0910421 / 0910521
Gas Dynamics
Class Notes - Page: 4
Week 14
Compressible Flow with Heat Transfer
Text :  Ch. 10


Homework Due: On Day of Final Exam

· 10.16, 10.20 (Not to be handed in)

· Create and solve one final exam question (not from book, but from real life!)

1. Introduction: The Effects of Heat Transfer

So far in this course, we have neglected the effects of heat transfer to or from the fluid.  In many practical problems, heat is transferred to or from a flowing gas through the walls of a duct:

Gas Pipeline (Adiabatic or Isothermal?)

Rocket Nozzle with Cooling Jacket
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In addition, it is sometimes possible to model a chemically reacting flow as a flow with external heat addition:

Real Combustion Chamber


Model of Combustion Chamber
As was the case in Fanno Flow, where there exists a length of pipe, L*, which will choke the flow, we will find in this chapter that, for a given upstream Mach number, M, if enough heat is transferred to the flow, the flow will also choke:

Area Change


Friction: Fanno Flow



Heat: Rayleigh Flow
2. One Dimensional Frictionless Compressible Flow with Heat Transfer (Rayleigh Flow)

In this section, we will consider the effects of heat transfer, but we will neglect the effects of friction.  This flow condition is called Rayleigh flow.  Consider the flow of gas through a constant area duct with heat transfer, but neglecting friction:

Consider the following differential control volume with a cross sectional area, A, and a thickness dx.  A small amount of heat, dQ, is added to the gas as shown:

Conservation of Mass

(10.1)

Conservation of x-Momentum

(10.2)

Conservation of Energy

(10.4)

Note that dq is the rate of heat transfer per unit mass flow rate:

Which has units of J/kg.

In terms of stagnation temperature, it can be shown that equation 10.4 can be written as:

(10.4a)

In combustion systems, where heat produced by chemical reactions, rather than transferred through the walls of a duct, the energy equation can be written as:

(10.4b)

where h is the difference in heat of formation between the reactants and products.  h can be thought of as the heat release per unit mass flow.  

3. Changes in Flow Properties as a Function of Heat Addition

Equations (10.1), (10.2) and (10.4) can be combined to determine the effect of heat addition on the rest of the flow properties.

Recall, the equation of state can be written as:

(2.19)

Substituting (10.1) and (10.2) into (2.19) yields:

(10.8)

Dividing the conservation of energy equation (10.4) by dV yields the following:

(10.6)

Substituting (10.8) into (10.4) yields the following equation:

(10.9)

Substituting R/(-1) for Cp and solving yields a relationship between dq and dV as a function of Mach number:

(10.9a)

Equation (10.9a) shows that the variation in velocity with heat addition is fundamentally different depending on whether the flow is subsonic or supersonic.

Subsonic Flow
 (M<1)



Supersonic Flow (M>1)

Note:  Similarly to Fanno flow, the net effect of heat addition is to drive the flow toward Mach 1.  Conversely, the net effect of heat removal is to drive the flow away from Mach 1.  

Mach Number at Maximum Temperature 

Equation 10.8 also shows that the maximum temperature that occurs in a flow when heat is added occurs at a specific Mach number:

(10.11)

Entropy Considerations

It can be shown that the change in entropy is given by the following equation:

(10.14)

Equation (10.14) shows that for 1-D, frictionless flow, entropy always increases when heat is added and entropy always decreases when heat is removed.

4. Changes in Flow Properties as a Function of Mach Number (Rayleigh Flow)

In this section we will determine the effects of heat addition as a function of Mach number. Consider the following duct, with heat transfer, Q.  Assume that the flow is 1-dimensional and that the friction is negligible:

In this section we will find that for a given M1, we can choke the flow at M2 given enough Q.

Conservation of Momentum

(10.15)

Stagnation Pressure

Recall from Chapter 4 the definition of stagnation pressure:

(4.16) 

Recall that when entropy increases, stagnation pressure decreases. The change in stagnation pressure, due to heat addition is given by:  

(10.17a)

Substituting (10.15) and (4.16) into (10.17a) results in:

(10.17)

Stagnation Temperature

Similarly, the conservation of mass, equation of state and conservation of momentum (10.15) can be used to derive the following relationship for the change in stagnation temperature from point 1 to point 2:

(10.25)

Note also, that the heat addition is directly related to the change in stagnation temperature from the conservation of energy:

(10.28)

Recall that the effect of adding heat always moves the Mach number toward one.  In fact, for any value of M1, the right hand side of equation (10.25) has a maximum at M2=1.This is shown in the graph below, where the stagnation temperature is plotted vs. downstream Mach number for various upstream Mach numbers.
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In other words, regardless of the upstream Mach number, M1, the maximum change in stagnation temperature that you can get from heat addition occurs when the downstream Mach number M2 = 1.

Thus, we can call the value of stagnation temperature at M2=1 as To* Substituting M2=1 into (10.25):

(10.26)

This equation gives the maximum stagnation temperature To* for any given upstream Mach number, M.  

Once again the critical values when the flow becomes choked are functions only of the upstream Mach number! In other words, we can once again generate equations for all of the flow properties with respect to the critical values To/To*, T/T*, P/P*, Po/Po*, etc. as a function of upstream Mach number: 

(10.30) 

(10.31)

(10.32)

(10.33)

(10.34)

(10.36)

The results of these equations are tabulate in Appendix E.

As was the case with Fanno Flow, in most practical applications, the critical location M=1 will not exist in the flow.  However, it is still most convenient to use the critical location as a reference point.  This is shown in the following example.

Example 14.1

Known: A fuel air mixture enters a constant area combustion chamber at a velocity of 10 m/s and a temperature of 100 (C.

Find: a) The exit temperature and Mach number if the heat of combustion is 1000 kJ/kg.

b) calculate again assuming constant pressure and constant density

c) The maximum inlet velocity before the flow would be choked at the exit.

Example 14.1 (continuted)
















