Chapter One
11
12
13
Chapter Two
21
2.2
2.3
Chapter Three
Chapter Four
41
4.2
4.3
4.4
4.5
Chapter Five
51
5.2

TABLE OF CONTENTS

Introduction
Mathematica's Conventions 2
Computations and Basic Inputs 4
Exercises 5

Matricesannd Linear Equations

Matrices: Addition, Multiplication, Transpose, Inverse 6

Special Matrices: Identity, Diagonal, Random 10

Solutions of Linear Systems of Equations 11
Deter minants 18

Vectors and Vector Spaces

Vector Algebra 21
Linear Independence and Span 23
Null Space and Rank of a Matrix 25
Transtion Matrix 27

The Gram-Schmidt Orthogonalization Process
Eigenvalues and Eigenvectors
Eigenvalues, Eigenvectors, Diagonalization 31

Diagonalization of Symmetic Matrices 34

28



2 MATHEMATICA FOR LINEAR ALGEBRA

I Chapter One Introduction to Mathematica

m 1.1 Mathematica's Conventions

1.1.1 Naming

Built-in Mathematica commands, functions, constants, and other expressions begin with capital letters,
and are - for the most part- one or more full-length English words. Mathematica is case sensitive and so a
common cause of error isthe failure to capitalize command names. For example, Plot, Integrate, FindRoot,
ParametricPlot3D are valid function names. Sin, Exp, Det, GCD, M ax are some of the standard mathemati-
cal abbreviations that are exceptionsto the full-length-English-word(s) rule. User defined functions and
variables can be any mixture of upper and lower case letters and numbers. However, a hame cannot begin
with anumber. By convention, user defined functions begin with a lower-case letter, but thisis not required.
For examplef, g1, myPlot, r12, sOL ution, M ethod1, are permissible function names.

Example 1: Evaluate cos(rr)

Solution:  We will use this example to show two possible errors before giving the correct answer.
inf1:= COS [ Pi ]

Ceneral ::spelll: Possible spelling error: new
synbol nane "cos" is simlar to existing synbol "Cos".

outf1]= COS [77]
Thisisatypica capitalization error one makes when using Mathematica. The comment before the
output Out[1] = cog[x] indicates a possible error.
nz= COS [Pi ]
outzl= Cos [pi ]
Here Mathematica did not recognize pi and hence returned the command unevaluated. The correct
command to evaluate cos(n) is
In[3]:= COS [Pl ]

ougl= -1

NOTE: Itisworth noting that Mathematica keeps track of the calculations it performsin agiven
session. The inputs are denoted by In[k] and the outputs are denoted by Out[k]. Thus, In[1] isthe first input
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and Out[1] isthe output of the first input.

1.1. 2 Parentheses, Square Brackets and Braces

Mathematica interprets various types of brackets differently. Using an incorrect type of bracket is
another common source of error. Mathematica's bracketing conventions are:

1 Parentheses, (), are used only for grouping. For example (x-y)*2, /(a+b), (X 3-y)/(x+3y"2). It is
worth noting that Mathematica understands f(2) as f times 2, and not as the value of the function f at 2.

2) Square Brackets, [ ], are used for function arguments. Thus Sin[Pi], Simplify[(x"3-y *3)/x-y)],
Sqrt[346] are proper use of square brackets. If f is a user-defined function, then f[2] isf evaluated at 2.

3) Bracesor curly brackets, { }, are used for lists, ranges, and iterators. In all cases, elements are
separated by commas. Here are the typical use of braces:
{1, 4,9, 16, 25,36} thelist of the square of the first six positive integers.

Plot[ f[x], {X, -5,5}] specifies the range of valuesfor x.

Tablelm” 3, {m, 1, 100}] specifies the values of the iterator m, i.e., the values of m; m goes from 1to
100.

NOTE: We can write commentswith an input. The comments should be enclosed by (* and *). For
example, Tablel n?{n,1,6}] (*returnsalist of the square of thefirst six positive integers*)

Example 2: Below we give examples of the correct and incorrect usage of brackets.

= (2% -4) / (4 +3%9%) (» a correct use of (...) %)
4
Out[4]= E

mei= [2° 4] / [4+3%97] (» an incorrect use of [...] %)

Syntax::sntxb: Expression cannot begin with " [2%-4] /[4+3x9%]".

1/ [4+3+92] [+]
nsp= SQrt [343] (» a correct use of [...] =x)
out[s}= 7T

mep= Sqrt (343) (» an incorrect use of (...) %)
oute]= 343 Sqrt

1.1.3 Equal Signs

The following are Mathematica rules of using the equal sign symbol.
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1) A single equal sign (=) assigns avalueto avariable. Thus =3 meansthat q will be assigned the
value 3. If we enter 10+g” 3, Mathematica will return 37. As another example take y=x"3-x+1. Now, if we
assign avaue for x, say x=2, then Mathematica evaluates y using that value of x and uses the result, 7 in our
case, in any input containing y afterwards.

2) A colon-equal sign( :=) creates a delayed statement for an expression, used in defining a function. For
example f[x_]:=x"3-x+1 will reevaluate the function f for each new value of x.

3) A double equal sign( ==) isatest for the equality of two expressions. If we set x = -5, then evaluating
x == -5 returns True, and x == 5 returns False. Another common usage of == isasin Solve[x" 3-x+1==0,X]

1.1.4 Referring to Previous Results

Mathematica remembers all of the inputs and outputs in a session, and we can refer to a previous
output by using the percent sign (%) notation. A single % refers to Mathematica's last output, % % refersto
the next-to-last output, and so on. %k refers to output line numbered k. For example % 45 refers to output
number 45. (NOTE: CTRL +L reproduces the last input and CTRL+SHIFT+ L reproduces the last output.)

m1l2 Computations and Basic Inputs

Mathematicauses+, - ,* ,/, and ~ for addition, subtraction, multiplication, division and power,
respectively. Multiplication can also be performed by leaving ablank space between factors.

Mathematica can convert numerical values to decimal form. The command for thisis N[expr] or
N[expr,n]. Inmost cases, N[expr] returns six digits of expr or gives expr in the form n.abcdesx 10™.
N[expr,n] attempts to give n digits of expr. Mathematica can perform calculations to arbitrary precision and
can handle numbers that are arbitrarily large or small.

Example 3: Here are sometypical usages of N[..]

In[7]:= Pl

ou[7]= 7T

nigl= N[%]
ougl= 3. 14159

Note that the command N[%] gives a decimalized version of the last output. Similarily N[%k] can be
used to get the decimal equivalent of Output[k].

me= N[Pi, 200]

ougl= 3. 141592653589793238462643383279502884197169399375105820974944592307816406 .
2862089986280348253421170679821480865132823066470938446095505822317253594 .
081284811174502841027019385211055596446229489549303820

Mathematica 3.0 allows us to enter mathematical expressions and some of the commonly used com-
mands from 6 different palettes. If we click on the File menu and goto Palettes we will find 7 options. The
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first six options conatin most of the symbols we need. Basiclnput is a palette which can be used to enter
mathematical expressions involving exponents, rational expressions, radicals, integrals, derivatives, summa:
tion, product, matrices, some of the commonly used constants( z, e, i, o and some of the Greek letters.

Example4: Enter folL dx in anotebook.
2x-1

Solution:  One way to enter this expression into a Mathematica notebook is as follows: Go to the Basicl nput

palette and click on the definite integration symbol fD “odo . Type0in the lower box and using the TAB key

move to the top box and type 1. Use the TAB to go to the box where the integrand should be typed. Whilein
this box go to the palette and click on E Go back to the pallete and click on o” and type x2 in this box. Go to

the box in the denominator and then go to the palette to click on v/o and type 2x-1. Finally, using the TAB
once again, go to the last box and type x.

m 13 Exercises

1 Evaluate the following expressions:
8 10841420°76  b) 32 ) — d) %
11
2. Enter the following expressions in a notebook.
@ Ve () © Vi

@ 4 v10ab © (X_Zy“)_g 0 (3”‘2”% )2
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I Chapter Two Linear Equations and Matrices

m 2.1 Matrices: Addition, Multiplication, Transpose, Inverse

Example 1: Consider the following matrices:

231 2 00 2 4 1
A=[3 3 1| B=l1 -4 8|; x=lo1|;Y =|0] z=(-1 1 4)
2 41 1 -1 2 2 6 6

Compute each of the following.

a 3A-4B b) AB c) BA d XAT € XATBYZ

Solution: Wefirst enter the matrices in Mathematica as follows. A matrix can be typed using
braces, with apair of braces around each row. A comma separates the rows as well asthe entriesin a
row. For example, the matrix A can be entered as follows.

mpop= A= {{2, 3, 1}, {3, 3, 1}, {2, 4, 1}}

outo)= {{2, 3, 1}, {3, 3, 1}, {2, 4, 1}}

In order to display matrix A in the usual form, we use the command:

my:= A, Matri xFor m[A]

Out[11]//MatrixForm=
231
331
2 41

In the above, note that the semicolon tells Mathematica not to print the result of matrix A in alist form.

Another way of entering amatrix, such as B, isto perform the following. From the I nput menu choose
Create Table/Matrix/Palette. Then, select Matrix and identify the number of rows and columns of the
matrix to be 3. Click OK and a 3x3 matrix is generated. Y ou can now insert the entries of the matrix and use
TAB to go from one entry to the next.

2 0 0
inf21= B = [1 -4 8]
1 -1 2

ouprz= {{2, 0, 0}, {1, -4, 8}, {1, -1, 2}}

Similarly, we enter matrix X.
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2 4
Inf13= X = [0 1]

2 6
oufiz= {{2, 4}, {0, 1}, {2, 6}}

A column matrix such as'Y isentered by putting braces around each entry.

mpap= Y = {{1}, {0}, {6}}; MatrixForm[Y]
Out[14]//MatrixForm=

1

0

6

We can also use the palettes to create amatrix and enter matrix Y asfollows.

1
O]
6

oupis= {{1}, {0}, {6}}

infs)= Y =

Next, we enter the row matrix Z.
nite= Z = {{-1, 1, 4}}; MatrixForm[Z]
Out[16]//MatrixForm=
(-1 1 4)
a) We evaluate the matrix 3A - 4B and display it in matrix form.
7= 3 A-4B; Matri xForm[3 A -4 B]

Out[17]//MatrixForm=

-2 9 3
5 25 -29
2 16 -5

b) The product of the matrices A & B is obtained by typing A .B. Note that if you omit the dot that is
between A & B, then the product is not obtained.

inize;= A. B; Mat ri xFor m[A. B]
Out[18]//MatrixForm=

8 -13 26
10 -13 26
9 -17 34
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¢) Similarly, we get the product of matrices B and A.

o= B. A; Matri xFor m[B. A]

Out[19]//MatrixForm=
4 6 2
6 23 5
3 8 2

Observe that the above calculations show that matrix multiplication is not commutative.

d) The transpose of X is obtained by entering:
inop= Transpose[X]; MatrixForm[Transpose[X]]
Out[20]//MatrixForm=
( 2 02 )
4 16
€) First, observe that the product of the matrices X7 B Y Z isa2x3 matrix (Do you see why?). This product
is obtained by entering:

in21:= Transpose[X].B. Y. Z
Mat ri xFor m[%]

oupi= {{-30, 30, 120}, {-135, 135, 540}}

Out[22]//MatrixForm=

-30 30 120
-135 135 540

Remark: In Mathematica, the notation % refers to the last output. Thus, in the above, the command
MatrixForm[%] is used to express the last output in the usual matrix representation.

Example 2: Use the matrices in Example 1 to verify each of the following identities.
a) (AX)T = XTAT b) (AB)X =A (BX) ) (A+B)X =AX +BX
Solution: a) We verify that Transpose{AX] = Transpose[X]. Transpose[A] by computing:
in3:= Transpose[A. X] - Transpose [X]. Transpose [A]
oupeg= {{0, 0, 0}, {0, 0, 0}}
b) Next, we verify that matrix multiplication, when defined, is associative.

inR4= (A B). X-A. (B. X)
outp4= {{0, 0}, {0, 0}, {O, 0}}
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¢) We show that matrix multiplication is distributive over matrix addition.
n2si= (A +B). X- (A X+B. X)
oupzs= {{0, 0}, {0, 0}, {0, O}}
Example 3: Let W = 3A - 4B, where A and B are the matrices defined in Example 1. Find each of the
following.

a) W, =theentry inrow 2 and column 1
b) the second row of W

c) the third column of W
d) the submatrix obtained by deleting row 1 and column 3 of W.

Solution: First, we find the matrix W as follows.
inze;= W=3 A-4B; MatrixForm[W

Out[26]//MatrixForm=

-2 9 3
5 25 -29
2 16 -5

From a given matrix, such asW, we can extract single entries, rows, columns or submatrices as fol-
lows.

a) To obtain the entry in row 2 and column 1, the command is:
7= WL [ 2, 111

out27l= S

b) To obtain the second row of W, the command is:

np2gl= WL [2]]
outg= {5, 25, -29}

¢) To obtain the third column of W, we enter:

o= WIL[{1, 2, 3}, {33}1]1 // MatrixForm
Out[29]//MatrixForm=

3
-29
-5

d) The submatrix obtained by deleting row 1 and column 2 of W isthe one having rows2 & 3 and columns 1
& 3 of W. This can be obtained as follows.
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o= WL[{2, 3}, {1, 3}]1 // MatrixForm

Out[30]//MatrixForm=
( 5 -29 )
2 -5

Example4: &) For the matrix A in Example 1, find A~! and show that A A~ =1.

b
b) Find the inverse of ageneral 2x2 matrix (i d) assuming that ad - bc is nonzero.

Solution: a) Theinverse of anonsingular square matrix A is obtained by the command I nver se[A]. For
our case, we see that

1= | nverse[A]; MatrixForm[l nverse[A]]

Out[31]//MatrixForm=

-1 1 0
-1 0 1
6 -2 -3

We can check the result by computing the product of A with InverseA].

nEzi= Al nverse[A] // MatrixForm

Out[32]//MatrixForm=
100
010
001

b) Theformulafor computing the inverse of ageneral 2x2 square matrix can be obtained as follows.

np3:= Clear [a, b, ¢, d]
Inverse[{{a, b}, {c, d}}] // MatrixForm

Out[34]//MatrixForm=

d b
bc+ad  -bc+ad
c a
" “bc+ad -bc-+ad

m 2.2 Special Matrices: Identity, Diagonal, Random

1 The command I dentityM atrix[n] givesthe nx nidentity matrix. For example, the 3x3 identity matrix
is obtained by:
inEsp= | dentityMatrix[3]
Mat ri xFor m[%]
oupsi= {{1, 0, 0}, {0, 1, O}, {0, O, 1}}

Out[36]//MatrixForm=
100
010
001

2. The command DiagonalM atrix[list] gives the diagonal matrix with the elements of the list on the main
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diagonal and 0 elsewhere. An example of a 3x3 diagonal matrix is,
in37= Di agonal Matrix[{3, -5, 7}]

Mat ri xFor m[%]

oupr= {{3, 0, 0}, {0,
Out[38]//MatrixForm=

3 00
0O -50
0O 0 7

-5, 0}, {0, 0, 7}}

3.

One can generate a random matrix of any size. For example a 3x3 random matrix whose entries are
numbers between 0 and 1 can be obtained by:

inEep= RandonReal [{0, 1}, {3, 3}]
%

outzel= {{0.112254, 0.328852, 0.909504},
{0. 995198, 0.490657, 0.147693}, {0.383798, 0.12805, 0.602978}}
Out[40]//MatrixForm=
0.112254 0.328852 0.909504
0.995198 0.490657 0.147693
0.383798 0.12805 0.602978

An example of a5x4 random matrix whose entries are integers -9 and 9 can be btained by:(Note: the
semicolon at the end of the first input tells Mathematica not disply the output.)

in41:= Random nteger [{-9, 9}, {5, 3}]
%

oufsa= {{-8, 2, 6}, {-2, O,

_9}! {31 _11 _2}1 {81 _15
Out[42]//MatrixForm=

-43, {-8, -6, 2}}

-8 2 6
-2 0 -9
3 -1 -2
8§ -1 -4
-8 -6 2

m 2.3 Solutions of Linear Systems of Equations

Example 5: Solve the following system of linear equations.
Xp1 — 2% +3X3 =9 3
X1 + X =
a) —X1 + 3% =-4 b)
0.3x,+0.3% =09
2% — 5% + 5% = 17 1+HES%
2X +y +z-2w=1
X1 — 2% + 5Xx3—3x%4 =236 3X-2y+z-6w=-2
C) X1 +4X%X, —TX3—2%, =—4 d) X+ y—-z— w=-1
3X1—-5X +7X3+4%, =299 6x + z-9w=-2
5x—-y+2z-8w=3
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Solution: A system of linear equations that is equivalent to the matrix equation Ax=b may be solved using
the command Linear Solve[A,b].

a) The systemis equivalent to the matrix egiuation Ax = b. We type A and b and then apply the command
Linear Solve.
n@3= A= {{1, -2, 3}, {-1, 3, 0}, {2, -5, 5}}; MatrixForm[A]
Out[43]//MatrixForm=

1 -2 3
-1 3 0
2 -55

inf44= b = {{9}, {-4}, {17}}; Matri xForm[b]
Out[44]//MatrixForm=

9

4

17

in45]:= X = Li near Sol ve[A, b]
oupas= { {1}, {-1}, {2}}

Thus, we see that the solution is x; = 1 (, X), = —1and X3 = 2. Another way of solving the aboveisto
form the augmented matrix Ao and express it in reduced row echelon form. The augmented matrix Ao isgiven
by

npel= Ao = {{1, -2, 3, 9}, {-1, 3, 0, -4}, {2, -5, 5, 17}}; MatrixForm[Ao]

Out[46]//MatrixForm=

1 -23 9
-1 3 0 -4
2 -5 517

We now use the command RowReduce that puts the augmented matrix in reduced row echelon form.
This givesmatrix Al:

in471:= Al = RowReduce [Ao]; Matri xFor m[Al]
Out[47]//MatrixForm=

100 1
010 -1
001 2

We can now read the solution x; =1 (, X), = —1and X3 = 2. A third way of solving the above system
isto use x=Inverse[A].b, if the matrix A isinvertible. In our case, this becomes

inf4g;= X = Matri xFor m[I nverse[A]. b]

Out[48]//MatrixForm=
1
-1
2

Again, note that we get the previously obtained solution of the system.
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b) Wetype the coefficient matrix A and the constant matrix b and then apply LinearSolve.
npael= A= {{1, 1}, {.3, .3}}
ouasl= {{1, 1}, {0.3, 0.3}}

o= b = {{3}, {.9}}
ougsal= { {3}, {0.9}}

ins1y:= Li near Sol ve [A, b]

Li near Sol ve: : nosol : Linear equation encountered which has no sol ution.

In this case, Mathematica is indicating that the coefficient matrix is nonsingular and the system has no
solution. However, the system has clearly infinite solutions given by x,=3 - X4, X; arbitrary. This shows that
it is always important to check the results. The reason for failure may be dueto round-off error in the use of
decimals. Thus, we try to solve this by retyping A as A1, and b as b1, by expressing all entries as fractions, and
applying the command Linear Solve.

In[52]:= A1={{17 1}, {13_0 13_0}}

o= {91, {551}

Li near Sol ve[Al, b1l]
ousar {1, 13, { o, 1)

out[53]= {{3}, {190}}

ousa= {{3}, {0}}

In this case, Mathematica gives asolution of x;=3, X,=0. Thisisjust one of the infinitely many solu-
tions. This shows that when using the command L inear Solve one has to avoid using decimals. Also, Mathemat-
ica may give one of infinitely many solutions.

Another approach is to find the reduced row echelon form of the augmented matrix. First, we enter the
augmented matrix A2 where all entries are expressed in fractional form.

3 3 9

s A2 {{1, 1, 33, {10, o 10}}, Mat ri xFor m[A2]
Out[55]//MatrixForm=
1 1 3
[ 3 3 9 J
0 10 10

Next, we compute A3, the reduced row echelon form of A2.
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inse)= A3 = RowReduce [A2]; Matri xFor m[A3]

Out[56]//MatrixForm=
( 113 )
00O

From the above we see that the system hasinfinite solutions given by x,=t, x;=3-t.

¢) First, we use the command LinearSolve after entering the coefficient matrix A and the constant matrix b.

ns7= A= {{1, -2, 5, -3}, {1, 4, -7, -2}, {3, -5, 7, 4}}; MatrixFor m[A]
Out[57]//MatrixForm=

1 -2 5 -3
1 4 -7 -2
3 -5 7 4

236 457 299
insel= D ='{{ 10 }’ { 10 }’ { 10 }}
118 457 299
Outsel= {{ 5 }’ { 10 }’ { 10 }}
insop= Li near Sol ve [A, b]

8473 1669 535
Outfs9)= {{ 360 }’ { 90 }’ { 72 }’ {0}}

In this case, among the infinite solutions of the system, Mathematica gives a solution of the system
where x, = 0. We can obtain these infinite solutions by expressing the augmented matrix in reduced row
echelon form. First, we enter the augmented matrix as Ao.

Mat ri xFor m[Ao]

Out[61]//MatrixForm=

118
1 -2 5 -3+

457
1 4 -7 -2 %

299
3 57 4 %2

Next, we find the reduced row echelon form of the augmented matrix and call it Al.

ine2;:= Al = RowReduce [Ao]; Matri xFor m[Al]
Out[62]//MatrixForm=
100 19 8473

36 360
37 1669
010 -5 55
77 535
001 -5 =

From the above, we seethat X, is afree variable. Thus, the solution is given by
Xqs =1, X3 =535/72+77/36t, x, =1669/90+ 37/9t, and x; = 8473/360 + 19/36t. In particular, if we
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uset = 0, weget a solution of thesystemas x, =0, X3 =535/72, X, =1669/90, and x; = 8473/ 360,
which was the solution obtained previously using the command LinearSolve.

d) Wefirst enter the coefficient matrix A and the constant matrix b.

21 1 -2
3 -2 1 -6
me3= A=11 1 -1 -1
6 0 1 -9
5 -1 2 -8
ougsa= ({2, 1, 1, -2}, {3, -2, 1, -6}, {1, 1, -1, -1}, {6, 0, 1, -9}, {5, -1, 2, -8}}
1
-2
neaj= b= -1
-2
3

Out[64]= {{l}y {_2}1 {_1}! {_2}1 {3}}
ines:= Li near Sol ve [A, b]

Li near Sol ve: : nosol : Linear equation encountered which has no sol ution.

oupes}= Li nearSolve[{{2, 1, 1, -2}, {3, -2, 1, -6}, {1, 1, -1, -1},
{6! O! 1! —9}, {5! _1! 2! _8}}1 {{1}1 {_2}! {_1}! {_2}! {3}}1

The above indicates that the system has no solution. We can check this by obtaining the reduced row
echelon form of the augmented matrix as follows.

21 1 -2 1
3 -2 1 -6 -2
mee;= Ao=|[1 1 -1 -1 -1
6 0 1 -9 -2

5 -1 2 -8 3
Out[66]: {{2; 11 11 _25 1}! {31 _21 15 _61 _2}!
(1, 1, -1, -1, -1}, (6, 0, 1, -9, -2}, {5, -1, 2, -8, 3}}

ine7]:= Al = RowReduce [Ao]; Matri xFor m[Al]

Out[67]//MatrixForm=

17
100 -70
9
10 5 O
3
001 ;5 O
000 O 1
000 O O

The fourth row of the above matrix shows that the system has no solution (do you see why?).
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Example 6: Determine the value of the parameter a for which the linear system:
B+ax+2y+3z=4
-X+y — z=-2
y+az=0

is inconsistent.

Solution: First, we form the augmented matrix A. Then, we apply elementary row operations on A.

ines):= Cl ear [a]
3+a 2 3 4
A= -1 1 -1 —2]

0 1 a O
OUt[69]= {{3+ay 21 31 4}1 {_11 11 _17 _2}1 {01 11 a1 O}}

Interchange rows 1 and 2 of matrix A and denote the resulting matrix by A1

mrop= Al = {A[[2]1], A[[1]1, AL[31]}
Mat ri xFor m[%]
owro= {{-1, 1, -1, -2}, {3+a, 2, 3, 4}, {0, 1, a, 0}}

Out[71]}//MatrixForm=

-1 1 -1 -2
3+a 2 3 4
0 1 a O

Next, we multiply row 1 of matrix A1 by -1 to obtain matrix A2.
m72= A2 = {-AL[[1]]1, AL[[2]1, AL[[3]1}

Mat ri xFor m[%]
ouwrz= {{1, -1, 1, 2}, {3+a, 2, 3, 4}, {0, 1, a, 0}}

Out[73]//MatrixForm=

1 -112
3+a 2 3 4
0 1 ao

Myltiply row 1 of matrix A2 by -(3+a) and add it to row 2 of A2 to get matrix A3.
mzap= A3 = {A2[[1]], -(3+a) *A2[[1]]1 +A2[[2]], A2[[3]]}

Mat ri xFor m[%]
oura= {{1, -1, 1, 2}, {0, 5+a, -a, 4+2 (-3-a)}, {0, 1, a, 0}}

Out[75]//MatrixForm=

1 -1 1 2
0 5+a -a4+2 (-3-a)
0 1 a 0

We interchange rows 2 and 3 of A3 to obtain matrix A4.
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nrel= A4 = {A3[[1]1]1, A3[[3]1], A3[[2]1]}
Mat ri xFor m[%]
owre= {{1, -1, 1, 2}, {0, 1, a, O}, {0, 5+a, -a, 4+2 (-3-a)}}
Out[77]//MatrixForm=
1 -1 1 2
0 1 a 0
0 5+a -a 4+2 (-3-a)

We now multiply row 2 of A4 by - (5+a) and add it to row 3 of A4. This gives matrix Ab.

in7el= AS = {AA[[1]1], A4[[2]], -(5+a) *A4[[2]] +A4[[3]1]1}
Mat ri xFor m[%]
owrg= {{1, -1, 1, 2}, {0, 1, a, O}, {0, O, -a+ (-5-a)a, 4+2 (-3-a)}}
Out[79]//MatrixForm=
1 -1 1 2
0 1 a 0
0 0 -a+(-5-a)a 4+2 (-3-a)

|n[80];: Sl I’T'p| | fy [96]
Mat ri xFor m[%]

ouwgo= {{1, -1, 1, 23}, {0, 1, a, 0}, {0, O, -a (6+a), -2 (1+a)}}

Out[81]//MatrixForm=
1 -1 1 2
0 1 a 0

0 0 -a(6+a) -2 (1l+a)

From the above matrix, we see that the system isinconsistent when a = 0, a= -6 ora= -1.(Do
you see why?)
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I Chapter Three Determinants
2 1 -3
Examplel: Let A bethematrix givenby A= 0 4 5 ]
-1 3 2

a) Find Det(A).
b) Show that Det(A") = Det(A)
C) Verify that Det(2A) = 23 Det(A)

d) Let A; bethe matrix that is obtained by interchanging rows 1 and 2 of A. Show that Det(A;) =
- Det(A).

e) Let A, bethematrix that is obtained from A by replacing the third row of A by the sum of row
3and 5timesrow 1. Show that Det(A,) = Det(A).

Solution: Wefirst enter the matrix A.
mez= A = {{2, 1, =3}, {0, 4, 5}, {-1, 3, 2}}; MatrixForm[A]

Out[82]//MatrixForm=
2 1 -3
0 4 5
-1 3 2

a) Next, we evaluate the determinant of A:
In[83]:= Det[A]

outg3= -31

b) We evaluate the determinant of Transposeg[A]:
nsap= Det[TransposgAl]

outgs= -31

¢) Wefind the determinant of 2A and compare it with 8 times the determinant of A.
In[85]:= Det[z A]

outjgsj= —248

me= 27 3Det[A]
outjge]= —248
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d) Wefirst define matrix A1, the matrix obtained by interchanging rows 1 & 2 of A. Then, we evalu-
ate its determinant.
me7= AL ={A[[2]], AL[1]], AL[3]]}; MatrixForm[A1]

Out[87]//MatrixForm=

0 4 5

2 1 -3

-1 3 2
ngs;= DEt[A1]
outiggl= 31

€) The matrix A2 obtained by adding 5 timesrow 1 to row 3 of A isgiven by:
meer= A2 = {A[[11], AL[2]], SAI[L]] + AL[311}; MatrixForm[AZ2]

Out[89]//MatrixForm=

21 -3

04 5

9 8 -13
o= DEt[A2]
outjeoj= —-31

Example2: Redo Examplel if A isanarbitrary 3x3 matrix.
Solution: Wefirst enter ageneral 3x3 matrix A.
a1 arz a3
mo1= A =| @1 ap axg
dz1 dzx2 ass
oufer)= {{@11, @iz, a1z}, {@z1, @z, a3}, {as1, az2, ass}}
a) The determinant of A isgiven by:
npoz;= DE[A]
out[92]= —aiz Azz Az1 + Az A3 Az1 + A3 Az1 Az2 — A11 Apz Az2 — Ag2 App Azz + Ay1 Ap2 A33
b) To show that Det[ Transpose A] = Det[A], we compute
npsp= Det[Transposg(A]] — Det[A]
outje3j= O
c) Toshow that Det[2A] = 8 Det[A], we compute
npa= DEt[2 A] — 8 Det[A]

oued]= -8 Az @z Az1 + 8 Ap Apz @31 + 8 @13 Apg @3z - 8 @11 Apz3 Az - 8 A1 Ax1 Azz + 8 Ay App A33 -
8 (-ajz apy @sz1 + aip @xz Az1 + @13 Apy A3z — A11 Apz Az — A2 Ap1 Azz + @11 App A33)
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It isnot clear why the above is equal to zero and so we:

nesp= SIMplify[%]

outesl= 0

d) First we enter matrix A1l that is obtained by interchanging rows 1 & 2 of A.
mosr= AL = {A[[2]1, A[[1]1, A[[3]1}; MatrixForm[A1]

Out[96]//MatrixForm=

dp; dp2 Az3
ai1 a2 ais
dz1 dzz asz

To show that Det[A1] = -Det[A], we compute
ne71= DEt[A1] + Det[A]

outor)= 0

€) Thematrix A2, obtained by adding 5 timesrow 1 torow 3 of A, isgiven by:
mosp= A2 = {A[[1]1, A[[2]1, 5A[[1]] + A[[3]]}; MatrixForm[AZ2]

Out[98]//MatrixForm=
aiy aiz ais
azy a2 azs

5aj1+asz; 5ajpp+aszy 5agz+ass

To show that Det[A2] = Det[A], we calculate
o= DEL[A2] — Det[A]

outjeg}= O
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I Chapter Four Vectors and Vector Spaces

m 4.1 Vector Algebra

Vectors are typed in braces with commas between components. For exampleif a is the vector
a=i+3]) —-5kwetype

mpoop= a={ 1, 3, - 5}

outoo= {1, 3, -5}

Vector addition, subtraction and scalar multiplication are perfomed in the same way as the correspond-
ing operations on numbers.The dot product of vectorsa and b is obtained by a.b and the length of a
is obtained by using the command Sgrt[a.a].

Examplel: Let a=i+3j -5k and b=-i+2j +3Kk. Find 3a-2b, a.b, and ||b||.

Solution: First we will enter the components of a and b as lists. Then, we enter the solutions for
al the problemsin one cell:
mpo1= a={1, 3, - 5}
b={-1, 2, 3}
ouro= {1, 3, -5}
ouroz= {-1, 2, 3}
nog}= 3a-2D
a.b
Sqrt [b. b]
outroz)= {5, 5, -21}
outt04)= —-10

outrosl= V14

Example 2: Show that the dot product of vectors is commutative and that dot product is distributive
over addition, that is, a.b=b.a and a.(b+c)=a.b+a.c for any vectorsa ,b and c.

Solution: We will verify the above properties for vectors in space.
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mo6;= Clear[a,b,c,al,a2,a3,b1,b2,b3,cl,c2,c3]
a={al,a2,a3}
b={b1,b2,b3}
c={cl,c2,c3}
a.b-b.a (*if this is equal to 0, this proves the
distributive property*)
a.(btc)-(a.bt+a.c) (C*if this is equal to 0, this proves the
distributive property*)

oufro7= {al, a2, a3}

ouftog= {b1l, b2, b3}

oufo9i= {€1l, c2, c3}

ou1101= 0

ouft11= -al bl -a2b2-a3b3-alcl+al (bl+cl)-a2c2+a2 (b2+c2)-a3c3+a3 (b3 +c3)

It is not clear why the last output is zero. We check this by entering:

miaazp= Sipli fy[ %

oua12)= O

Example3: Let u=i+3j + 2k, v=2i+3] andw =-2i+3j +4k. Find u x v and (u X v).w

Solution: In order to calculate the cross product of two vectors we need a package, called
Calculus'VectorAnalysis'. Itisrecommended that you load this package before starting your work.
The command to load this packageis Needg[" Calculus VectorAnalysis™]. To compute the cross
product u x v of u and v wetypeCrosgu,v]. In Mathematica 3.0, thereisa palette that contains
the command for cross product. Itisin File-Palettes-Listsand Matrices-Matrix Operationsandis
denoted by Crosgo ,0]. First, we load the package:

n13= Needs[*'VectorAnalysis ']

mi1ap= U={1, 3, 2}
v={-2, 3, 0}
w={-2, 3, 4}

oufr14= {1, 3, 2}

oufris= {-2, 3, 0}

oufuiel= {-2, 3, 4}

m17= prod= CrossProduct [ u, v]
prod. w
oufui7= {-6, -4, 9}

out118]= 36
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Thus, weseethat uxv=-6i - 4j +9k and(uxv).w=36.

Example 4: Consider the parallelepiped with sides a=i+k, b=2i+j+3k and c=i+j-2k.

a) Findthe volume. b) Find the area of the face determined by b and c.
Solution:
mug= @ = {1, 0, 1}

b=(2 1, 3}

c={1, 1, -2}
vol une = Abs[a. Cross[b, c]]
A/Cross[b, c].Cross[b, c]
2

area =

oufuig= {1, 0, 1}
oufizo= {2, 1, 3}
ourz= {1, 1, -2}

ou22]= 4

53

out[123]=

Hence, the volume of the parallellepiped is 4 and the area of the face determined by vectorsb and cis

5+3/2

m 4.2 Linear Independence and Span

Example5: If S={ pi(t), pa(t), pa(t)}={t-1, t+1, t>+t+1}, determine whether p(t)= 2t + t - 2 belongs
to the span of S.

Solution: Wefind scalars ¢y, C,, and c3 such that c; pi(t) + ¢, po(t) + csps(t) = p(t). Thisisequivalent
to solving a system of linear equations with augmented matrix:

0O 01 2
mzap= A= 1 1 1 1

-111 -2

Out[124]= {{01 O: 11 2}1 {11 11 l, l}! {_11 11 l! _2}}

The reduced row echelon form of A is obtained by:
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nesp= ROWReduce [A] // Matri xForm
Out[125]//MatrixForm=

3
100 2

010 -2
001 2

The above showsthat ¢;=3/2, ¢, =-5/2 and c3 = 2 and so p(t) belongs to the span of S.
Example 6: Determineif S={(1,1,-1), (1,7,2), (0,4,2), (2,8,1)} spansR:.

Solution: Given any vector (a,b,c) in R®, we haveto check if there exist scalars ¢, ¢, ¢z, ad s
such that:

c1(1,1,-) +¢(1,7,2 +¢3(0,4,2) +¢c4(2,8 1) = (ab,c).

This leads to solving a system of equations whose augmented matrix is given by:

nzep= G ear [a, b, c]

1 10 2 a
A=1748b]
-1 22 1c

oufre7= {{1, 1, 0, 2, a}, {1, 7, 4, 8, b}, {-1, 2, 2, 1, c}}

Now, we use elementary row operations on A to solve the system. Add -1 times row 1 to row 2 and
add row 1 to row 3 to obtain matrix A1l.

nazer= AL = {A[[11], -A[[1]11 +A[[2]], AIL[11]1+A[I[3]11}
Mat ri xFor m[%]
oufeg= {{1, 1, 0, 2, a}, {0, 6, 4, 6, -a+b}, {0, 3, 2, 3, a+cC}}

Out[129]//MatrixForm=
1102 a
06 46 -a+b
0323 a+c

Next, we dividerow 2 of Al by 6 to get aleading 1. We denote the resulting matrix by A2.

masop= A2 = {AL[[1]]1, AL[[2]]/6, ALl[[3]]1}
Mat ri xFor m[%]

Out[130]= {{1 1, 0, 2, a}, {o, 1, g 1, %(—a+b>}, (0, 3, 2, 3, a+c}}

Out[131])//MatrixForm=

1102 a
2 1
Olglg(—a+b)
03 2 3 a+c
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Next, we multiply row 2 of A2 by -3 and add it to row 3 and denote the resulting matrix by A3.

mpsz= A3 = {A2[[1]11, A2[[2]], -3 A2[[2]] +A2[[3]]}
Mat ri xFor m[%]

<7a+b>}, {o, 0, 0, 0, a+a;b +c}}

|

2
out[132]= {{1, 1, 0, 2, a}, {o, Lo L

Out[133]//MatrixForm=
110 2 a
2 1

0000 a+22+c
The last row of the above matrix shows that the vectors do not span R® . (do you see why?)

Example 7: Determineif S={ (1,1,0,0), (2,1,1,-1), (0,0,1,1), (1,2,1,2)} isabasisof R*.

Solution: Since we know that the dimension of R* is4 and S contains 4 elements, it sufficesto
check whether or not Sislinearly independent. Thus, we consider a solution of the system of equa-
tions ¢y vi+ C Vo +C3 V3 + C4V4 = 0. Thustheaugmented matrix, A , of the system of equations
has the given vectors as column vectors(do you see why?) and so:

1 2 010
1 1 0220
In[134]:= A= 0 1 110
0 -1120

owr34= {{1, 2, 0, 1, O}, {1, 1, O, 2, O}, (O, 1, 1, 1, O}, {O, -1, 1, 2, O}}

s ROwReduce [A] // Matri xForm

Out[135]//MatrixFo
1

=

O OO
= O O O

0
0
0
0

(ool o)

0
0
0
The above showsthat c; = ¢, =c3 =c¢4 =0and so Sislinearly independent. Hence Sforms a basis

of R

m 4.3 Null Space and Rank of a Matrix
2120

0
Example8: Let A= 2
56 2
3

W b~ PEF, O

a) Find abasisfor the null space of A. Also, find the nullity of A and the rank of A.
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b) Find abasisfor the row space of A consisting of vectors that are not row vectors of A.
¢) Find abasisfor the row space of A consisting of vectorsthat are row vectors of A.

d) It canbeshownthat v = (7,11, 12, 5) isin the row space of A. Expressv as alinear combination
of the basis elements obtained in b) and c) above.

Solution: Wefirst enter the matrix as:
120

In[136]:= A=

WhPFPLPONDN

0
2
6 2
4

w o1 N O

outse= {{2, 1, 2, 0}, {0, O, O, O}, {1, 2, 2, 1}, {4, 5, 6, 2}, {3, 3, 4, 1}}

The command NullSpace[A] gives abasis for the null space of A, and so we find:
ni137= Nul | Space [A]
oupiar= {{1, -2, 0, 3}, {-2, -2, 3, 0}}

This shows that a basis for the null space of A is{(1, -2, 0, 3), (-2, -2, 3, 0)} and so the nullity is 2.
Hence, the rank of the matrix isgiven by 4 - nullity of A = 2. (Do you see why?

b) Tofind abasisfor the row space of A consisting of vectors that are not row vectors of A, we find
the nonzero vectors in the reduced row echelon form of A and so we calculate:

npssp= ROwReduce [A] // Matri xForm

Out[138]//MatrixForm=

2 1
1035 -3

2 2
012 2
000 O
000 O
000 O

Thus, abasisfor the row space of A isgiven by {(1, 0, 2/3, -1/3), (0, 1, 2/3, 2/3)}.

¢) Tofind abasisfor therow space of A consisting of row vectors of A, we find the reduced row
echelon form of the transpose of A.

13- ROwReduce [Transpose[A]] // Matri xForm

Out[139]//MatrixFo

=

m=

10011
00121
000O00O
000O00O

Theleading 1's occur in columns 1 and 3. Hence, the vectors corresponding to columns 1 & 3 of the
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transpose of A form abasis of the row space of A. Thus, abasisis { (2,1,2,0), (1,2,2,1)}.

d) Using the "natural basis' obtained in a): We see that the leading 1'sin the reduced row echelon form
of A occur at columns 1 and 2.

Thus,v= (7, 11, 12, 5 = 7(1, 0, 2/3, -1/3) +11(0, 1, 2/3, 2/3). For the basis obtained in b)
above, we have to find scalars aand b such that

a2, 1,2 0 +Db(1 2 2 1) =v= (7, 11, 12, 5). Thisleadsto a system of equations whose
augmented matrix is B, given by:

2 1 7

1 2 11

2 2 12

01 5

RowReduce [B] // Matri xForm
Out[140]= {{21 11 7}1 {11 21 11}! {2! 2! 12}1 {01 11 5}}

Out[141]//MatrixForm=
101

In[140]:= B =

o O O

1
0
0

o O Ol

Thus, weseethata=1andb=5andsov=(7,11,12,5) = (2,1,2,0)+5(1, 2, 2, 1).

m 4.4 Transtion Matrix

Example9: InR® consider thebasesSand T given by:

S = {V11 V2, V3} =
{1,1,0, 1,01, (4, 1, H}andT = {wy, Wo, W3} ={(1, 2, 1), (1, 2, 0), (1,0, 2)}.

a) Find the transition matrix P from the T-basisto the S-basis.

b) Let v be avector whose coordinates with respect to the T-basisis[v]t = (-1, 2, 5). Find the
coordinates of v with respect to the S-basis by using the transition matrix P.

Solution: We proceed by finding the coordinates of the basis vectorswy, w,, and wz with
respect to the S-basis. This computation requires that we solve 3 linear systems whose coefficient
matrix is composed of the vectors from the S-basisand the constant matrix isa column matrix with
entries from wy, Wy, and ws. So we consider the augmented matrix:

111111
10122 O]
011102
oupaz= {{1, 1, 1, 1, 1, 1}, {1, 0, 1, 2, 2, 0}, {0, 1, 1, 1, 0, 2}}

In[142]:= A =
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ini43= ROWReduce [A]
Mat ri xFor m[%]
ouaz= {{1, 0, 0, 0, 1, -1}, {0, 1, O, -1, -1, 1}, {0, 0, 1, 2, 1, 1}}

Out[144]//MatrixForm=
100 0 1 -1
010 -1 -1 1
001 2 1 1

Hence the transition matrix is given by:

0 1 -1
P=|-1 -1 1
2 1 1

b) In order to find the coordinates of v with respect to the S-basis, we use the equation: [v]s = P. [V]y.
Hence the coordinates of v with repect to the S-basisis given by:

O 1 -1 -1
In[145]:= [-1 -1 1 ] . [ 2 ]
2 1 1 5

ouwasi= {{-3}, {4}, {5}}

We can verify our work by computing:(do you see why?)

mpae= (-1 {1, 2, 1} +2 {1, 2, 0} +5 {1, 0, 2}) -
(-3¢{1, 1, 0} +4 {1, 0, 1}y +5¢{1, 1, 1})
outua6= {0, 0, 0}

m 4.5 The Gram-Schmidt Orthogonalization Process

For many purposes, the most convenient type of basis for a vector space is an orthonormal basis, i.e.,
the vectors are of unit length and are pairwise orthogonal. The Gram-Schmidt procedure takes an
arbitrary basis of R" and generates an orthonormal one. Given abasis{vy, Vo, ..., vy} of R", an ortho-
normal basisis obtained by using the command GramSchmidt[{vy, Vo, ..., Vn}].

Example 10: Cosider the basis S={u;, Uy, U3} for R®, where u; = (1,1, 1), u, = (-1, 0,-1),
and uz3 =(-1, 2, 3).
a) Use the Gram-Schmidt process to transform Sinto an orthonormal basis for RS.

b) Expressv=(-1, 2, 0) as alinear combination of the orthonormal basis obtained in a) above, i.e., find
the coordinates of v with respect to the orthonormal basis.

Solution: First, we load the package to use the Gram-Schmidt process.

nar= << Li near Al gebra” Ort hogonal i zati on”
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If we denote the orthonormal basis, obtained from the given basis S, by w1, w2, and w3, thenwe
obtain
nagi= {WL, W2, w3} = Orthogonal i ze[

{{1, 1, 13, {-1, O, -1}, {-1, 2, 3}}, Method » "G anfSchm dt" ]

ouasre {1 1 o [ 2, , 0

V3 /3 /3 V6 3 V6 V2 V2
The above gives an orthonormal basis. Thus, the dot product of each pair of different vectorsis zero
and each vector has length 1. We can verify this by computing the dot products as follows.

niagp= {WL. W2, wl. w3, w2. w3, wli.wl, w2. w2, w3. w3}
oufuag= {0, 0, O, 1, 1, 1}

1 1 1 1 E 1}{1 1}}

b) To find the coordinates of v with respect to the orthonormal basis obtained above, wefind real
numbers a, b, and c such that awl + b w2 + cw3 =v. Recall that if abasisis orthonormal, then the
coordinates a, b, and ¢ are obtained by computing the dot products v.wl, v.w2, and v.w3, repectively.
We obtain this as follows.

masop= Vo= {-1, 2, 0}
ouftso= {-1, 2, 0}

masi= {@, b, €} ={v.wl, Vv.w2, V.w3}

1 2 1 1
out[151]= {7, 2 | = +—, 7}
\/3 3 Ve 2

nas2p= I ML fy [%]
1 5 1

ER ﬁ}

The above givesthe values of a, b, and ¢, respectively. We can check the above result by computing:

nas3p= @ * WL + b * W2 + C *W3
2 [z .1
3 Ve

=

out[152]= {

2 2 1
N
1 Ve 1 2 2 1
Out[153]= {—7—7, — + — |2 — — |
6 s 3 V3 3 V6
It is not clear why the aboveisequal tov =(-1, 2, 0) and so we:

insap= S ML fy[%]
ours4= {-1, 2, 0}

5
6

Example 11: Let W be the subspace of R* with basis S={u;, Uy, uz} where
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u =(@ -2,0 1), u = (-1 00,-1), and uz =(1, 1, 0, 0). Use the Gram-Schmidt processto
find an orthonormal basisfor W.

Solution: An orthonormal basis of W is obtained by:

nss= Ot hogonal i ze[{{1, -2, O, 1}, {-1, O, O, -1}, {1, 1, 0, 0}},
Met hod » " G anfschm dt " ]

1 2 1 1 1 1 1
out[155]= {{\/? 3 0, W} {\/? —E, 0, \/?} {\/? 0, O, \/2_}}
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I Chapter Five Eigenvalues and Eigenvectors

m 5.1 Eigenvalues, Eigenvectors, Diagonalization

If A isasqguare matrix of size n, then the command Det[A - A* I dentityM atrix[n]] gives the character-
istic polynomial of A. The command Eigenvalues[A] givesthe eigenvalues of A. Repeated eigenval-
ues are represented as many times as the algebraic multiplicity indicates. Eigenvectors are obtained by
the command Eigenvector JA].

Example 1. Find the characteristic polynomial, the eigenvalues and the corresponding eigenvectors of

1 2 -1
A=[1 0 1
4 -4 5

Is A diagonalizable? If so, find adiagonal matrix D and an invertible matrix P such that P~*A P=D.

Solution:
1 2 -1
npse= A=|1 O l]
4 -4 5

Out[156]= {{ly 21 _1}1 {11 0! 1}1 {41 _41 5}}

We obtain the characteristic polynomial , f (1), asfollows.
ins7= f [A] = Det [A - = ldentityMatrix[3]]
oufis7= 6 - 11 A+ 622 - 23

We can obtain the eigenvalues by solving for the roots of the characteristic polynomial. We do this as follows.
npssp= Solve[f[A] == 0, A]
oufrsgl= {{A =1}, {A->2}, {A->3}}

From the above, we see that there are 3 real eigenvalues: 1, 2, and 3. We can aso find the eigenvalues and
eigenvectors as follows.

infzs9):= Ei genval ues [A]
oufso= {1, 2, 3}
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infze0):= Ei genvect or s [A]
ouzeo= {{-1, 1, 2}, {-2, 1, 4}, {-1, 1, 4}}

Thus, the matrix has three eigenvalues: 1, 2, & 3 and three eigenvectors: (-1, 1, 2), (-2, 1, 4), and (-1, 1, 4).

However, the eigenvalues and eigenvectors may not appear in corresponding order. Thus, to find both the
eigenvalues and their corresponding eigenvectors, we use the command:

inite1;= Ei gensyst em[A]

Out[161]= {{ly 21 3}1 {{_11 l! 2}1 {_21 l! 4}! {_11 11 4}}}

This showsthat 1 isan eigenvalue of A and (-1, 1, 2) isthe corresponding eigenvector. Similarly, for the

eigenvalue 2, an eigenvector is (-2,1,4) ; for the eigenvalue 3 an eigenvector is (-1, 1, 4). We can verify this by
computing:

-1 -1
mpez= ALl 1 | - [ ]
2

2

1
4 4
-1 -1
Al 1 -3[1
4 4

oupiezl= {{0}, {0}, {0}}
ouiesl= {{0}, {0}, {0}}
ouieal= {{0}, {0}, {0}}

Since A hasdistinct eigenvalues, A is diagonalizable. If we now let P be the matrix whose columns are the

eigenvectors, then P~A P =D, where D isthe diagonal matrix whose diagonal entries are the respective
eigenvalues. We verify this asfollows.

-1 -2 -1
infzes):= P = { 1 1 1 ]

2 4 4
I nverse[P]. A P
Mat ri xFor m[%]
ouptes= {{-1, -2, -1}, {1, 1, 1}, {2, 4, 4}}
ouptes= {{1, 0, 0}, {0, 2, 0}, {0, O, 3}}

Out[167]//MatrixForm=

100
020
003

4 2 3

Example2: LetA=| 2 1 2

. Find the eigenvalues and corresponding eigenvectors of A. Also, if Ais

-1 -2 0
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diagonalizable , find an invertible matrix P and a diagonal matrix D such that P~ A P=D.

Solution:
4 2 3
nes= A= 2 1 2
-1 -2 0

Ei gensyst em[A]
Out[168]= {{41 21 3}! {21 1! 2}! {_11 _21 0}}
ouptee= { {1, 1, 3}, {{-1, 0, 1}, {0, O, O}, {-5, -2, 3}}}

The above shows that A hastwo eigenvalues A = 1 and A = 3. The eigenvalue A =1 has multiplicity 2. However,
the eigenspace for A =1 has dimension 1. Thus A is not diagonalizable.

00 -2
Example3: LetA=|1 2 1 |.Findtheeigenvauesand corresponding eigenvectors of A. Also, if A is
10 3
diagonalizable , find an invertible matrix P and a diagonal matrix D such that P~1 A P=D.
Solution:
00 -2
ma7op= A=11 2 1 ]
10 3

Ei gensyst em[A]
Out[170]= {{0! O! _2}! {1’ 2! 1}! {1! 01 3}}
ounry= {{1, 2, 23}, {{-2, 1, 1}, {-1, O, 1}, {0, 1, 0}}}

The above shows that A has two eigenvalues A = 1 and A=2. The eigenvalue A =2 has multiplicity 2 and has
two eigenvectors (-1,0,1) and (0,1,0), which are clearly linearly independent(do you see why?). In other words,
the eigenspace for A =2 has dimension =2. Thus A is diagonalizable, P isthe matrix whose columns are the
eigenvectors of A, and D is the diagona matrix whose diagonal entries are the eigenvalues of A. We verify this
asfollows:

-2 -10
inz72)= P = [ 1 0 1]
1 1 0

I nverse[P]. A P
Mat ri xFor m[%]

Out[172]= {{_21 _1’ O}! {1! 01 1}! {1! 1’ 0}}
Out[173]= {{1! O! 0}, {01 2! 0}! {0’ O! 2}}

Out[174]//MatrixForm=
100
020
002
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m 5.2 Diagonalization of Symmetic Matrices

1 -4 2
Example 4: Find an orthogonal matrix P that diagonalizes the symmetric matrix;: A=| -4 1 -2 |.
2 -2 -2
Solution: First, we find the eigenvalues and corresponding eigenvectors of A.
1 -4 2
mrs= A = | -4 1 —2]
2 -2 -2

Ei gensyst em[A]
Out[175]= {{11 _41 2}1 {_41 11 _2}1 {21 _2! _2}}
Out[176]= {{_31 _3! 6}1 {{_11 0! 2}! {11 11 0}1 {2! _21 1}}}

Next, for each eigenvalue, we find an orthonormal basis of the eigenspace using the Gram-Schmidt Orthogonal -

ization Process. First, we consider the eigenspace for the eigenvalue A = -3 which has dimension 2. An ortho-
normal basis of its eigenspace is given by wl, w2 where

in1771:= << Li near Al gebra’ Ot hogonal i zati on®
in17el= {Wl, w2} = Orthogonal i ze[{{-1, O, 2}, {1, 1, 0}}, Method -» "G anfschm dt" ]

1 2 4 5 2
Out[178]= {{—\/?v 0, \/g}' {3\@’ 3’ 3\@}}

For the eigenvlaue 1=6, the eigenspace has dimension 1 and an orthonormal basis is given by w3:
n7op= {W3} = Orthogonal i ze[{{2, -2, 1}}, Method - "G anfSchmi dt " ]

oura- {20 20 2}

Recall that the diagonalizing matrix Pis the matrix whose column entries are the orthonormal basis of the
eigenspaces. Thus, matrix Pis given by:

-1/«/? 4/(3«/?) 2/3
inpasop= P = 0 \/?/3 -2/3
2/«/? 2/(3«/?) 1/3

1 4 2 V5 2 2 2 1
owoe {2, 2 3 (o 5 2

3 3/ 5’35’3}}
We verify that P is an orthogonal matrix by computing:
ini81:= | nverse[P] - Transpose [P]

Out[181]= {{0! O! O}v {01 0! 0}! {0! O, O}}
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Finally, we show that P is a diagonalizing matrix by computing:

insz;= | nverse[P]. A. P

out[182]= {{*3, 0, 03,

{ 35 3 345 3 5 35 3 35 3
— + , —— + + ]
V5 V5 3 3+/5 3+/5
2/5 2( 8 4+5) 1 4 245
T e B LU
3 3l3y5 3 3(3y5 3

It is not clear that thisis adiagona matrix whose diagonal entries are the eigenvalues of A and sowe:

inisai= Siompli fy[%] // MatrixForm
Out[183]//MatrixForm=

-3 0 O
0 -30
0O O 6
I Exercises
1 Consider the following system of linear equations.
4Xx-3y+2z-w = -5
2X+y-3z =7
-X+4y+z+2w = 8
a) Use the command Linear Solve[A,b] to find the solutions of the above system.
b) Express the augmented matrix in reduced row echelon form and find the solutions of the system of
equations.
1 -23 9
2. LeeA=|-1 3 O andb:[—4 . Solvethe system A X = h.

2 -55 1
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1 3 4 -5
3. LeeB=({2 -3 5 6 ] Find the matrices that are obtained by performing the following row
4 9 -6 7

operations in succession on matrix B.

a) Multiply row 1 by 2.

b) Add 3 timesrow 1to row 2.

C) Add -4 timesrow 1torow 3.
d) Interchange rows 2 and 3.
4, For what values of a does the following system of equations have no solution, a unique solution or

infinitely many solutions?

X—-y+z=1
X+3y+az=2
2x+ay+3z=3

1 2 3 4 1 2 3 4
5. LetA:[Z 0 -1 3] B:[G 8 5 19J
4 4

2 -5 51 -5 4

@)
I

4 1 4 4 -4 10 -10 -2
[20—13] D:[Z 0 -1 3]

24 6 8 2 4 6 8

i) Find a A-3B b) C'D c) B(AT+D")
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i) Use the RowReduce command to detrmine which of the above matrices are row equivalent.

0 100
6. LeF=| 290
' 10 001
0 010
a) Find the smallest positive integer k sothat FK = F. [ Hint: Note that the command M atrixPower [-
F.n] givesF"]
b) Assumethat F isnonsingular. Usethe result in a) to find the smallest value of n for which F~1 = F".
1 1
7. Let A= i] Find A%, A3, and A8. Can you guess what A"is?. Verify your guess.
03
8. If S={ pe(t), pa(t), ps(t)}={t, 2t+1, t>+t}, determine whether p(t)= 2t? + t - 2 belongs to the
span of S.
2\ (-1 -4 0
9. Determine if S—{ 0 0 1, [1]} spansRe.
8 1
1 1
0 3 . .
10.  Determineif S { 1ol |1 } isabasisof R*.
-1)\0 4
11. In R® consider the bases Sand T given by:

1 1 0

S=vi, V2 ve) ={[1] |1} | 1]}
1 0 -2
2 1 0
andT = {wy, wp, wa} ={| 1 | [0] [-1
-1 1 2

a) Find the transition matrix P from the T-basis to the S-basis.

b) Let v be a vector whose coordinates with respect to the T-basisis [v]t

2 |. Find the
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coordinates of v with respect to the S-basis by using the transition matrix P.

1 0
, Up = [1],and ng[ 1]
0 -2

a) Use the Gram-Schmidt process to transform Sinto an orthonormal basis for RS.

-1
b) Expressv = [ 2 ] as alinear combination of the orthonormal basis obtained in a) above,
0
i.e., find the coordinates of v with respect to the orthonormal basis.

1
12. Cosider the basis S={u;, Uy, Uz} for R®, where u; = [ 1
1

13. Let W be the subspace of R* with basis S={u;, up, Uz} where
-1

U = , U = and uz = . Use the Gram-Schmidt process to find an orthonormal basis

1 1
0 1
2 0
1 1
for W.

14. Let a=-i+3j -k and b=i-2j +5k. Find 3a-2b, a.b, and ||b||.

273
15. Let A bethe matrix givenby A= [1 6 1].
345
a) Find Det(A).
b) Show that Det(AT) = Det(A)
C) Verify that Det(2A) = 23 Det(A)
d) Let A; bethe matrix that is obtained by interchanging rows 1 and 2 of A. Show that Det(A;) =
- Det(A).
e) Let A, bethematrix that is obtained from A by replacing the third row of A by the sum of row
3 and 5timesrow 1. Show that Det(Ay) = Det(A).

1 0O
-1 3 0
3 2 -2

diagonalizable , find an invertible matrix P and a diagonal matrix D such that P~ A P=D.

16. LetA = . Find the eigenvalues and corresponding eigenvectors of A. Also, if Ais




