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Gas Dynamics
Class Notes - Page: 1
Week 2
1-D Governing Equations
Text Reading:  Ch.1, 2, 3 



Technical Objectives:

· List and explain the fundamental assumptions employed in most compressible flow analyses. 

· Describe (in words) the three fundamental conservation equations for a control volume.   

· Derive the conservation of mass, momentum and energy for steady, 1-D, compressible flow.  

· Derive a relationship for the speed of sound of an ideal gas and calculate the speed of sound of a real gas.  

· Describe the significance of Mach waves.   

HW (Due Tues. Feb 4):  

1.9, 1.13, 2.1, 2.4, 2.5, 3.1, 3.5

Also: 

8. Using the steam tables, calculate the speed of sound in steam at 1.5 MPa and 400 ºC.

9. Calculate the temperature rise and pressure rise behind a propagating sound wave in air at 1 atm and 25 oC.

1.  What is compressible flow?

Recall from your earlier study of fluid mechanics, that a change in velocity results in a change in pressure (i.e. Bernoulli’s equation):  

Unlike liquids, which are virtually incompressible, the density of a gas varies greatly with pressure (i.e. the ideal gas law):  

Thus, in flow situations where the velocity changes greatly and/or the pressure changes rapidly, the density of a gas cannot be treated as a constant.  These situations are referred to as the study of compressible flow.  Applications include:

Example 1:  When does a fluid flow situation need to be treated as compressible?  Consider the flow of air in the converging section of the bottle rocket from homework:  

i) Assuming the flow is incompressible, calculate the exit pressure as a function of inlet velocity.  

ii) Recalculate the exit density and the %density change as a function of inlet velocity.  
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2.  Fundamental assumptions employed in compressible flow analyses. 

3. The four equations and four unknowns.

Given the above fundamental assumptions, it is possible (in theory!) to solve many complicated compressible flow problems.  The solution of such a problem means that the following four variables are known everywhere in a flow field:

Note: velocity is a vector, while the other variables are scalars.  

Since there are four unknowns, we need four equations.  These equations are as follows:

4. The Conservation Laws
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As in all engineering analyses, the three conservation laws of mass, momentum and energy are the three main governing equations in compressible flow.  Returning to the bottle rocket, we can set up a control volume as follows:

Actual System






Control Volume

5. The Conservation of Mass

For the above control volume, the conservation of mass requires:

Mathematically, the above relationship can be expressed as follows:

6. The Conservation of Momentum

For the above control volume, the conservation of momentum requires:

Mathematically, this relationship can be expressed as follows:

7. The Conservation of Energy

For the above control volume, the conservation of energy requires:

Mathematically, this relationship can be expressed as follows:

8. The Conservation Laws for 1-D Steady Flow

Many of the flow problems encountered in engineering practice can be modeled as flow through a streamtube.  The concept of a streamtube is shown below:

Streamtube




Duct

In the streamtube above, all streamlines that pass through curve ABCD also pass through curve EFGH.  Flow through a duct (i.e. a nozzle, or the blade passages between a turbine blade) can also be treated as a streamtube.  

Quasi-One Dimensional Flow

In situations where the variation in velocity is significant in only one direction, we can treat the flow as quasi-one dimensional.  Consider the following nozzle:

In reality, the velocity does vary in the y and z directions, but these variations are small with respect to the variation in the x direction.  Therefore, we treat the problem as quasi-one dimensional.  Mathematically, the problem thus reduces to:

8.1  The Conservation of Mass (Continuity Equation).

Consider, the following control volume, in which the flow is assumed to be quasi-one dimensional:

     Duct
   “Macro” Control Volume

         Differential Control Volume
For steady, quasi-1D, flow, the conservation of mass for the “macro” control volume requires:

For the differential control volume, the conservation of mass results in the following:

8.2  The Momentum Equation (Euler’s Equation)

Returning to the differential control volume above, we can formulate the momentum equation:

Note: in this case the pressure that is exerted on the walls of the control volume cannot be neglected.  There is also, in general, a frictional force, dF, that must be included.

The external forces acting on the control volume are, thus, as follows:

The external forces must be equal to the net momentum flux:

Resulting in:

8.3 The Steady Flow Energy Equation

Returning to the “macro” control volume above:

The steady flow energy equation is written as follows:

Recognizing that work = 0, and making the assumption of a calorically perfect gas:

For the differential control volume:

9. The Equation of State

Since it is assumed that the gas in consideration obeys the perfect gas law, then everywhere in the flow:

We can get this equation into differential form by taking the natural log of both sides of the equation and then taking the derivative of both sides:

10. Entropy Considerations

In thermodynamics, entropy is a key property.  In closed systems, entropy always increases.  However, in systems where friction is low and/or heat transfer is negligible, entropy is very nearly constant.  

Recall from thermodynamics, the Tds equation:

For a calorically perfect gas, the relationship becomes:

Integrating this relationship yields the equation for entropy change between any two points in a flow:

For isentropic flow (i.e. flow where entropy is assumed to be constant):

Thus, we have our familiar isentropic relationships, which will come in handy in this class:

11. The Speed of Sound

Mach Number

As shown in Example 1, as velocity of a gas increases compressibility effects become important.  In reality, we find that the important parameter is not the gas velocity itself, but the ratio of the gas velocity to the speed of sound.  This ratio is called the Mach number:

The Mach number can be used to delineate the following regimes of fluid mechanics:

It will be shown in this section that for ANY gas, sound waves propagate at the following velocity:

For a calorically perfect gas, it will be shown that the speed of sound is:

Derivation of the Speed of Sound

Consider the propagation of a very weak, one-dimensional perturbation, moving at a fixed velocity, a:

The wave propagates into a region of zero velocity.  Meanwhile, the pressure and density behind the wave have increased slightly and there is a slight wind, dv, behind the wave.

Now, instead of waiting for the wave to arrive in the undisturbed region, let us sit on the wave, draw a control volume around it and define a coordinate system where x is positive to the left.  

Applying the conservation of mass to the above control volume results in:

Applying the conservation of momentum to the above control volume results in:

Combining the conservation of mass and momentum equations (eliminate dv from both equations):

Results in the following relationship:

The only problem is that at this point, we have not specified how to evaluate the derivative in the above relationship.  Interestingly, Isaac Newton derived this equation, but he assumed that the flow was isothermal.  In reality, the assumption of isentropic flow is much better for the propagation of sound waves.  Why?

Thus, the equation for the speed of sound is as follows:

For a calorically perfect gas, the following relationship holds for isentropic flow:

Resulting in the following:

Example 2:  

Calculate the speed of sound in air at 25 o C.  Calculate the speed of sound (and percent error) that Isaac Newton would have derived for air at 25 o C by assuming that sound waves propagate isothermally:
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