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Abstract
In this paper, the effects of the
successive application of a generalized
bilinear transformation and of the
inverse hilinear transformation to a
starting analog low-pass filter and an all-
pass filter have been studied.

I ntroduction

The generalized bilinear trans-
formation
z+a,
ey (1)
has been considered in [1] and some of
its properties have been studied. Among
these, the conditions by which should be
satisfied by k, & and by in order that the
discrete transfer function resulting from
the application of this transformation to
a stable analog transfer function, is
aways stable, have been obtained.
Specifically, for k > 0. they are

s=k

|20l £ 1, (29)
| bo| £ 1, (2b)
and abg <0 (20)

For the resulting discrete transfer
function so obtained, one can now apply
the familiar inverse transformation

1+S

=< 3

so that a new anaog filter transfer

function is obtained. (The capital letter

S is used to distinguish it from that of

(D) only). By this process, one gets a

different type of filter whose frequency

response is modified as compared to that

of the starting filter. Some cases are
discussed below:

M odification of Transfer functions

Any transfer function can be
written as a product of severa functions,
each being of order one or two.
Therefore, one can study the effects of
these transformations on such lower
order blocks. The overal modified
transfer function is the product of these
modified lower order blocks.

(@) First-order transfer function

We shall first study the starting first-
order analog transfer function given by
d,s+d

H@=—"2 (@
1" "0




with ¢; > 0 and ¢y > 0O, because of
stability considerations. Application of
transformation given by (1) resultsin

z(dlk + do) + (dlkao +d0b0)
z(clk + co) + (clkao + ClbO)
©®)
When (5) is subjected to transformation
(3), one gets
lek(l-ao) + do(l' bo)] +
[d.k(1+ a,) +d, (1+ b))
H, (9 =2 0 6
(S .S (6)
where Dy (S) =
de,k(1-3,) + ¢ (1- by)] +
[eik(1+a0) +co(1+ by)]
Particular cases can now be considered.
Case (i) : Let dp =0 and dy = &, giving
in (4), an al-pole filter with response at
zero frequency being unity. We get
C,(1-by)[+[c,(1+b,)
Hﬂ(s)zio 0] [O O] (7)
D.(9
Case(ii): Letd; =- cpand dy = ¢ giving
in (4) an al-pass function. We get
g cik(L-ag) + ¢, (1- by)] +
-c,k(1 1
H. (9=l ok a) +eArb)] o
D..(S)
It is noted that (8) is not an al-pass
transfer function in general.

Hp®@ =

(6b)

(b) Second-order transfer function

A general second-order analog
transfer function is given by

dzs+ dls+d

cs+cs+c0 ®
27 1" "0

with ¢ > 0, ¢ > 0 and @ > 0 because of
stability considerations.  When trans-
formation (1) is applied to (9), we get
the modified transfer function as

H2(s)=

2 2
z (d2k + dlk + do) +

2a0 + kaod1 + kb0 d1 +

2.2
ZbOdO) +(k aod2 + kaobod1 +

2(2 2d

2
_9%Po)
H d2 @)= D ., (@2
d2
(10a)

where Dgp(2) =

2 2 2
z (c2k + Clk + co) +z(2k Coag +

2.2
kaoc1 + kb0 ¢ +2 bOcO) +(k ayCs +
2
kaoboc1 + cobo)
(10b)
For Hg(2), we can apply the general bi-
linear transformation given in (2). The

resulting transfer function is given by

N (S
H,(S)=—"%— 11
S b..(9 (11a)
where N»(S) =
S KPd(1-a0)? +kd1(1-a0) (1-hp)+ do(1-
bo)?} + S{k?cy(1-aF)+kdy(1-abo) +
do(1-bo?)} + {K°c(L+20)”
+kdy(1+ap)(1+00)+do(1+be?)} (11b)
and Dax(S) =
S KPcy(1-ag)* +key(1-a0) (1-hy)+ co(1-
bo)?} + S[k°C(1-a")+ka (1-abo) +
Co(1-bp?)} +{k*co(1+ap)’
+kcy(1+ap) (1+00) +Co(1+00?)} (110
As before, we can examine some
particular cases.
Caxfi) Let d =0, dh =0and &h = @,
giving in (9) an al-pole filter with unity
response at zero frequency. We obtain

H (9=t S D Sb Ty
D (S)§(1+b,)? b

(12)
Case(ii) i Let b =, d=-ccand h =
Co, giving in (9) an all-pass transfer
function. Weobtain



N b2 (S)

Ho (9= D_(9

(139)

where Np(S) =

S*{k?cy(1-agf -kai(1-ap)(1-bo)+ (1
bo)’} + S{k’G(1-a%)-key(1-aoko) +
Co(1-ho?)} + {kcx(1+a0)” -
kea(L+a0)(L+bo)+ao(L+be2)} (13b)

It is noted that (13a) is not an all-pass
function in general.

Numerical Examples

In each of the following
examples, three cases are considered and
they are: (@) h = 1, k =1 and @ = -
1(givenby _ curves), (b) =1,k =

1and & =0.25 (given by ....... curves)
and (c) b =1, k=1 and a = -025
(givenby __ curves)

Example 1 [2}: We consider a fourth-
order dl-pole Butterworth filter. Fig.1
shows the curves of the frequency
responses for the three cases.
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Fig.1

Example 2[2] : We consider a fourth-
order all-pass transfer function, whose
denominator corresponds to the fourth
order Butterworth polynomia. Fig.2
shows the corresponding curves of the
frequency responses (magnitude and
phase) responses for the three cases.

Example 3[2] : We consider a fourth-
order al-pole Chebyshev filter having a
ripple width of 1.25 dB in the pass band.

The corresponding anaog transfer
function is given by
0.2164
Hu(s) =
(8 = S 087585 ® + 138355 2

+0.6645s + 0.2499
Fig.3 shows the corresponding
frequency responses (magnitude and
phase).

W Rad/S

Fig.3.

Example 4 [2]: We consider a fourth-
order al-pass transfer function, whose
denominator  corregponds to  the
denominator of the Chebyshev filter
considered in Example 3. Fig.4 shows
the corresponding frequency responses
(magnitude and phase).



W Rad/S.

Fig.4.

Summary and Discussions

In this paper, a study has been
made to investigate the effects of
applying a combination of a generalized
bilinear transformation coupled with the
inverse bilinear transformation. In all
the cases considered, the value of & has
been varied, while by is chosen to be
unity in order to preserve the low-pass
nature of the starting filter. The value of
k is chosen to be unity. By varying the
value of k, the bandwidth of the pass-
band is changed. These values ensure
the stability of the overal system. It has
been found that under these conditions,
the resulting magnitude esponses tend
to become flat, while the bandwidth
varies depending upon the value of a. It
has also been found that the stop-band
characteristics depend on the starting
filter.

In particular, in the Butterworth
low-pass filter case, the monotonic
resporse is maintained. Also, in the
Butterworth all-pass case, a notch or null
is found to appear. When a Chebyshev
lowpass filter is considered, the ripples
tend to move towards the stop-band and
the response is not equiripple in al the
cases. When the Chebyshev all-pass

case is considered, here also a notch or a
null is found to appear.

This shows that interesting
modifications of different types of filters
can be obtained, which could lead to
desirable forms of responses.
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