0910421 / 0910521
Gas Dynamics
Class Notes - Page: 1
Week 9
Prandlt-Meyer Expansion Waves
Text Reading:  Ch. 7


HW (Due: Thursday, March 27):
7.2, 7.9, 7.10, 7.11, 7.12

5. Show that, for Prandtl-Meyer flow, the temperature variation is given by:
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1. Introduction

Last week, we found that what when a supersonic gas stream turns through a concave turning angle, :

An oblique shock wave occurs and the flow is compressed.

What happens when a supersonic gas stream passes over a convex corner?

We will show in this chapter that, in this case, a Prandtl-Meyer expansion wave occurs and the flow expands (i.e. the pressure, temperature and density decrease).  We will find out next, that this compression occurs isentropically.

2.  Prantdl-Meyer Flow

Up to now, we have been considering situations in which the flow turns through a finite angle, .  As will be shown below, when a flow turns through an infinitesimal angle, d the flow is isentropic.  

Consider the case of supersonic flow as it turns around an infinitesimal angle d:

As was the case with a finite turning angle, the velocity parallel to the wave stays constant through the wave.  Formulating the conservation of mass and momentum:

Conservation of Mass


(7.1)

Conservation of Momentum

(7.2)

Combining eqs. (7.1) and (7.2) results in:

(7.3)

Now, since the turning angle is very small, the oblique shock is very weak, therefore:

Therefore, the upstream normal velocity, N, for an infinitesimal turning angle d is equal to the speed of sound:

(7.4)

Now, zooming in on the weak oblique shock wave:

The first point to note is that the shock angle, , for a very small turning angle, d, is equal to the Mach angle:

Secondly, since the velocity parallel to the oblique shock, L, is constant, this enables us to find a relationship between the velocity change, dv, and the turning angle d.

(7.5a)

But, from geometry we can eliminate tan, resulting in the relationship between velocity change and turning angle:

(7.5)

This equation is key, because it can be integrated to determine the velocity change for turning through any of the following flow geometries:

Smooth Concave





Smooth Convex





Sudden Convex

The flow conditions shown above are called Prandtl-Meyer flows.

From equation (7.5), we can use the conservation of energy and the perfect gas equation to derive the following relationships which relate the pressure change, density change, entropy change, etc., to the differential turning angle, d:


(7.8)

(7.9)

(7.10)

(7.11)

(not in book)

Since any smooth curve consists of an infinite number of differential turning angles, these equations show that for a positive turning angle, (d:

Conversely, for a negative turning angle, (d:

To determine the changes in flow properties for finite angle changes,, equation (7.11) can be integrated to yield the following:

(7.14)

And, since the angle  is a function only of the upstream Mach number, it is tabulated in the isentropic flow tables!  (note: equation 7.14 solves for  in radians; Appendix B lists the Prandtl-Meyer angle in degrees).

3. Solution of Prandtl-Meyer Expansion Waves

Consider the following flow around a convex corner with a total turning angle of :

The solution technique is as follows:

i. Using the isentropic flow tables, or equation (7.14), find the angle 1.

ii. Calculate the downstream Prandtl-Meyer angle, 2 from the following:

iii. Given 2, calculate the downstream Mach number, M2, from the isentropic flow tables or equation (7.14).

iv. Use the isentropic relations or isentropic tables to calculate all other downstream properties, noting that stagnation properties are constant through a Prandtl-Meyer expansion.

v. The downstream Mach angle, 2, is given by:

Note:  the above procedure is also valid for a sudden expansion through an angle :

Example 9.1

Known:  Air at Mach 3, 1 Atm and -20°C flows over a flat wall.  The wall turns away from the flow at an angle of 10°.

Find:  The downstream pressure, temperature and Mach number.

4. Maximum Turning Angle

Equation 7.14 also shows us the maximum turning angle that a flow can undergo.  If the turning angle exceeds a certain value, the downstream Mach number approaches infinity and the downstream pressure approaches a vacuum.

As M approaches infinity in equation 7.14:

For air, as M approaches infinity, the Prandtl-Meyer angle approaches:

The above result yields the maximum turning angle, above which the downstream properties approach a vacuum.

Example 9.2

Known:  Air at Mach 3, 1 Atm and -20°C flows over a flat wall.  The wall turns away from the flow at an angle of 90°.

Find:  The pressure, temperature and Mach number directly adjacent to the wall downstream of the turn.

5. Flow Over 2-D Bodies Involving Shock and Expansion Waves
Now that we know how to deal with both oblique shock waves and expansion waves, it is possible to solve many problems for flow over 2-D bodies in supersonic flow.  In fact, we can now solve for drag and lift on a slender 2-D body. 

Consider the following diamond wedge, at a given angle of attack:

The pressure along the surface of the wedge can be calculated by solving for the strength of all of the oblique shock wave and Prandtl-Meyer expansion fans.

Example 9.3 

Known:  A thin flat plate, 10 in. wide and 80 in. long is placed at an angle of attack of 3° with respect to a supersonic flow of air at Mach 2.5 and 1 atm.  

Find: a) Sketch the oblique shock waves and/or expansion fans that occur with the plate is placed in the flow at this angle. b) Calculate the drag and lift on the plate in lbf.

Example 9.4 






Known:  The wedge shaped airfoil of length 2 m and a cross section shown above flies through the 1 atm air at Mach 2.6 and an angle of attack of 3°.

Find: The lift and drag on the airfoil.  

8°





3°





0.4 m





M = 2.6
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