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Technical Objective:  Calculate pressure drop in a pipe without having to assume that the flow is incompressible!

Homework Due: Thurs. April 24

9.1, 9.6, 9.11, 9.15

1. Introduction: The Effects of Friction

Thus far in this course, the effects of viscosity (i.e. fluid friction) have been assumed to be negligible.  This assumption is adequate for short ducts, such as any practical supersonic nozzle.   

We know from experience, however, that as a gas flows through a pipe:

So for situations where the length, L, of a duct is much greater than the diameter, D, the effects of friction cannot be ignored.  Can you name any practical examples where the effects of friction and compressibility might be important?

1.   

2.   

3.   

In this section we will solve the problem of 1-D, adiabatic, compressible flow with friction (and constant area).  We will find that for a given subsonic flow, there is a critical length, L*, at which the flow in a duct will reach Mach 1.  The problem is analogous to isentropic, variable area flow:

Variable Area Isentropic Flow


Constant Area Flow with Friction
2. Flow in a Constant Area Duct with Friction (Fanno Flow)

Consider the following duct, with a constant area, A, through which a gas flows.  Assume that there is no transfer of heat to the surroundings, i.e. the flow is adiabatic:

A differential control volume of length dx can be constructed as follows:

Conservation of Mass

The conservation of mass requires that:

(9.5)

Conservation of x-Momentum

The conservation of momentum for the differential control volume above requires the following:

(9.1a)

But what is this Ffriction term?

(9.1b)

Substituting (9.1b) into (9.1a) yields the following:


(9.1)

Dividing (9.1) by v2 shows how pressure, velocity and friction are related in adiabatic, constant area flow:

(9.3)

Conservation of Energy

The conservation of energy for the above differential control volume:

(9.6) 

Equation of State

In differential form, the equation of state can be written as:

(2.19)

Definition of Mach Number

By definition, the square of the Mach number is:

Taking the natural log of both sides of the above equation and differentiating yields the following relationship between Mach number, velocity and temperature:

(9.8)

Solution: Variation in flow properties due to friction

The five equations (9.5), (9.3), (9.6), (2.19) and (9.8) can be solved for the five unknowns: P, , T, v and M.  

Specifically, it can be shown that the five equations can be rearranged to determine how pressure, density, temperature, velocity and Mach number vary as a function of distance, x, along a duct:

(9.19)

(9.20)

(9.21)

The above equations show how T, P and Mach number vary with distance along the duct.  Since w and dx are always positive, the results depend on the initial Mach number:

Subsonic (M<1)




Supersonic (Mach>1) 

In both cases, the entropy increases!  By combining equations (9.20) and (9.21), it can be shown that:

(9.22)

Wall Shear Stressw)

Now, all of the above equations contain the wall shear stress, w.  By definition, the wall shear stress is:

It is not possible to calculate the velocity gradient at the wall, so as engineers, we have created a non-dimensional wall shear stress called the Fanning Friction Factor:

(9.23)

Recall from incompressible fluid mechanics, the friction factor is a function of:

And the Moody Chart can be used to find a friction factor for a given Re and /D:

Fanning  vs. Darcy

Note:  The friction factor defined here is called the Fanning Friction Factor.  The friction factor that is typically tabulated in the Moody Chart is the Darcy Friction Factor.  The two friction factors differ by a factor of 4:

Correlations for Fanning Friction Factor

The following equations can be used to calculate the Fanning Friction Factor, as an alternative to the Moody Chart:

Laminar Flow





Turbulent Flow

In situations where compressibility is important do you think the flow is laminar or turbulent?

Hydraulic Diameter

In each of the equations we have developed so far, the term P/A has appeared:

For ducts with a circular cross section:

Since for a circular cross section, D = 4A/P, we extend this relationship to non-circular ducts and call it the hydraulic diameter, and we will use it in the equations from now on:
Finite Length Ducts 

Now, so far we have developed equations that give us the change in Mach number, Pressure, Temperature, etc. for a given change in distance, dx, along a duct with friction.  What we want to know is what are the downstream properties T2, P2 , M2 for a finite length duct, L, given the upstream properties T1, P1 , M1
We can solve this problem by integrating equation (9.19): 

(9.19)

Substituting f forw /v2 and Dh for 4A/P:

Rearranging:

(9.24)

Integrating equation 9.24 over a finite length L yields the following:

(9.26)

Equation (9.26) gives us the downstream Mach number, M2, for a given upstream Mach number, M1. 

Note:  to evaluate the left hand side of (9.26), it was assumed that friction factor is approximately constant over the length, L.  Is this a good assumption?

L-Star

Equation (9.26) gives us the downstream Mach number, M2, for a given upstream Mach number, M1 and a given length, L.   For a certain length, L = L*, the flow will become choked, i.e. M2 = 1.  

Evaluating equation (9.26) at this condition yields:

(9.27)

Equation (9.27) says that for an upstream Mach number, M, there is length, L*, that will choke the flow.  This equation is analogous to (8.36), which says that for a given upstream Mach number, M, there is an area change A*/A that will choke the flow.

It can be shown that the pressure, temperature and stagnation pressure at the point L=L* can be calculated as a function of upstream Mach number, M as follows:

(9.28)

(9.29)

(9.30)

Solution of 1-D Adiabatic Flow Problems with Friction

Equations (9.27) through (9.30) show that L*, P*/P and T*/T are functions only of the upstream Mach number, M. Therefore, they can be tabulated.  Appendix D contains the Fanno Flow tables for =1.4.  Note that the location L* might not actually exist in a given pipe:

But, the Fanno flow tables still can be used to calculate the properties T2, P2 and M2 at location L < L* as the following examples will show.

Example 13.1

Known:  Air flows through  5 cm diameter stainless steel tubing.  The air enters at a Mach number of 0.3, with a pressure of 150 kPa and a temperature of 313 K.

Find: a) The pipe length at which the flow becomes sonic.

b) The pressure drop in a 10 meter pipe.

c) Verify that the assumption of constant friction factor is justified.

Ex. 13.1 (Continued)

Iterative Problems

Note:  in most design problems, we don’t know the either the diameter or the flow rate.  In these cases, we must actually solve the problem iteratively by first guessing an initial Mach number, M1, then calculating the downstream properties, and re-guessing a initial Mach number, M1 until the problem converges to the actual downstream properties.  

Example 9.4 in your book is a good example of such a problem.
















