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Mid Term Project (Due: Thursday, April 10):

Develop a numerical model using MATLAB to solve a 1-D, time-dependent compressible flow problem (see handout for more details).

1. Introduction: Computational Fluid Dynamics

Computational fluid dynamics (CFD) represents the field in which the governing equations of fluid mechanics are solved numerically on a computer.  In all CFD problems, the following steps must be taken:

1. Create the flow model:

2. Specify the Boundary Conditions

3. Specify the Initial Conditions

4. Discretize the System of Governing Equations

5. Solve.

So far in this class, we have solved a series of problems in one-dimensional, steady flow.  In 1-D steady flow, we can generally solve the governing equations analytically.   By formulating the problem numerically, we will be able to solve time-dependent or “unsteady” 1-D compressible flow problems.

2. Governing Equations for Time-Dependent, 1-D Compressible Flow

Consider the following, quasi-1D system, in which the area, A(x) varies with x as shown below:

For the control volume shown above, we have already derived (Week 2) the governing equations for steady, 1-D compressible flow.  For time-dependent, 1-D compressible flow, the conservation of mass, momentum and energy can be written down as follows:

Conservation of Mass

(12.2)

Conservation of Momentum

(12.6)

Conservation of Energy

(12.13)

These equations along with the Equation of State:

(12.14)

result in the 4 equations that are required to solve for the 4 unknowns: P, , T, v.

Note:  
a) it is assumed that A(x) is specified as a function of one dimension, x.

b) If the flow is isentropic, the equation P/ = Constant can be substituted for the energy equation.  

3. Discretization

To solve the above set of differential equations, the physical domain must first be discretized, or divided up into a finite number of small sections called nodal points as shown below:
Numerical approximations of derivatives in the above differential equations are then employed.  The numerical approximations of the derivatives are expressed in terms of the values of the flow variables at each nodal point.

Several approaches can be used to approximate the derivatives in the governing equations.  In this course, we will use the finite difference approach.

Finite Difference Approximation

Finite difference approximations of each derivative found in equations (12.2), (12.6) and (12.13) can be obtained using the Taylor Series expansion.  Consider the discretized section of a nozzle below in which pressure, P, is varying with x as shown:

A Taylor Series expansion for P(x) can be written about the point xi as follows: 

(12.a)

Evaluating the equation (12.a) at the point xi+1 yields:

(12.b)

Similarly, we can evaluate (12.a) at the point xi-1 yielding the following:

(12.c)

The above equations (12.b) and (12.c) can be used to generate approximations for the derivative dP/dx. 

Forward Difference

Solving equation (12.b) for P’(xi) results in the forward difference expression for dP/dx:

(12.d)


This expression is said to be first order accurate or O(x) since the error scales with x.  To minimize the error in forward difference, x should be minimized.

Backward Difference

Similarly, solving equation (12.c) for P’(xi) results in the backward difference expression for dP/dx:

(12.e)


This expression is also said to be first order accurate or O(x) since the error scales with x.  To minimize the error in backward difference, x should be minimized.

Central Difference

It is possible to achieve second order accuracy in a numerical derivative by subtracting equations (12.b) and (12.c):

(12.f)

This is an amazing result!   Equation (12.f) says that, even though you are dividing by 2x, the accuracy is much higher than the forward or backward difference approximations.  Why does this work?!!

So, to discretize the given governing equations using the finite difference approach, we merely use any of the above finite difference schemes for each d/dx and d/dt term in the equations.  

Example 11.1 Discretize the conservation of mass using a forward difference scheme for the (/(t terms and central difference scheme for the (/(x terms.

4. Accuracy

Because numerical approximations are used in place of all time and space derivatives, there will always be a difference between the exact solution and the numerical solution.  This difference is called the numerical error.   Consider the following Taylor expansions for the velocity in terms of t where i refers to the ith node in the x direction and n refers to time step n in the numerical simulation:  

(12.24a)

Solving equation (12.24a) for the partial derivative (v/(t results in the following:

(12.25a)

Equation (12.25a) shows that if forward difference approximations are used, the error incurred at each time step will be directly proportional to t.  

Schematically, this can be shown as follows:

The figure above, which is a plot of velocity at the ith node vs. time, shows that an error occurs at each time step, resulting in a final solution that contains an error.  Equation 12.25a shows that, by reducing the time step by a factor of 2, the error should reduce by a factor of 2.

5. Stability

In some situations, a numerical solution can become unstable.  An unstable solution of v(t) would look as follows:

To examine the problem of stability, consider the following equation, which is essentially the transient and convective terms in the energy equation:

(12.27)

Discretizing equation (12.27) and solving for Ti results in the following:

(12.29)

The stability of this system depends on the factor:

Generally speaking, the system will be stable if S < 1 everywhere in the flow.  

5. Predictor - Corrector Scheme

The predictor-corrector scheme achieves higher order accuracy in the (/(t derivatives, by essentially averaging the (/(t derivatives between two successive time steps.  In other words, the procedure attempts to do the following:

(12.32)

Of course, during the nth time step, we don't yet have the values at the (n+1)th step, so we cannot really use equation 12.32.  Instead, we do this in a two step process.

Predictor Step

Consider again the differential equation (12.27).  We can solve the above equation for (T/(t at the nth time step as follows:

This equation can be solved to calculate the temperature at all nodes during the time step n+1 as follows:

(12.33)

This is called the predictor step, and the temperatures are signified as predictor temperatures by the bar over the T.

Corrector Step

Having calculated the predictor temperatures, we can re-calculate the (T/(t derivative at time step n+1:

(12.34)

This is called the corrector step.

The final solution for (T/(t is then the average of the predictor and corrector steps:

The above equation can then be solved for Temperatures at time step n+1.

6. Time-Dependent, One-Dimensional Compressible Flow Modeling

Having described the governing equations, forward difference discretization procedure and some solution schemes, it is possible to solve equations (12.2), (12.6), (12.13) and (12.14) numerically.  These equations are valid for any quasi-1D, time-dependent compressible flow situation.  Note: nothing was said about the flow being isentropic or whether or not normal shock waves might exist!  In fact, the numerical model should predict shock waves if they should occur. 

Consider the following solution domain, consisting of N nodal points in the x-direction:

Repeating the governing equations here:

(12.2)

(12.6)

(12.13)

(12.14)

These equations can be discretized as follows, using backward difference for the v (/(x terms and central difference for all other (/(x terms. (This scheme has better stability, than using central difference for all (/(x terms).

(12.2a)

(12.6a)

(12.13a)

(12.14a)

Boundary Conditions

At i =1 and i = N, pressure, temperature and velocity are known.

Solution Technique

1. Initial conditions define i, Ti, Pi and vi for all i =  1 to N nodal points at time = 0.

2. Plug these initial values into (12.2a), (12.6a), (12.13a), and (12.14a) to get first approximations of (/(t, (v/(t, (T/(t at time step n= 0 for i =  2 to N-1:

3. Use the above derivative values in the predictor step to calculate , T and v for the (n+1)th time step:

4. Use the predicted values to get a second approximation of (/(t, (v/(t, (T/(t at nodal points i =  2 to N-1

5. Combine the results in step 2 and step 4 in the corrector step to solve for r, T, v and P for all i nodal points and time step n+1 :

6. Go on to new time step:

n = n + 1

Go to step 2.
















