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1. Introduction 
 

 Recently at Rowan University we were examining Euler’s paper [1] where we 

found the following statement: “Since r  must be the sum of two squares  in two different 

ways, r  must be the product of two factors of this same form. In other words, 

 … ”. Euler gives no proof of this statement, so he probably 

assumed that it was familiar to his readers. Since none of us were aware of this idea, we 

tried to prove it, and after about two weeks found an advanced proof using the unique 

factorization property of Gaussian integers. This proof had the disappointing feature that 

it did not show how to find the numbers a, b, c, and d, but simply demonstrated their 

existence. Later we found a constructive proof and were surprised to see how elementary 

it was using only precalculus mathematics. It is the purpose of this paper to show this 

derivation which we hope will be of interest to serious students of mathematics at all 

levels. 

))(( ddccbbaar ++=

 The smallest number that can be written as the sum of two squares in two ways is 

. So, according to Euler,  we should be able to write it as the 

product of two factors each of which is the sum of two squares. After a little thought we 

see that 

2222 557150 +=+=

( )( )2222 312110550 ++=×= . As a bonus, it can also be written a second way as 
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( )( )2222 431125250 ++=×= . As an exercise the reader should find similar 

factorizations for   , and . When the n

are small it is not too difficult to guess the product. However, when the number is larger, 

such as 210004 = ch harder. We will demonstrate a 

systematic method for finding the factors of any appropriate number in section 3. 

2222 748165 +=+= 2222 769285 +=+= umbers 

+=+ , it is mu2222 9820100

While we have derived all the material in this paper ourselves, we make no claim 

that it is new, as the literature on sums of two squares is extensive. Rather, it is our hope 

that teachers and students will find this subject of unusual interest. Since the only 

mathematics used is the Pythagorean theorem, similar triangles, and the greatest common 

divisor, this material could be used as a special exploration for interested students in 

precalculus and beyond. 

2. The general theorem 

 Throughout this paper, all letters are positive integers. We now explore the 

following theorem: 

Theorem: Suppose the number N can be expressed as the sum of two squares in two 

ways 

(1)  . 2222 dcbaN +=+=

 

Then N can be expressed as the product of two factors, each of which is the sum of two 

squares 

(2)  ( )( )2222 tsN ++= βα . 

Proof:  Notice the following that follow from (1) . (To see that these are true, consider 

mod 4 and the values of squares in mod 4).
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 If both a and b are even, then c and d are even. 

 If both a and b are odd, then c and d are odd. 

If a is odd and b is even, then c and d also have opposite parity. In this case, let c 

be odd. 

In Figure 1 we see a circle of radius N . From (1) we see that the points A  and 

B  are on this circle. Let M  be the midpoint of the line AB and call its coordinates 

. It follows that the line OM is perpendicular to the line AB. We see that  

),( ba

),( dc

),( fe

(3) 
2

cae +
=  and 

2
dbf +

= . 

These show that the point M is the average of the points A and B. Notice that both e and f 

are integers, which follows from the three conditions on parity given above. 
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Call 

(4)  ),( feGCD=α ,  

the greatest common divisor of e and f.  Then natural numbers  s and t exist such that  

(5) seOP α==  and tfPM α== . 

In Figure 2 we see the right triangle AMQ  which is similar to the triangle OMP because 

the angle MOP equals the angle QAM. (Recall that AM  is perpendicular to OM.) Since 

the sides of this triangle AMQ are integers, a natural number β  exists such that 

(6) taeQM β=−=  and sfbAQ β=−= .  
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Notice that  

(7) ),( fbaeGCD −−=β . 

Finally we examine the right triangle OMA from Figure 1. The Pythagorean theorem tells 

us that  

(8) . 222 MAOMOAN +==

But from (5) we have , and from (6) we have 

. Using these last two relations with (8) we get 

2222222 tsPMOPOM αα +=+=

2222222 stAQQMMA ββ +=+=

 ( ) ( ) ( ) ( )22222222222222 tstststsN +++=+++= βαββαα  

which simplifies to 

(9) ( )( )2222 tsN ++= βα . 

Thus our theorem is proved. 

3. Applications of the general theorem 

 We now show how to find the factors ( )( )2222 tsN ++= βα  when we are given 

the sums of squares . We do this in a streamlined fashion based on 

the reasoning in the above theorem. 

2222 dcbaN +=+=
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1. If one of the given squares is odd and one even, let a and c denote odd numbers 

with . ca <

2. Calculate the natural numbers 
2

cae +
=  and 

2
dbf +

= . 

3. Find ),( feGCD=α  and 
α
es =  and 

α
ft = . 

4. Find ),( fbaeGCD −−=β . 

We now have ( )( )2222 tsN ++= βα . 

Example 1:  Given , use the above four steps to 

express 10004 as the product of two factors which are each the sum of two squares.  

2222 9820100210004 +=+==N

Solution: We can ignore the first part of step 1 since both a  and b are even. We take 

, ,  and .  See Figure 3 where we are using the points A (2, 

100) and B (20, 98) with midpoint M.  From step 2 we get the midpoint M  with 

coordinates  and . In step 3 we find 

2=a 100=b 20=c 98=d

11=e 99=f 11)99,11( == GCDα ,  and 1=s 9=t . 

From step 4 we get 1)1,9( == GCDβ . So we finally have 

( )( ) 821229111110004 2222 ×=++= . 



 7

 

 

Example 2: Given , the same number as in Example 

1, find another factoring into sums of two squares. 

2222 9820100210004 +=+==N

Solution: Examine  Figure 3 and observe that the solution obtained in Example 1 was 

made by placing points A and B on the circle of radius 10004  and working with the 

midpoint M. In this solution we use the point C (98, 20) by interchanging the coordinates 

of point B. We now work with points B (20, 98) and C (98, 20). In step 1 we have 

, ,  and . In step 2 we calculate the midpoint of B and C at V 

with . In step 3 we find 

20=a 98=b 98=c 20=d

59== fe 59)59,59( == GCFα and 1== ts . In step 4 we 

calculate 39)39,39( == GCFβ . Thus we calculate a new product 

( )( ) 2500211395910004 2222 ×=++= . 
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Example 3: Given again  , the same number as in 

Examples 1 and 2, find yet a third factoring into sums of two squares. 

2222 9820100210004 +=+==N

Solution: Examine  Figure 4 where now we use points A and C with the midpoint R. In 

step 1 we take , , 2=a 100=b 98=c  and 20=d . In step 2 we find  and 50=e 60=f  

as the coordinates of the midpoint R. In step 3 we find 10)60.50( == GCFα , and 

calculate  and . In step 4 we find 5=s 6=t 8)40,48( == GCFβ . We now have a third 

factoring ( )( ) 611646581010004 2222 ×=++= . 

 

 

4. Data for future computations 

 Using a computer program, we found the numbers under 400 that can be written 

as the sum of two squares in more than one way. We list them below. 

 

   2222 557150 +=+=
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   2222 748165 +=+=
   2222 769285 +=+=

2222 105112125 +=+=  
2222 97113130 +=+=  
2222 98121145 +=+=  

2222 117131170 +=+=  
2222 118134185 +=+=  

2222 1010142200 +=+=  
2222 136143205 +=+=  

2222 1110145221 +=+=  
2222 139155250 +=+=  
2222 148162260 +=+=  
2222 1211163265 +=+=  
2222 1311171290 +=+=  

2222 167174305 +=+=  
222222 1510176181325 +=+=+=  

2222 1313177338 +=+=  
2222 1412184340 +=+=  

2222 179193370 +=+=  
2222 1611194377 +=+=  

 

Notice that only 325 can be written three different ways in this list. By the way 425 is the 

second smallest number that is the sum of two squares in three ways: 

222222 1613198205425 +=+=+=    

Two additional numbers with this property are 

222222 766892441002010400 +=+=+= , 
222222 8568100431072011849 +=+=+= . 

 
A few numbers that can be expressed as the sum of two squares in four ways are 
 

22222222 54476334653070155125 +=+=+=+= , 
22222222 6053723575288036409 +=+=+=+= , 

22222222 914893449637992810585 +=+=+=+= , 
22222222 88699952101481082912505 +=+=+=+= . 

 
A number that can be expressed in six ways is 
 

222222222222 555062417025712273147475525 +=+=+=+=+=+= . 
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An applet to help finding the decomposition of a number into the sum of two squares is  

found at [3]. The reader can use the above data to examine many special cases of our 

theorem. 

 
5. Final Remarks 

 There are many questions we could ask that the reader might enjoy exploring: 

1. Many natural numbers cannot be written as the sum of two squares. These include 

1, 3, 4, 6, 7, 9, 11, 12, … . Now , but the other numbers we 

listed cannot be expressed as a product of factors each of which is the sum of two 

squares. When is this true for this set of numbers? 

)11)(11(4 2222 ++=

2. Many natural numbers can be written as the sum of two squares in only one way. 

The first few numbers in this set are 2, 5, 8, 10, 13, … Now 

, but the other numbers we listed cannot be expressed as a 

product of factors each of which is the sum of two squares. When is this true for 

this set of numbers? 

)21)(11(10 2222 ++=

3. In this paper we considered numbers that can be expressed as the sum of two 

squares in two or more ways. We proved that such numbers can always be 

expressed, in at least one way, as the product of factors each of which is the sum 

of two squares. When is such a factoring possible in only one way? 

Another interesting way of factoring numbers like those considered in this paper 

is called "Euler's Factorization Method." There is a very interesting discussion of this in 

[2] which includes an informative history. The webpage [4] also discusses this 

factorization. 
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