation to the (signed) area of the region between the graph of f

and the x-axis along the interval a, b.  The exact area is given by the definite integral of f  over a, b, which is defined to be the

limit of its Riemann sums as nØ¶ and is denoted by a

b
f x „ x. In other words, 

a
b

f x „ x = limnØ¶i=1
n f xi

*D x.

This definite integral exists provided the limit exists.  For a continuous function f , it can be shown that a
b

f x „ x exists.

ü 5.2.1  Riemann Sums Using Left Endpoints

A Riemann sum of f  relative to a partition P  can be obtained by considering rectangles whose heights are based on the left
endpoint of  each subinterval of  P.    This is  achieved by setting xi

* = xi = a + ib - a n  for i = 0, 1, .... n - 1,  so that the
corresponding height of each rectangle is given by f xi.  This leads to the following formula for a Riemann sum using left

endpoints, which we denote by LRSUM. To use this function, we need to specify the values of a, b, and n as well as define f
using Mathematica's format.  

In[6]:= Clearf
LRSUMa_, b_, n_ : Sumfa  i  b  a  n  b  a  n, i, 0, n  1

Example 5.4. Let f x = x2 on [0,1] and let P = 0, 1 n, 2 n, 3 n, ....,  n - 1 n, 1 be a partition of 0, 1. 
a) Approximate 0

1
f x „ x by computing the Riemann sum relative to P using the left endpoint method.

b) Plot the graph of f  and the rectangles corresponding to the Riemann sum in part (a). 
c) Find the limit of the Riemann sum obtained in part a) by letting nØ¶.

Solution: a) We define f x = x2 in Mathematica and evaluate LRSUM using a = 0, b = 1, and various values for n. In the table
below, the first column gives the value of n and the second column gives the corresponding Riemann sum.   

In[8]:= fx_ : x2

TableFormTablen, NLRSUM0, 1, n, n, 10, 100, 10,

TableHeadings  , "n", "Riemann Sum"
Out[9]//TableForm=

n Riemann Sum

10 0.285
20 0.30875
30 0.316852
40 0.320938
50 0.3234
60 0.325046
70 0.326224
80 0.327109
90 0.327798
100 0.32835

Thus, 0

1
x2 „ x º 0.30875 for n = 20 (rectangles). We leave it to the reader to use large values of n to investigate more accurate

approximations using left endpoints.

b) The following program gives a plot of the rectangles corresponding to the Riemann sum in part (a) using left endpoints.
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In[10]:= LEPTf_, a_, b_, n_ : Module
dx, k, xstar, lrect, plot,
dx  Nb  a  n;
xstar  Tablea  i  dx, i, 0, n;

lrect  TableLinexstari, 0, xstari, fxstari ,
xstari  1, fxstari , xstari  1, 0, i, 1, n;

plot  Plotfx, x, a, b, Filling  Axis;
Showplot, GraphicsGreen, lrect

To demonstrate this for our example, we evaluate LEPT by specifying f x = x2,  a = 0, b = 1 and n = 20. 

In[11]:= f1x_ : x^2

LEPTf1, 0, 1, 20

Out[12]=

Here is a graphics animation of the plot above as n (number of rectangles) increases from 1 to 50.

Important Note:  If  you  are reading the  printed version of  this  publication, then you  will  not  be  able  to view any  of  the

animations generated from the Animate command in this chapter.  If you are reading the electronic version of this publication

formatted as a Mathematica Notebook, then evaluate each Animate command to view the corresponding animation.  Just click
on the arrow button to start the animation.  To control the animation just  click at  various points on the sliding bar or else
manually drag the bar.
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In[13]:= AnimateLEPTf1, 0, 1, a , a, 1, 50, 5 

Out[13]=

a

NOTE: The underestimation given by LRSUM in this example can be explained from the above graph: The sum of the area of
the rectangles is less than the area of the region under the graph of f  since the rectangles are contained inside the same region.
This is due to the fact that f  is increasing on 0, 1. 
c)  We evaluate LRSUM in the limit as nØ ¶.

In[14]:= LimitLRSUM0, 1, n, n  Infinity

Out[14]=
1

3

Thus, 0
1
x2 „ x=1/3=0.33....

ü 5.2.2  Riemann Sums Using Right Endpoints

We can similarly define a Riemann sum of f  relative to a partition P by considering rectangles whose heights are based on the
right endpoint of each subinterval of P.    This is achieved by setting xi

* = xi = a + ib - a n  for i = 1, 2, .... n,   so that the
corresponding height of each rectangle is given by f xi.  Note that i ranges from 1 to n in this case (as opposed to 0 to n - 1 for
the left endpoint method).  This leads to the following formula for the Riemann sum using right endpoints, which we denote by

RRSUM:  

In[15]:= Clearf
RRSUMa_, b_, n_ : Sumfa  i  b  a  n  b  a  n, i, 1, n

Example 5.5. Let f x = x2 on [0,1] and let P = 0, 1 n, 2 n, 3 n, ....,  n - 1 n, 1 be a partition of 0, 1. 
a) Approximate 0

1
f x „ x by computing the Riemann sum relative to P using the right endpoint method.
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b) Plot the graph of f  and the rectangles corresponding to the Riemann sum in part (a). 
c) Find the limit of the Riemann sum obtainded in part a) by letting nØ¶.

Solution:  a) We evaluate

In[17]:= fx_ : x2

TableFormTablen, NRRSUM0, 1, n, n, 10, 100, 10,

TableHeadings  , "n", "Riemann Sum"
Out[18]//TableForm=

n Riemann Sum

10 0.385
20 0.35875
30 0.350185
40 0.345938
50 0.3434
60 0.341713
70 0.34051
80 0.339609
90 0.338909
100 0.33835

b) Similarly, we can write a program that gives a plot of the rectangles corresponding to the Riemann sum in part (a) using right
endpoints.

In[19]:= REPTf_, a_, b_, n_ : Module
dx, i, xstar, rrect, plot,

dx  Nb  a  n;
xstar  Tablea  i  dx, i, 0, n;
rrect  TableLinexstari, 0, xstari, fxstari  1,

xstari  1, fxstari  1, xstari  1, 0, i, 1, n;

plot  Plotfx, x, a, b, Filling  Axis;
Showplot, GraphicsBlue, rrect

For our example, we have: 

In[20]:= f2x_ : x^2

REPTf2, 0, 1, 20

Out[21]=

Important Note:  If  you  are reading the  printed version of  this  publication, then you  will  not  be  able  to view any  of  the

animations generated from the Animate command in this chapter.  If you are reading the electronic version of this publication
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formatted as a Mathematica Notebook, then evaluate each Animate command to view the corresponding animation.  Just click
on the arrow button to start the animation.  To control the animation just  click at  various points on the sliding bar or else
manually drag the bar.

In[22]:= AnimateREPTf2, 0, 1, a , a, 1, 50, 5 

Out[22]=

a

NOTE: The overestimation of the RRSUM can be explained analogously as with the underestimation obtained from LRSUM. 

c) We evaluate RRSUM in the limit as nØ¶: 

In[23]:= LimitRRSUM0, 1, n, n  Infinity

Out[23]=
1

3

NOTE: Here is a comparison between the two plots of the left-endpoint and right-endpoint rectangles:

In[24]:= LREPTf_, a_, b_, n_ : Module
dx, i, xstar, lrect, rrect, plot,

dx  Nb  a  n;
xstar  Tablea  i  dx, i, 0, n;
lrect  TableLinexstari, 0, xstari, fxstari ,

xstari  1, fxstari , xstari  1, 0, i, 1, n;

rrect  TableLinexstari, 0, xstari, fxstari  1,
xstari  1, fxstari  1, xstari  1, 0, i, 1, n;

plot  Plotfx, x, a, b, Filling  Axis;
Showplot, GraphicsBlue, rrect, GraphicsGreen, lrect 


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In[25]:= fx_ : x2

LREPTf, 0, 1, 20

Out[26]=

In[27]:= f3x_ : x2

AnimateLREPTf3, 0, 1, a , a, 1, 100, 5 

Out[28]=

a

ü 5.2.3  Riemann Sums Using Midpoints

The Riemann sum using the midpoints of each subinterval is given by the following formula. (We leave it to the student to verify

that the midpoint of ith subinterval is given by  a + i + 1

2
  b- a

n
 for i = 1, ..., n.)
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In[29]:= Clearf
MRSUMa_, b_, n_ : Sumfa  i  1  2  b  a  n  b  a  n, i, 1, n

Example 5.6. Let f x = x2 on [0,1] and let P = 0, 1 n, 2 n, 3 n, ....,  n - 1 n, 1 be a partition of 0, 1. 
a) Approximate 0

1
f x „ x by computing the Riemann sum relative to P using the midpoint method.

b) Plot the graph of f  and the rectangles corresponding to the Riemann sum in part (a). 
c) Find the limit of the Riemann sum obtainded in part a) by letting nØ¶.

Solution:  a) We evaluate 

In[31]:= fx_ : x2

TableFormTablen, NMRSUM0, 1, n, n, 10, 100, 10,

TableHeadings  , "n", "Riemann Sum"
Out[32]//TableForm=

n Riemann Sum

10 0.4425
20 0.385625
30 0.367685
40 0.358906
50 0.3537
60 0.350255
70 0.347806
80 0.345977
90 0.344558
100 0.343425

In[33]:= OptionsTableForm
Out[33]= TableAlignments  Automatic, TableDepth  ,

TableDirections  Column, TableHeadings  None, TableSpacing  Automatic
b) Again,  we can write  a  program that  gives  a  plot  of  the  rectangles corresponding to the  Riemann sum in part  (a)  using
midpoints.

In[34]:= MIDPTf_, a_, b_, n_ : Module
dx, i, xstar, mrect, plot,
dx  Nb  a  n;
xstar  Tablea  i  dx, i, 0, n;
mrect 

TableLinexstari, 0, xstari, fxstari  xstari  1  2,
xstari  1, fxstari  xstari  1  2,
xstari  1, 0, i, 1, n;

plot  Plotfx, x, a, b, Filling  Axis;

Showplot, GraphicsRed, mrect

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In[35]:= fx_ : x2

MIDPTf, 0, 1, 10

Out[36]=

Important Note: If you are reading the printed version of this publication, then you will not be able to view any of the anima-

tions generated from the Animate command in this chapter.  If you are reading the electronic version of this publication format-

ted as a Mathematica Notebook, then evaluate each Animate command to view the corresponding animation.  Just click on the
arrow button to start the animation.  To control the animation just click at various points on the sliding bar or else manually drag
the bar.

In[37]:= f4x_ : x2

AnimateMIDPTf4, 0, 1, a , a, 1, 100, 5 

Out[38]=

a
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c) The limit of the Riemann sum using the midpoints is given by 

In[39]:= LimitMRSUM0, 1, n, n  Infinity

Out[39]=
1

3

NOTE: Here is a visual comparison of all three Riemann sums in terms of rectangles:

In[40]:= ALLf_, a_, b_, n_ : Module
dx, i, xstar, lrect, rrect, mrect, plot,
dx  Nb  a  n;
xstar  Tablea  i  dx, i, 0, n;

lrect  TableLinexstari, 0, xstari, fxstari ,
xstari  1, fxstari , xstari  1, 0, i, 1, n;

rrect  TableLinexstari, 0, xstari, fxstari  1,
xstari  1, fxstari  1, xstari  1, 0, i, 1, n;

mrect  TableLinexstari, 0, xstari,
fxstari  xstari  1  2, xstari  1,
fxstari  xstari  1  2, xstari  1, 0, i, 1, n;

plot  Plotfx, x, a, b, Filling  Axis;

Showplot, GraphicsBlue, rrect,
GraphicsGreen, lrect, Graphics Red, mrect


In[41]:=

f5x_ : x2

ALLf5, 0, 1, 10

Out[42]=

Here is how all three Riemann sums behave when we increase the number of rectangles.
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In[43]:= f5x_ : x2

AnimateALLf5, 0, 1, a , a, 1, 100, 5 

Out[44]=

a

NOTE: All three limits from the left-endpoint, right-endpoint, and midpoint methods are equal. This is not surprising since each

is equal to 0
1
x2 „ x (remember that the existence of a definite integral requires that all Riemann sums converge to the same limit).

However, the midpoint method tends to converge faster to the limit than the other two methods (discussed in your calculus text).

Example 5.7.  Let f x = x3 + x2 + 1 on 0, 1 and let P = 0, 1 n, 2 n, ...., n n = 1 be a partition of  0, 1.
a) Find the Riemann sum of f  relative to P using the left endpoints of the partition.
b) Find the Riemann sum of f  relative to P using the right endpoints of the partition.
c) Show that the difference between the two sums goes to 0 at nØ ¶.  
d) Find the limit of the Riemann sums in parts (a) and (b). Is this consistent with part (c)?
e) What do you conclude from part (d)?

Solution: a) The Riemann sum using left endpoints is given by 

In[45]:= Clearf
LRSUMa_, b_, n_ : Sumfa  i  b  a  n  Nb  a  n, i, 0, n  1

In[47]:= fx_ : x3  x2  1

LRSUM0, 1, n

Out[48]=
5  12 n  19 n2

12 n2

b) The Riemann sum using right endpoints is given by

12   Chapter 5.nb



In[49]:= Clearf
RRSUMa_, b_, n_ : Sumfa  i  b  a  n  Nb  a  n, i, 1, n

In[51]:= fx_ : x3  x2  1

RRSUM0, 1, n

Out[52]=
5  12 n  19 n2

12 n2

c) We now evaluate and simplify the difference between the two Riemann sums: 

In[53]:= SimplifyRRSUM0, 1, n  LRSUM0, 1, n

Out[53]=
2

n

As n Ø¶, observe that this difference goes to zero. 

d) Next, we use the limit command to evaluate the limit of the two Riemann sums:

In[54]:= LimitLRSUM0, 1, n, n  Infinity

Out[54]=
19

12

In[55]:= LimitRRSUM0, 1, n, n  Infinity

Out[55]=
19

12

In light of (c), we should not be surprised that the two limits are the same. After all, their difference was seen to converge to zero!

e) By definition of a definite integral, we conclude from (d) that 0
1x3 + x2 + 1 „ x = 19 12. We confirm this by evaluating 

In[56]:= 
0

1

x3  x2  1 x

Out[56]=
19

12

ü Exercises 

1.  Let f x = x

x2+1
for 0 § x § 1 and let P = 0 n, 1 n, 2 n, ... , n n = 1 be a partition of 0, 1.

a)  Find the Riemann sum of f  using the left endpoints of P and plot the rectangles that approximate the integral of f  over 0, 1.
Also, use the Animate command to see if the total area of the rectangles converges to the area of the region under the graph of f
and above the x-axis.

b)  Repeat (a) using right endpoints of P.

c)  Repeat (a) using midpoints of P.

2.  Let f x = x sin x on 0, p.  Use a uniform partition P and repeat Exercise 1 (immediately above) for this function. 
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ü 5.3  The Fundamental Theorem of Calculus

Students should read Sections 5.3 and 5.4 of Rogawski's Calculus [1] for a detailed discussion of the material presented in
this section.

The crowning achievement in calculus is the Fundamental Theorem of Calculus (FTC), which reveals that integration and
antidifferentiation are equivalent.  This can be expressed in two parts:

FTC - Part I: Given a continuous function f x on a, b, we have

 a
b

f x „ x = Fb - Fa.
Here, Fx is any antiderivative of f x.
FTC - Part II: If Fx = a

x
f t „ t, then F ' x = f x.

NOTE: Physically the Fundamental Theorem of Calculus tells us that the area under a velocity curve of an object is the same as
the change in position of the object.

Mathematica naturally uses FTC to evaluate definite integrals whenever it is able to find an antiderivative.  Of course, there are
examples where it is not able to do this, as the latter examples following demonstrate.

Example 5.8.  Evaluate 1

5 x

2 x-1
„ x.

Solution:  

In[57]:= 
1

5 x

2 x  1
x

Out[57]=
16

3

Example 5.9.  Evaluate  3
2 x2-3

x
„ x.

Solution:  

In[58]:= IntegrateSqrtx^2  3  x, x, Sqrt3, 2

Out[58]= 1 


2 3

In[59]:= N
Out[59]= 0.0931003

Example 5.10.  Approximate 0
1
tan x2 „ x.

Solution:  Here is an example of an integral that Mathematica  cannot evaluate exactly but returns the integral unevaluated
because the precise answer is not expressible in terms of elementary functions.

In[60]:= IntegrateTanx^2, x, 0, 1

Out[60]= 
0

1

Tanx2 x
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However, a numerical approximation is still possible through the command N.

In[61]:= N
Out[61]= 0.398414

Or we could use the command NIntegrate to perform both steps at once:

In[62]:= NIntegrateTanx^2, x, 0, 1
Out[62]= 0.398414

Example  5.11.   Use  the  fact  that  if  m § f x §M  for  all  x œ a, b,  then  mb - a § a
b

f x „ x §M b - a  to  approximate

0

2
x3 + 1 „ x.

Solution: We note that the function f x = x3 + 1  is increasing on 0, 2.  This can be checked by finding f ' x and observing

that f ' x > 0 for all x (or by simply drawing the graph of f ).  Thus, 1 = f 0 § f x § f 2 = 3 and so

1 2 - 0 § 0
2

1 + x3 „ x § 3 2 - 0 
or

2 § 0

2
1 + x3 „ x § 6

We can confirm this by evaluating 

In[63]:= Integrate x3  1 , x, 0, 2

Out[63]= 2 Hypergeometric2F1 1

2
,

1

3
,

4

3
, 8

Since the function Hypergeometric2F1 is not known to us, we use 

In[64]:= NIntegrate x3  1 , x, 0, 2
Out[64]= 3.24131

Example 5.12.  Let f x = cosx2 on 0, 2 and define gx = 0

x
f t „ t = 0

x
cost2 „ t. 

a) Plot the graph of f .
b) Find the value(s) of x for which gx) starts to decrease.
c) Estimate gx for x = 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1, 4, 1.6, 1.8, 2.
d) Draw the graphs of gx and g ' x.
e) How do the graphs of f x and g ' x compare?

Solution: a) We plot the graph of f .
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In[65]:= Clearf
fx_  Cosx2
gx_  

0

x

ft t

Out[66]= Cosx2

Out[67]=


2
FresnelC 2


x

NOTE: The function FresnelC is called the Fresnel Cosine function and plays an important role in physics and engineering.  The
Fresnel Sine function is defined in the obvious manner.

In[68]:= Plotfx, x, 0, 2

Out[68]=
0.5 1.0 1.5 2.0

-1.0

-0.5

0.5

1.0

b) We note that the graph of f  is above the x-axis (positive area) for x between 0 and p 2  and below the x-axis for x between

p 2  and 2.  Thus, the graph of g starts to decrease after p 2 .  The following table of the Riemann sums of f  on 0, x (for x
varying from 0 to 2) shows this point.

In[69]:= fx_ : x2

TableFormTablen, NMRSUM0, 1, n, n, 10, 100, 10

Out[70]//TableForm=

10 0.4425
20 0.385625
30 0.367685
40 0.358906
50 0.3537
60 0.350255
70 0.347806
80 0.345977
90 0.344558
100 0.343425

In[71]:= LRSUMa_, b_, n_ : Sumfa  i  b  a  n  Nb  a  n, i, 0, n  1
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In[72]:= TableFormTablex, LRSUM 0, x, 100, x, 0, 2, 0.1,

TableHeadings  , "x", "Riemann Sum"
Out[72]//TableForm=

x Riemann Sum

0. 0.
0.1 0.00032835
0.2 0.0026268
0.3 0.00886545
0.4 0.0210144
0.5 0.0410438
0.6 0.0709236
0.7 0.112624
0.8 0.168115
0.9 0.239367
1. 0.32835
1.1 0.437034
1.2 0.567389
1.3 0.721385
1.4 0.900992
1.5 1.10818
1.6 1.34492
1.7 1.61318
1.8 1.91494
1.9 2.25215
2. 2.6268

NOTE: Since g is the integral, it should start to decrease at x = p 2 º 1.25.  We can confirm this by examining the values of g
in the neighborhood of this point:

In[73]:= Tablex, LRSUM 0, x, 100, x, 1.2, 1.3, 0.01  TableForm

Out[73]//TableForm=

1.2 0.567389
1.21 0.581692
1.22 0.596234
1.23 0.611016
1.24 0.62604
1.25 0.641309
1.26 0.656823
1.27 0.672587
1.28 0.6886
1.29 0.704865
1.3 0.721385

From the table above, we see that the function g does indeed start to decrease at approximately x = 1.25:

c) Here is the table of values for gx:
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In[74]:= TableFormTablex, gx, x, 0.2, 2, 0.2
Out[74]//TableForm=

0.2 0.199968
0.4 0.398977
0.6 0.592271
0.8 0.767848
1. 0.904524
1.2 0.973945
1.4 0.949779
1.6 0.825517
1.8 0.635365
2. 0.461461

d) The graphs of the function f x and g ' x are given below: 

In[75]:= Plotgx, g'x, x, 0, 2, PlotStyle  Red, Blue

Out[75]=
0.5 1.0 1.5 2.0

-1.0

-0.5

0.5

1.0

e) The graphs of the function f x and g ' x are given below: 

In[76]:= Plotfx, g'x, x, 0, 2, PlotStyle  Red, Blue

Out[76]=

0.5 1.0 1.5 2.0

-1

1

2

3

4

This means that the two graphs are the same.  In fact, from the Fundamental Theorem of Calculus, we know that g ' x = f x. 

ü Exercises 

 In Exercies 1 troough 11, evalaute the given integrals. 

1. 0
1x2 + 2 „ x 2. 0

p
cos 3 x „ x 3. 0

1
1 - x2 „ x 4. -pp sin 2 x „ x
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5. 0

3x3 - 4 x2 + x d x6. 1

4 1

x
+ 2 x  d x 7. 0

p

4 sec x d x 8. 0

2

4 2

1-4 x2

d x

9. 0
3 1

x+1
d x 10. 1

4 1

x
+ 2 x2 d x 11. 0

p
ex sin x d x  

12. Let Sx = 0

x
sin 1

2
p t2 „ t (Sx is called the Fresnel sine)

a)  Plot the graph of S and approximate the value of S as xØ¶.  Confirm your approximation by evaluating the limit as xØ ¶.

b)  Find S ' x and use it to find the interval(s) on whcih Sx increase and decrease.  Hint: Apply the Fundamental Theorem of
Calculus.

c)  On what intervals is S concave up? Concave down?

d)  Find the value of x for which Sx = 0.7.

13. Find an explicit formula for a continuous function f  such that 

0

x
f t „ t = x ex + 0

x f t
2 t2+1

„ t.

(Hint: First take the derivative of both sides and then solve for f x.)

ü 5.4  Integrals Involving Trigonometric, Exponential, and Logarithmic 
Functions

In your calculus text, you will learn how to evaluate integrals using different techniques.  In Mathematica, we do not need to
specify the technique.  It chooses the technique appropriate for the problem. However, there are some integrals that cannot be
evaluated in terms of elementary functions. In such cases, Mathematica will return the integal unevaluated or gives us a name for
the integral.       

Below, we will consider some examples of integrals that involve trigonometric functions, exponential, and logarithmic functions.
If done by hand, some of these integrals require integration by parts, partial fraction decompositions, or trigonometric substitu-
tions.       

Example 5.13.  Evaluate  x2

x3+12
„ x.

Solution: If done by hand, this integral involves using the substitution method.

In[77]:= Integratex^2  x^3  1^2, x

Out[77]= 
1

3 1  x3

Example 5.14.   Evaluate  x5+x2+x+2

x2-1
„ x.

Solution:  This integral involves long division and partial fraction decomposition.  
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In[78]:= 
x5  x2  x  2

x2  1
x

Out[78]= x 
x2

2


x4

4


5

2
Log1  x  1

2
Log1  x

Example 5.15.   Evaluate  x4+x3+x+1

x2+12
„ x.

Solution:  This integral involves long division, partial fraction decomposition, and inverse trigonometric functions.  

In[79]:= 
x4  x3  x  1

x2  12
x

Out[79]= x 
x

1  x2
 ArcTanx  1

2
Log1  x2

NOTE: All functions that appear as output are written in Mathematica's notation. To convert the output to a more familiar form

the command TraditionalForm can be used.  Here is the "traditional" form of the output below (note that log x means the same
as ln x in this case).  

In[80]:= 
x4  x3  x  1

x2  12
x  TraditionalForm

Out[80]//TraditionalForm=

x

x2 + 1
+

1

2
logx2 + 1 + x - tan-1x

Example 5.16.  Evaluate  x2 sin x „ x.

Solution:  This integral involves integration by parts (twice).  

In[81]:=  x2 Sinx x

Out[81]= 2  x2 Cosx  2 x Sinx

Example 5.17.  Evaluate  -1

1-x2

„ x.

Solution:  This integral involves trigonometric substitution.  

In[82]:= Integrate1  Sqrt1  x^2, x
Out[82]= ArcSinx
NOTE: Your calculus textbook may give arccos x for the answer, as opposed to -arcsin x as above. Can you explain how the
integration constant resolves the difference in these two answers?

Here are some examples of integrals that are important in applications but do not have an elementary antiderivative.
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In[83]:=  Sinx2 x

Out[83]=


2
FresnelS 2


x

In[84]:=  Ex2
x

Out[84]=
1

2
 Erfx

In[85]:= IntegrateSinx  x, x
Out[85]= SinIntegralx
We can use NIntegrate to evaluate these integrals over any finite interval. For example:

In[86]:= NIntegrateEx2
, x, 0, 10

Out[86]= 0.886227

In[87]:= NIntegrateLogx  x, x, 2, 100
Out[87]= 10.3636

Example 5.18.  Let fnx = 1

x
tn „ t . Investigate the limit graphically by plotting fnx) for n = 0, –0 .3, –0 .6, and –0 .9 together

with gx = ln x on a single plot.

In[88]:= Clearf, g
gx_ : Logx
fx_, n_ : 

1

x

tn t

Plotfx, n . n  0, 0.3, .6, .9, gx, x, 0, 10, PlotStyle  Red, Blue

ü Exercises 

In Exercises 1 though 5, evaluate the given integral.

1.  x 2 - x „ x 2.  x3 1 + x2 „ x 3.  tan2 x sec4 x „ x

4.  x2-2 x-1

x3+x
„ x 5.  x-1

x2+x-1

„ x

In Exercises 6 through 11, use various values of a, b, and n to evaluate the  given integral. Then make a conjecture for a general
formula and prove your conjecture. 

6.  1

x+a x+b „ x 7.  cos a x sinb x „ x 8.  xn ln x „ x

9.  xn ex „ x 10.  xn sinx „ x 11.  ea x cosb x „ x
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