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In this 1750 paper Leonard Euler comments on his predictions from a previous
Memoir ([E117]) regarding the times and durations of two eclipses that occurred in 1748:
the solar eclipse on July 25 and the lunar eclipse between August 8 and 9. In the first
section Euler discusses his accurate prediction for the solar eclipse. In particular his
calculations for the beginning and end times of the solar eclipse are in close agreement
with observation, but not for the duration of the annulus. He corrects his error for this
duration by using a more accurate measurement for the latitude of Berlin recently
obtained by Maupertuis. In the second section Euler discusses his somewhat inaccurate
prediction for the lunar eclipse. He is surprised by this, especially since he had updated
his astronomical tables for many other lunar eclipses, and devotes the remainder of the
paper (section I11-XV) towards reworking his calculations to obtain values that are in
much closer agreement with observation.

I. In this section Euler discusses the accuracy of his prediction for the solar eclipse on
July 25, 1748 based on observation. He points out that his time predictions for the
beginning and end of the eclipse were accurate, but not the duration of the annulus, in
comparison with the observed times, as seen in the table below:

Solar Eclipse — July 25, 1748 | Euler’s Prediction | Observation Difference
Beginning Time 10", 17', 45" < 10", 18’ -15"
Ending Time 1", 24", 0" 1", 24', 30" -30"
Duration Annulus 5, 10" 1, 20" +3' 50"

Euler then explains the source of his error for the duration of the annulus as
stemming from the latitude of Berlin, which he places too far north by 4’, 30”. He argues
that if the more recent observed calculation for the latitude of Berlin were used instead
(52°, 31', 30"), then he would have obtained a much more accurate prediction.



I1. In this section Euler mentions that his predictions for the lunar eclipse on December 8-
9, 1748 are not in agreement with observation. His Astronomical Almanac had predicted
that it begin at 11", 0", 14” (11:00 PM) on December 8 and end at 1", 14", 4" (1:14 AM)
on December 9, yet it was observed to begin at 11", 5" (11:05 PM) and ended at 1", 18’
(1:18 AM). He is surprised by this since he had earlier corrected his astronomical tables
for many earlier lunar eclipses. Euler therefore devotes the rest of the paper in reworking
his calculations to see if there were any errors in his original calculations. In the end he
obtains a more accurate prediction (in hindsight) but does not point out any of these
errors (if any) and so it is unclear where his calculations were improved upon.

[l - VII. In these sections Euler provides tables of astronomical values relating to the
positions and movements of the Sun and Moon that will be used in his calculations in
later sections.

IX. Finding a relation for UL:

To the right is a more complete figure of
the problem. The known values are denoted
by a, n, m, and w. Euler proceeds to find
relations for the distances UL and z and the
elapsed time x in terms of these known values.

To obtain a relation for UL at the moment of opposition, Euler begins by applying
the Law of Cosines for spherical trigonometry, which states that in a spherical triangle
with sides a, b, ¢ and an angle C opposite to side ¢, we have

cosc =cosacosb+sinasinbcosC.

This is applied to the spherical triangle a S3UL in the figure, which gives the relation

cosUL = coswsin®a+cos’a. (1.1)
The Pythagorean Identity states that cos® € +sin” @ =1, thus cos?a =1-sin’a. Hence,
equation (1.1) can be rewritten as

cosUL =1-sin*a (1-cosw). (1.2)
But the Double Angle Formula for cosine states that cos (2 6) =1-2sin’ 8, thus
1—-cosw = 2sin’ (% w). Hence, equation (1.2) becomes

2sin?(%UL) = 2sin? asin*(4 o),
which finally gives
sin(%UL) =sinasin(¥ o) . (1.3)

X. Finding a relation for z in terms of the variable x:

Now that Euler has solved for the simple case at the moment of opposition, he now
proceeds to solve for z, the distance between the centers x hours after the opposition.
Euler begins by again applying the Law of Cosines to the spherical triangle a £ul, giving

COS Z = €0s wsin(a + mx) sin(a + nx) + cos(a + mx) cos(a + nx) . (1.4)
Euler then states the Product-to-Sum Formulas:



sinbsinc = ¥%cos(b —c) — % cos(b +¢),
coshcosc = ¥%cos(b—c)+ ¥%cos(b+c).
Making these substitutions into (1.4) and simplifying gives
cosz = % cos wcos((n —m)x) — ¥ coswcos(2a + (N +m)x)
+ ¥ cos((n—m)x) + % cos(2a + (N +m)x).
Next, Euler groups like terms to obtain
cosz = ¥%cos((n—m)x)(L+cosw) + ¥ cos(2a + (n+m)x)(1—cosw),
but because of the Half Angle Formulas this reduces to
cos z = cos((n—m)x) cos® (¥ @) +cos(2a + (n+m)x)sin’(¥% ) . (1.5)
From his previous reasoning cosz =1-2sin’(¥%z) and cos®*(¥% ®) =1-sin’(¥%w), thus
(1.5) becomes
1-2sin?(% z) = cos((n —m)x) —sin’(¥% ®) cos((n —m)Xx)

+sin®(¥% w) cos(2a+ (n+m)x)

Euler then states the Sum-Difference Formula for cos(2a + (n +m)x) :
cos(2a + (n +m)x) = cos(2a) cos((n + m)x) —sin(2a) sin((n +m)x),
which applied to (1.6) gives
1-2sin?(% z) = cos((n —m)x) —sin’ (¥ @) cos((n —m)x)

+cos(2a)sin’ (4 w)cos((n+m)x) . (1.7)

—sin(2a)sin® (% w)sin((n+m)x)
Euler then uses the approximations

cos((n—m)x) ~1— % (n—m)*x?,
cos((n+m)x) ~1— % (n+m)>x?,

(1.6)

and
sin((n+m)x) = (n+m)x,
since the angles are relatively small, to simplify (1.7):
4sin’(%z) = (n—m)*x* + 2sin* (% w) —sin® (% w)(n —m)* x>
—2c0s(2a)sin?(¥% ) + (n+m)?x? cos(2a) sin* (% o) (1.8)
+2sin(2a)(n+m)xsin®(% o),
but the Double Angle Formula for sine states that sin(26) = 2sin &#cosé, thus equations
(1.8) becomes
4sin®(%z) = (n—m)*x* +2sin? (% ) —sin > (% w)(n —m)? x*
—2c0s(2a)sin *(% ) + (n + m)*x? cos(2a) sin * (% o)
+4(n+m)xsin acosasin’ (% m).
Grouping like terms gives
4sin®(%z) = (n—m)*x* (1 —sin’ (% w)) + 2sin > (¥ )(1— cos(2a))
+(n+m)®x? cos(2a)sin * (¥ @) + 4(n+m)xsin acosasin’ (% w),
but from previously1—sin®(¥% o) = cos® (% ®)and 1—cos(2a) = 2sin? a, thus yielding the
first result of this section:



4sin®(Y%z) = 4sin” asin?(% o) + (n —m)®x? cos’® (% o) (L.9)
+(n+m)?x? cos(2a)sin?(% ) + 4(n+m)xsinacosasin®(% )

Another Double Angle Formula for cosine states that cos(26) = cos® 8 —sin® @,
thus (1.9) becomes
4sin’®(%z) = 4sin? asin? (% o) + (N —m)?x* cos® (% w) + (n +m)*x* cos(2a) sin* (% w)
+(n+m)*x*sin? asin?(% o) + 4(n+m)xsin acosasin’ (% ).
Euler then perceives that (4sin* a +4(n +m)xsin acosa + (n+m)?x* cos? a)sin’ (% w) =
(2sin a+(n+m)xcosa)®sin®(¥% ), hence finally yielding the second result of the section:

4sin®(%z) = (2sina+ (n+m)xcosa)’sin’(¥% o) + (N —m)*x* cos* (% ) (1.10)
—(n+m)*x?sin®asin®(% o) '

XI. Finding x and plugging it into the relation for z:

Euler begins by minimizing the first result of part X by differentiating with
respect to x and equating to zero, which gives
(n—m)*xcos’(¥% w) + (n+m)*xcos(2a)sin’ (% w) + 2(n +m)sin acosasin’ (% w) = 0.
Then solving this equation for x yields

‘o : —2(n+m)sin(2a)szin2(%a)) _ . (1.11)
(n=m)“ cos” (¥ w) + (n+m)* cos(2a) sin“(¥ )

Substituting solution (1.11) for x into (1.10), the second result of part X, gives
2 2 2ain? a2
sin(,2) = sin asin( o) (n—rr;) cozs (%a))—(n+m2) sin asm_ (ifza))
(n—m)” cos* (% w) + (n+m)- cos(2a) sin“(¥% w)

Observe that this substitution is not as simple as Euler presents it. Appendix A is a step-
by-step verification of this substitution.

. (1.12)

Formula (1.12) is somewhat complicated. To obtain a more simple formula for
sin(¥% z) , he considers an approximation for x. Observe that the terms in (1.11) that are

multiplied by sin?(% ) are extremely small, thus x can be expanded as a geometric

power series since it can be expressed in the form 11. The condition that sin? (% w) is
—r
relatively small guarantees that the ratio r is less than 1.
To see this, first rewrite the numerator and denominator for x in (1.11) as such:

—(n+m)sin(2a) sin* (% o)
~ (n—m)? cos*(% w)
~ (n—m)? cos® (%) + (n+m)? cos(2a) sin?(¥%w)
(n—m)? cos® (% o)

or equivalently,



(n+m)
(n-m)’
(n+m)?
m)?

sin(2a) tan® (% o)

1+ cos(2a) tan? (% o)

Denote by o = —Msin(Za) tan®*(% w) and r =— (M)Z cos(2a) tan®(% w) so that
n—m

(n-m)*

x=1i. Since |r|<1, the formula
—r

% ~a(l+r)
is a good approximation for 1i. Thus,
-r
X~ a(l+r) = —%sin@a) tan?(% w)(1— (M2 cos(2a) tan? () . (1.13)
n—-m n-m

Euler substitutes this new approximate value for x into (1.9) (the first result from part X)
to obtain
2 2 2
sin(% z) =sin asin(% m)(1— (n+m)*cos atzzn (% o)
2(n—m)

This reduction is even lengthier than the first! For those that are interested in the details
of this substitution, see Appendix B.

). (1.14)

XI1I. Working Backwards:

Now Euler supposes that z is known, so the only unknown value is now the time x. He
begins by rewriting relation (1.3) in terms of sin(% z) and an angle ¢ defined implicitly as
follows:

sinasin(¥ w)

sin(%z) = cos (1.15)
where _
COS¢p = M .
sin(% 2)

Substituting (1.15) into (1.9) and simplifying gives

4sin” asin®(% w) tan® ¢ = (n—m)> x> cos* (% o) + (N +m)*x* cos(2a) sin* (% o) 116

+2(n+m)xsin(2a)sin?(% o) (1.16)
But the last two terms containing sin’(%w®) on the right hand side of (1.16) are
negligible and so
4sin’ asin’ (% w)tan® ¢ = (n—m)*x* cos® (% o).
Thus, solving for x yields the first-order approximation
‘= 2sina tan(% o) tan ¢ _
n—m




This value of x is not exact because of the neglected terms; hence there is an error y
defined by
. 2sinatan(;w)tang
n—m y
To find a formula for y and thus obtain a second-order approximation for x, Euler
substitutes (1.17) back into (1.16), rearranged as

4sin® asin® (% o) tan? ¢ = 2(n+m)xsin(2a)sin’(¥% o) + x*((n —m)? cos® (% o)

+(n+m)?®cos(2a)sin®(¥% o))

(1.17)

and simplifying gives

4sin*asin’(4w)tan’ ¢ =4

:tgsina sin(2a)sin’(% o) tan(¥% ) tan ¢

—2(n+m)sin(2a)sin®(% o)y
+4sin’a cos’ (% o) tan’ (¥ w) tan® ¢

2+2)zsin2a cos(2a)sin®(% ) tan’ (¥ w) tan® ¢
—4(n—m)sina cos®(% o) tan(¥% w) tan ¢ y
(n+m)?

n—m
+(n—m)?cos? (% w)y* + (n+m)? cos(2a) sin® (% w) y*

But the last two terms containing y* on the right-hand side above are negligible in

comparison to y (assumed to be relatively small), and the remaining equation can be
grouped as

+4(

-4 sina cos(2a)sin’ (% w)tan(% w)tan g y

4sin’ asin®(% w) tan® ¢ — 4sin’a cos’ (% w) tan® (% w) tan® ¢ =
—4(n-m)sina cos® (¥ o) tan(¥% w) tan ¢ y

+4(n
n

J_rz)z sin®a cos(2a)sin® (% w) tan®(% w) tan® ¢

s (1.18)

+4

-~ 2 sina sin(2a)sin®(% o) tan(% o) tan ¢

—2(n+m)sin(2a)sin’(% )y
(n+m)?
n—m
Again, the last two terms containing y on the right-hand side above are relatively small in

comparison to first term containing y, thus (1.18) reduces to

4sin® asin’(¥% o) tan® ¢ —4sin®a cos® (% w) tan® (% o) tan® ¢ =
—4(n—m)sina cos®(% w) tan(% w) tan ¢ y

+4(n
n

4

sina cos(2a)sin’ (% o) tan(¥ w)tan g y

J_rz)z sin®a cos(2a)sin’ (¥ o) tan* (% w) tan® ¢ (1.19)

n+m
+4

sina sin(2a)sin®(% o) tan(¥% o) tan ¢



Making some trigonometric substitutions, (1.19) in turn reduces to
0=-4(n—-m)ysinasin(¥ ) cos(¥ ) tan ¢

+4(n+
n_

rr:)2 sin® acos(2a)sin® (¥ o) tan®(% w) tan® ¢

40 M0 asin(2a)sin®(¥% o) tan(¥% o) tan ¢

Now solve this equation for y to get

2
(n+ e sm(2a)tan (B o)+ §n+m; sinacos(2a)tan®(%w)tang..  (1.20)
Lastly, substitute this value for y into (1.17) and simplify to get the desired value of x:

:w(mw}(wm) (n+m)?
m

— — cosatan(¥ w)— ) cos(2a)tan (% w)tan ¢) (1.21)

XII1. In this section Euler determines what state the umbra and Moon have to be in when
the Eclipse is starting and ending. Using z, the distance between the centers of the umbra
and the Moon, he reasons that z is the sum of the radii of the umbra and the Moon when
the Eclipse is beginning and ending. This is because with this condition, the disks are
just touching at the edges. The immersion and emersion would be the moments where z
is the difference of the radii. Euler also notes that the condition sin(% z) > sin asin(¥% o)
is required to obtain a meaningful result. If this condition is not met, then much accuracy
would be lost in the computations due to the relative insignificances of some of the terms
in the formula.

XI1V. Euler previously derivedsin(%UL) = sin asin(% ») where UL is the z value at the
moment of opposition. Euler uses his Astronomical Tables to find the values of a and w,
which are 0%, 8°, 48', 46" and 0°, 5°, 16', 33" respectively. Euler then uses base-10

logarithms to simplify his work. Either using the log tables or computing directly,
UL =48, 29", thus at the moment of opposition z = 48', 29".

XV. Euler provides the values for m and n, the hourly movements of the Sun and the
Moon respectively, to be m = 152" and n = 2277". Euler can now solve for x at the
— (n+m)sin(2a) tan? (% o)
(n-m)?
the optimization of the position versus time formula, and where the error caused by
approximation is negligible. Using the more accurate numbers from the Opera Omnia
gives x = —4', 17", or the moment when the disks’ centers are closest is the time of
opposition + x = August 8, 12", 10", 22" in 1748 true time.

moment of closest proximity since x ~ where this formula is

XVI. In this section the formula
: L (n+m)?cos® atan’ (% w)
sin(%z) =sinasin(¥% w)(l- )
2(n-m)’
is used to find z at x. This formula can also be expressed as

7



sin(¥% z) =sin(%UL) —Z((r]n%nr;);sin asin(¥% w)cos® atan®(% w),

or approximately as

%z:%UL—Z((nn%ng;sin asin(¥% w)cos® atan®(% o). (1.22)
Thus, doubling (1.22) gives
Z=UL—E:J:$;2 sinasin(¥% w)cos® atan’(¥% w) (1.23)

(n+m)?
(n—m)?
gives 4", thus z = 48', 29" — 4" = 48', 25" at the moment when the centers are closest.
This allows the setup of the following ratio:

where UL has already been found. Calculating sin asin( % w) cos® atan® (% )

radius of the Moon : 6 :: z of the greatest obscuration : magnitude of the Eclipse

Euler measured the magnitude of Eclipses using digits, in which 12 digits represent the
diameter of the disk being covered, in this case the Moon. This ratio is solved by:

1004 : 6 :: 839 : 5.014

thus the magnitude of the Eclipse is 5.014 digits, or the Eclipse covers 5.014 / 12 = 0.418
of the diameter of the Moon.

XVII. Euler now wants to find the beginning and ending times for the Eclipse. At
these times he knows that z = 62, 24", or the sum of the radii of the umbra and the Moon.

sinasin(% o : :
Euler must now solve cos¢ = sinasin(’, @) so he can use his formula from section XII.

sin(% z)
All of the variables on the right-hand side are known, so finding ¢ is easy. ¢ =39°, 1’, 8".
Next, Euler calculates x using the formula (1.21):

X = M(Ztan¢_MCosatan(%w) _ (n + m)

n-m n-m (n—m)

and when the leading value is distributed, there are three terms to calculate. Euler finds
their values to be: 1.1104", 0.0713, and 0.0015 respectively.

j cos(2a) tan? (% w) tan @) ,

XVIII. The first and last terms both have tan ¢ in them, and to find the start time,
this value is negative, while finding the end time makes this value positive. Thus:
. x= 1.1104 -0.0713 - 0.0015 = +1.0376
Il. x=-1.1104 - 0.0713 + 0.0015 = -1.1802
To find the starting and ending times, adjust the time of opposition by these values to get:
Time of the opposition, Aug. 8%, 12", 14, 39"

- 1, 10,49
+ 1, 2,16
Beginning of the Eclipse 11, 3, 50



End of the Eclipse 13, 16, 55

XIX. In conclusion, Euler compiles all of the values he has determined about the Eclipse
and is excited that they agree so well with observations:

The beginning 11" 3, 50" observed at 11", 5
The largest obscuration 12, 10, 22
The opposition in orbit 12, 14, 39
The end of the Eclipse 13, 16, 55 observed at 13", 18’
The magnitude of the Eclipse ~ 5.014 digits
and the duration of the Eclipse 2", 13’, 05" observation 2", 13’

Appendix C contains a short Mathematica program that compares Euler’s approximations
with the original equations to see how much error was introduced into the calculations in
these last few sections. In section XV, Euler uses an approximation of x to find the
moment of greatest obscuration. His approximation results in the time = August 8¢, 12",
10’, 22" in 1748 true time. This approximation results in an error of only 1 second. In
section XVI, Euler uses his formula for finding z at x to get z = 48’, 25” at the moment
when the centers are closest. The error here is negligible, about 0.5 sixtieths of an arc-
second. The rest of the paper is devoted to finding the starting and ending times of the
Eclipse. Euler’s calculations here give the start to be llh, 3’ 50", where the exact
equation gives 11, 3, 43, and he gives the end to be 13, 16, 55, where the exact equation
gives 13, 17, 3. Even though this approximation causes greater error than the others, it is
still a good approximation since predicting the start and end of an eclipse only have to be
accurate to the minutes.
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Appendix A
The following is a step-by-step justification of (1.12) in section XI.

We begin with equation (1.10),
4sin®(%z) = (2sina+ (n+m)xcosa)’sin(¥% ) + (N —m)*x* cos* (% )

—(n+m)*x?sin®asin®(¥% o) ’

and substitute formula (1.11) for x into each of the three terms on the right hand side.

The first term can be rewritten as follows:

(2sina+ (n+m)xcosa)’sin®(¥% o)
—(n+m)sin(2a) sin®(% )
(n—m)? cos’ (% @) + (n+m)? cos(2a) sin’(% w)

)2 sin®(% o)

=(2sina+(n+m) cosa)?sin?(% )

(n+m)?sin(2a) cosa sin®(¥% o)
(n—m)? cos® (% w) + (n+m)? cos(2a) sin’(% o)

=(2sina-

2(n+m)?sinacos® a sin®(% o)
(n—m)? cos® (% w) + (n+m)? cos(2a) sin’(% w)

)2 sin? (% o)

=(2sina-

(n+m)?®cos® asin®(% )

=(2sina (1- — > —
(n—m)* cos” (% w) + (n+m)~ cos(2a) sin“(% w)

) sin” (% 0)

(n+m)? cos® asin®(Y% ) )
(n—m)? cos®(% ) + (n+m)? cos(2a) sin*(% w)
Next, create a common denominator and use the Double Angle Formula for cosine to
simplify the last line above as
(2sina+(n+m)xcosa)’sin®(% )
( (n—=m)? cos?(% ) —(n+m)?sin®asin®(4w) ., (1.24)
(n—m)? cos®(% ) + (n+m)? cos(2a) sin’(%w)

The second and third terms in (1.10) can be simplified as follows:

x?((n—m)?cos® (% ) — (n+m)®sin® asin®(¥% o))

=4sin?asin’(% o) (1-

= 4sin® asin®*(% o)

B 4(n+m)®sin® acos® asin® (% w) .
((n—m)? cos®(% @) + (n+m)? cos(2a) sin*(% w))?
((n—m)? cos® (% w) — (n+m)?sin asin®(% o)) (1.25)
B 4(n+m)®sin®acos® asin® (% w) .
(n—m)?cos® (¥ w) — (n+m)?sin® asin®(% o)

(n—m)?cos® (% w) —(n+m)?sin®asin’(%w) .,
(n—m)? cos’ (% w) + (n+m)? cos(2a) sin’(% )
Now sum up all three reduced terms in (1.24) and (1.25), then combine like terms to get
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4sin?(%,2) = 4sin? asin? (% )( (n—m)? cos® (¥ w) - (n+m)*sin®asin®( ) .,
? 277 (n=m)? cos? (% ) + (n+m)? cos(2a) sin’(% o)
( (n+m)?®cos’ asin®(% o)
(n—m)? cos® (4 @) — (n+m)?sin® asin® (Y% w)

Again, create a common denominator for the last factor on the right-hand side above to
get

(n—m)? cos?* (% @) —(n+m)*sin asin®(%w) .,
(n—m)? cos?(% @) + (n+m)? cos(2a) sin(4 )
(n—m)? cos® (% @) — (n+m)?sin® asin®(% w) + (n+m)® cos’ a sin’ (% o)
(n—m)?cos® (% @) — (n+m)?sin® asin® (% w)
Next, use the Double Angle Formula for cosine to simplify the last factor:
4sin?(% 2) = 4sin? asin? (% o)( (n—nl)2 Cc;sz(}/za))—(n+m2)zsin2 asin_Z(Z%a)) 2
(n—m)“ cos“ (¥ w) + (n+m)“ cos(2a) sin“(¥ w)
(n—m)? cos®* (% w) + (n+m)? cos(2a) sin* (% w)
(n—m)? cos® (4 o) — (N+m)*sin® asin®(¥% w)
Notice that this expression is of the form x>y ™", which reduces to xy . Thus,
(n—m)? cos®*(% @) — (N+m)?sin” asin’(¥ o)
(n—m)? cos?(% w) + (n+m)? cos(2a) sin*(%w)
which simplifies to the promised result:
sin(17) = sin asin(%a))\/ (n—m)? cos® (% w) — (n+m)?sin *asin’® (% o)

(n—m)? cos? (% w) + (n+m)? cos(2a) sin’(H%w)

4sin®(¥%z) = 4sin® asin®(¥% o)(

4sin®(Y%z) = 4sin” asin®(¥% w)
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Appendix B

The following is a step-by-step justification of (1.14) in section XI.
(n+m) . ) n+m.,, )
X~a(l+r)=— > sin(2a) tan” (% w)(1-(——)° cos(2a) tan“ (¥, w))
(n—m) n—m

We begin with equation (1.9):
4sin®(%z) = ((n—m)? cos* (% w) + (n +m)?® cos(2a) sin’ (¥ w)) x>
+4(n+m)xsinacosasin’®(¥% ) +4sin’ asin®(% o)
Substituting (1.13) into the first term on the right-hand side of (1.26) gives
((n—m)? cos® (% ) + (n+m)? cos(2a) sin* (% w)) X
n+m,,

(1.26)

=4sin” asin®(¥% o)(1- ( ) cos(2a) tan® (¥ w))? -

(n+m)° oszaM((n m)? cos? (% @) + (n + m)? cos(2a) sin® (% w))

(n—m)* cos’ (4 o)
= 4sin’ asin’® (% a))(l—(n —

)2 cos(2a) tan® (% w))? -
m

n+

m)2 cos® atan®(¥ o) + (n al m)4 cos” acos(2a) tan* (% w))

((

The second term on the right-hand side of (1.26) reduces to
4(n+m)sinacosasin®(¥% w)x
, (n+m)

(n—-m)*

sinacosa tan®(% )(1- ( ) cos(2a) tan® (% w)) -

4(n+m)sinacosasin®(% o)

=4sin® asin®*(¥% w)(1- (n+m

Combining both terms gives

4sin’(% )

— 4sin? asin?(% o)[ (1—(:‘:2)2 cos(2a) tan2 (% a)))z((%)2 cos? atan?(% o)

+ (M)“ cos® acos(2a) tan* (% w))
n—m

To simplify the notation, we denote by
Kk = 4sin® asin®(% o)

We then simplify
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4sin®(%z)
: J_r m)2 cos’ atan® (% w)(o —2)o]+ & 02(—m)4 cos® acos(2a) tan* (% w))

=x[1+(
m m

n+
n-—

=x[1- (%)2 cos® atan®(% o) + (: J_r rr:)e cos® acos®(2a) tan® (% m))]

+x[ (%)4 cos® acos(2a) tan” (% w)) — 2(%)6 cos” acos®(2a) tan® (% )

n+
+(

2)8 cos® acos®(2a) tan® (%)) ]

n+m
* )* cos? acos(2a) tan* (¥ w)
n-m

=4sin*asin®*(% o) [1- (%)2 cos’ atan’ (% w) +(

n+ m)6 cos® acos?(2a) tan® (% @) + ( )% cos® acos®(2a) tan® (4 ) ]

n-m n

—(

n+m
—m

Euler’s Approximation

Euler recognizes the following factorization:

n+m n+m
1—( hl )? cos® atan’ (% w) + % ( hl
n—m n—m

n+m
(1-%( i )? cos® atan’ (% w))?

n—m
He then drops the last two terms from the previous result since they contain higher-order

powers of tan(% w) , thus negligible, to get
4sin®(%2)

=4sin?asin®(¥% o) [1—(

)* cos® atan’ (Y% w) =

n+m n+m
)? cos® atan®(¥% o) +( )* cos® acos(2a) tan” (% w)]
n—m n-m

The last term above is also negligible, and we are led to assume that Euler replaces it by a

different negligible term, namely %, (m)4 cos* atan’(%w) (we see no other way to
n—m

justify for this step):
4sin’(%2)

=4sin? asin? (% o) [1—(

n+m n+m
)? cos® atan® (¥ o) + ¥% (——)* cos* atan* (1 )]
n—-m n-m

n+m
)? cos’ atan®(% w))?

n—m

We thus arrive at our desired relation:

sin(%z) =sinasin(¥% w)(1-

=4sin*asin®(% o) 1- %(

(n+m)? cos® atan® (% w)

2(n —m)? )
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Appendix C

(*» This Mathematica program checks Euler's approximation in E141 x)

a =0.153812;
n =0.0110392;
m= 0. 0007369;

w=0.0920807;

. ) (n-m~"2Cos[w/2]1"2-(n+m~2Sin[a]*2Sin[w/2]"2
eq=4*S|n[a]"2*S|n[W/2]"2[ ]

(n-m~"2Cos[w/2]"2+ (n+m~"2Cos[2+a] Sin[w/2]"2
0. 000198339

) _ (n+m~"2xCos[a]”2xTan[w/2]"2
eqapprox=4*S|n[a]"2*S|n[w/2]"2[1— )"2

2% (nN-m~"2
0.000198338

180
z1l:=+/eq —

7T
z1sign: =Floor [z1/30]

zldegwr :=2z1-2z1sign =30

zldeg : = Fl oor [z1degwr ]

zlnwr ;= (zldegw -zldeg) %60

z1lmn: =Floor [z1mw ]

z1lswr ;= (z1mm -z1lmin) =60

zlsec : = Fl oor [z1lswr ]

z1sswr ;= (z1swr -2zlsec) 60

Print ["EXACT: ", zlsign, " signs ", zldeg, " degrees ", zlmn,

m nutes ", zlsec, " seconds ", zlssw, " sixtieths of a second"]

180

z2 : = 4/ eqgapprox —
T

z2sign: =Floor [z2/30]
z2degwr : =22 -2z2sign=*30
z2deg : = Fl oor [z2degwr ]
z2mmr ;= (z2degw - z2deg) %60
z2mn : = Fl oor [z2mw ]
zZ2swWr = (z2mm -z2min) %= 60
z2sec : = Fl oor [z2swr ]
Z2SSWr ;= (z2swr -1z2sec) »60
Print ["APPROX: ", z2sign, " signs ", z2deg, " degrees ", z2mn,
m nutes ", z2sec, " seconds ", z2ssw, " sixtieths of a second"]

EXACT: O signs O degrees 48 minutes 24 seconds 53.2738 sixtieths of a second

APPROX: 0 signs O degrees 48 m nutes 24 seconds 52.8101 sixtieths of a second
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-(n+m Sin[2xa] Sin[w/2]"2

time =
(nN-mA"2Cos[w/21"2+ (n+m~"2Cos[2%a] Sin[w/2]"2
-(n+m Sin[2xa] Tan[w/2]"2 (n+m~"2Cos[2+xa] Tan[w/2]"2
t approx = 1-
(n-mn"2 (n-m~2
-(n+m Sin[2xa] Tan[w/2]"2
t approx2 =
(n-m~n2
-0. 0711257
-0. 0711252
-0. 0713137

x1:=Abs[tinme]

x1lh: = Fl oor [x1]

x1lmwr ;= (x1 -x1h) %60
x1m: = Fl oor [x1mar ]

xlswr = (X1Imw - x1m) » 60
If[time <0, Print ["EXACT: =", x1h, " hours ", xIm " mnutes ", xlsw, " seconds "],
Print [" EXACT: ", x1h, " hours ", x1Im " mnutes ", xlsw, " seconds "]]

X2 : = Abs [t approx]
x2h : = Fl oor [x2]

X2mwr ;= (X2 - x2h) %60
x2m: = Fl oor [x2mar ]

X2SWr = (X2mwm - x2m) * 60
I f [tapprox <0, Print ["APPROX: -", x2h, " hours ", x2m " mnutes ", x2sw, " seconds "],
Print [" APPROX: ", x2h, " hours ", x2m " mnutes ", x2swr, " seconds "]]

x3 : = Abs [t approx2]
x3h : = Fl oor [x3]

x3mwr ;= (x3 -x3h) %60
x3m: = Fl oor [Xx3mar ]

X3swr = (X3mw - x3m) x 60
| f [tapprox2 <0, Print ["APPROX2: -", x3h, " hours ", x3m " ninutes ", x3sw, " seconds "],
Print ["APPROX2: ", x3h, " hours ", x3m " minutes ", x3sw, " seconds "]]

EXACT: -0 hours 4 minutes 16.0526 seconds

APPROX: -0 hours 4 minutes 16.0508 seconds

APPROX2: -0 hours 4 minutes 16.7294 seconds

A:=(n-m~"2Cos[w/2]1"2+ (n+m~"2Cos[2+a] Sin[w/2]"2
B:=2(n+m Sin[2xa] Sin[w/2]"2
F:=-4Sin[a]*"2Sin[w/2]1"2Tan[e]"2
-B-VB*"2-4xAxF
2%xA
startNl:=start /. a-0.153812

startN2:=startNl /. n-0.0110392
startN3:=startN2 /. m- 0. 0007369

start : =
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startN4 : =startN3 /. w- 0.0920807
startNS:=startN4 /. ¢ - 0.6810081

stapprox : =
Sin[a] Tan[w/ 2] 2 (n+m (n+m~"2
-2Tan[¢] - ——— Cos[a] Tan[w/2] + —————— Cos[2+a] Tan[w/2]"2 Tan[e¢]
(n-m (n-m (n-mn"2

saNl : = stapprox /. a- 0. 153812
saN2 : =saNl /. n-»0.0110392
saN3 : =saN2 /. m- 0. 0007369
saN4 : =saN3 /. w- 0.0920807
saN5: =saN4 /. ¢ » 0.6810081

-B+VB"2-4xAxF

2% A
endNl :=end /. a - 0.153812

end: =

endN2 : =endN1 /. n - 0.0110392
endN3 : = endN2 /. m- 0. 0007369
endN4 : = endN3 /. w- 0. 0920807

endN5 : = endN4 /. ¢ - 0. 6810081

endapprox : =

Sin[a] Tan[w/ 2] 2 (n+m) (Nn+m~"2
2Tan[¢] - —— Cos[a] Tan[w/2] - ———— Cos[2xa] Tan[w/2]"2 Tan[¢]
(n-m (n-m (n-mn2

eaNl : = endapprox /. a-»0.153812
eaN2 : =eaNl /. n-»0.0110392
eaN3 : =eaN2 /. m- 0. 0007369
eaNd : =eaN3 /. w- 0. 0920807
eaN5: =eaN4 /. ¢ »0.6810081

st :=-startN5
sth: = Fl oor [st]
stmwr ;= (st -sth) *60
stm: = Fl oor [st mwr ]

stswr = (stmw -stm) 60

Print ["START EXACT: -", sth, " hours ",

stm " minutes ", stsw, " seconds before opposition"]
sta:=-saN5

stah: = Fl oor [sta]
stamwr : = (sta-stah) x»60
stam: = Fl oor [st amwr ]

staswr : = (stamw -stam) x60
Print ["START APPROX: -", stah, " hours ",
stam " mnutes ", stasw, " seconds before opposition"]

doneh : = Fl oor [endN5]
donemw : = (endN5 - doneh) %60
donem: = Fl oor [donemr ]
doneswr : = (donemm - donem) %60
Print ["END EXACT: +", doneh, " hours ",
donem " mnutes ", donesw, " seconds after opposition"]
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dah : = Fl oor [eaN5]
damwr : = (eaN5 - dah) %60
dam: = Fl oor [damar ]

daswr : = (damwm - dam) =60
Print ["END APPROX: +", dah, " hours ",
dam " minutes ", dasw, " seconds after opposition"]

START EXACT: -1 hours 10 m nutes 56.4262 seconds before opposition
START APPROX: -1 hours 10 m nutes 48.8896 seconds before opposition
END EXACT: +1 hours 2 mnutes 24.3211 seconds after opposition

END APPROX: +1 hours 2 minutes 15.4308 seconds after opposition



