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Week 3
1-D Isentropic Flow
Text Reading:  Ch. 4 



Technical Objectives:

· Describe the significance of Mach waves (Chapter 3).   

· Derive the relationships for change in pressure, temperature, density etc. as a function of Mach number for isentropic flow.

· Describe the difference between sensible properties and stagnation properties.

· Describe the significance of and derive the equations for the critical conditions.
· Use the concept of maximum discharge velocity to explain why hydrogen is a good rocket propellant.

HW (Due Tues. Feb. 11):  

3.17, 4.3, 4.6, 4.18, 4.21, 4.29

1. Mach Waves

Recall my comment during the first day of class which stated that the fundamental difference between supersonic and subsonic flow stems from the fact that “information” (i.e. pressure waves) propagates at the speed of sound.

Consider the following body, traveling through the air at a velocity, u:

Since the pressure at the surface of the body, Po, is greater than the pressure upstream, pressure waves propagate away from the body at the speed of sound, a.  There is a fundamental difference between the phenomena that occur if u is subsonic or supersonic.

u < a

To illustrate this fact, consider a point source of sound (i.e. a beeper), moving at a velocity, u, where u is less than the speed of sound, a.  We can track the beeper through four successive points in space: A, B, C, D

where each point in space is separated by a distance x = ut.   Meanwhile, sound waves have been propagating outward from the point source over a distance of at, 2at, 3at, and so on.  In this case, the sound waves propagate further during each time period t than the beeping object does during the same period, and as the figure shows, the pressure waves move out ahead of the moving object, warning the gas ahead of the object.

u > a

Next, consider the situation where the beeper is traveling at a velocity, u, which is greater than the speed of sound.

In this case, the beeping object travels a further distance during each time period t than the sound emitted from the beeper.

As shown in the figure above, all of the sound waves are confined to the cone that trails the body.  In fact, only the gas that lies in this cone is “aware” of the presence of the moving object.  From the above figure it is clear that the angle of the cone is given by:

Similarly, if a body is at rest, and gas is flowing over the body at supersonic velocity, the Mach cone is the only region of the flow field that is affected by the presence of the body:

The above situation is in contrast to subsonic flow where vast regions of the flow field are affected by the presence of a body:

Example 3.1.  

Known: An aircraft is flying at an altitude of 35,000 feet and a velocity of 1000 mph.  

Find: How far the aircraft travels with respect an observer at sea level before the observer hears the aircraft. 

2. One-Dimensional Isentropic Flow

2.1 The Isentropic Assumption

From thermodynamics, we recall that the two main sources of entropy production are:

i)
ii)

In a variety of situations, these effects are confined to small regions within the overall flow field.  
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So, although there are clearly some regions in the flow field surrounding the object above that cannot be treated as isentropic, the overwhelming majority of the flow field is, in fact, isentropic.

Can you name another flow situation in which the majority of the flow field can be treated as isentropic?

3. Governing Equations for 1-Dimensional Isentropic Flow

Recall from last week that the Tds equation can be used to show that for a calorically perfect gas with constant entropy:

(4.1)

Thus, for flow between any two points in an isentropic flow as shown:

The density and pressure are related to one another as follows:

(4.2)

It can also be shown that the temperature and pressure are related as follows:

 (4.4)

Recall from last week’s notes that the speed of sound in an ideal gas is:

Since, generally speaking, the local temperature varies throughout the flow field, the speed of sound also varies as follows: 

(4.5)

By applying the energy equation between any two points in the above flow field (along with equation 4.5), it is possible to derive the following equation for temperature variation as a function of Mach number:

(4.6)

Example 3.2.  Derive equation (4.6) by starting with the conservation of energy.

Given equation (4.6), it is easy to derive the equations for the variation in pressure and density as a function of Mach number:

(4.7)

(4.8)

Finally, the variation in area with Mach number is given from the continuity equation:

(4.9)

(8.35)

The above relationship can be used to calculate the Mach number as a function of area in a converging-diverging nozzle.  However, it is not possible to solve the above equation analytically for M2/M1.  A spreadsheet can be used to generate A2/A1 vs. M2/M1
The equations (4.6-4.9 and 8.35) are sufficient to solve a myriad of flow problems since, as mentioned earlier, the assumption of isentropic flow is valid over the majority of the flow field.

Example 3.3

A high altitude supersonic plane is being designed to travel at 60,000 feet and a velocity of 1600 mph.  The mass flow rate of air required for each jet engine is 10 kg/s and combustion can only occur in the engine if the density is greater than 0.16 kg/m3.  Design an inlet diffuser for this engine.  

Find:  
a.  The inlet area of the diffuser.


b.  The exit area of the diffuser

4. Stagnation Properties

Consider a point in the following fluid, flowing at a velocity, v, with pressure, density and temperature of P, and T:

The properties P, and T are those which would be measured (or “sensed”) if it were possible to travel along with the fluid at a velocity v.  Thus, we call these properties static or sensible properties.

In addition to the sensible properties P, and T, the same point in the flow also possesses a set of properties called stagnation properties.  The stagnation properties, Po, and To are those properties that would exist if the fluid at were brought to rest isentropically:

For an isentropic flow, stagnation properties are always constant:

For non-isentropic flow, the stagnation properties vary from point to point.  

Since, by definition, the stagnation properties are defined as the conditions that would exist if a flow were decelerated to zero velocity isentropically, it is possible to use the isentropic relationships (4.6 –4.8) to calculate the stagnation properties at any point in the flow field.

For example, the equation for stagnation temperature at any point can be derived by imagining the following scenario:

(4.15)

Equation 4.15 shows that the higher the Mach number, the higher stagnation temperature.  This makes sense physically and explains why the space shuttle has ceramic tiles on the exterior.

Similarly, it can easily be shown that the stagnation density and stagnation pressure are given as follows: 

(4.16)

(4.17)

Note: The stagnation properties are not always physical parameters that can be measured.   For a subsonic flow, it is possible to isentropically decelerate a flow to its stagnation properties:

For a supersonic flow, however, when a fluid is decelerated to zero, it goes through a shock wave:

The entropy increases through a shock wave, so the final temperature, pressure and density are not Po1, o1 and To1.  In other words, the stagnation conditions change across the shock to new values of Po2, o2 and To2
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.

Example 3.4  A 747 flies through the air at 35,000 feet and a velocity of 500 mph.  What is the maximum skin temperature on the aircraft?

5. Subsonic Pitot Tube

A device called a pitot-static tube can be used to measure the Mach number.  The pitot-static tube essentially measures the difference between the static and stagnation pressures, thereby backing-out what the upstream Mach number is:

The equations used to measure the free stream Mach number will, however, be different for supersonic vs. subsonic flow.  Why?

Subsonic




Supersonic

For the subsonic case, the free stream Mach number is available directly from the equation for stagnation pressure:

Solving for the free stream Mach number:

(4.18)

Notes:  

i) Equation (4.18) takes into account the compressibility of the gas.  If density is assumed to be constant, Bernoulli’s equation can be used to derive the following equation for measuring velocity:

(4.19)

Equation (4.19) is fine for very low Mach number flows, but as Mach number increases toward  M=1, the error in using the above equation increases dramatically.

ii)  For supersonic flow (M>1), neither equation 4.18 nor 4.19 are valid, since the fluid will pass through a normal shock wave as it impacts the pitot tube.
Example 3.5:  A thermocouple and pitot tube measure the following data: T = 33 C, P1 = 2.7 psig, P2 = 0.1 psig.  What is the actual temperature and velocity of the flow?

6. Critical Conditions

In addition to the stagnation conditions, another set of important conditions can be derived from the isentropic relations.  These conditions, called the critical conditions, are the conditions that would exist if the flow were isentropically brought to M=1.  

The critical conditions are designated as follows:

There are the conditions that would exist if a subsonic flow were isentropically accelerated to Mach 1 or if a supersonic flow were isentropically decelerated to Mach 1:

Subsonic case





Supersonic Case
The critical conditions are easily calculated from the stagnation conditions by setting the free stream Mach number to M=1:

(4.29)  

Similarly, it can be shown that:

(4.30)

(4.31)

(4.32)

Example 3.6:  Assuming that M=1 at the exit of the bottle rocket from the week 1 notes (this will be shown to be a good assumption in a few weeks), calculate the initial exit velocity and estimate the initial thrust (lb) and initial acceleration (g’s) for the case in which the bottle is originally filled with 80 psig air.

7. Maximum Discharge Velocity

Consider the following chamber with stagnation properties Po, To, etc.

The conservation of energy can be used to determine the maximum possible velocity that can ever be obtained given these conditions.  These conditions are obtained (theoretically) by allowing the gas to expand down to a final temperature of absolute zero:

The maximum discharge velocity is a very useful concept in rocket propulsion in that it tells you right away the best performance you can ever get from a given set of rocket propellants.  

The equation shows that the maximum discharge velocity is proportional to the square root of the chamber temperature and inversely proportional to the square root of the molecular weight of the gas:

Thus, to get higher exhaust velocity, you need higher temperatures and lighter exhaust products.  
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