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Bandwidth  Efficient Transmultiplexers, Part 1 : 
Synthesis 

Ravi p. Rarnachandran, Member,  IEEE, and  Peter  Kabal, Member, IEEE 

Abstract-This paper develops a set of conditions which allow 
bandwidth efficient transmultiplexers to be synthesized. The 
synthesis procedure is based upon a generalized impulse re- 
sponse for the combining (modulating) and separation (demo- 
dulating) filters. In particular, the combining and separation 
filters are bandpass versions of one of two low-pass prototypes 
and are configured to cancel crosstalk by exploiting relation- 
ships between the center frequencies, delays, and phases in their 
impulse response. Based on the derived conditions, five dif- 
ferent transmultiplexers are synthesized. Three of them imple- 
ment multicarrier quadrature amplitude modulation (QAM). 
The other two accomplish multicarrier vestigial sideband mod- 
ulation (VSB). Intersymbol interference is eliminated by ap- 
propriately designing the prototypes. The two band case is 
treated as a special case. For this  case, the extra flexibility in 
choosing the center frequencies leads to the synthesis of  addi- 
tional transmultiplexers. 

M 
I.  INTRODUCTION 

ULTIRATE filter banks  have been  used in the re- 
alization of subband  systems  and  transmultiplexers 

[ 11-[3]. TWO  band  systems  have  been realized through the 
use of quadrature  mirror filter QMF banks [4]-[7]. For an 
arbitrary  number  of bands,  modulated filter banks [8]-[ 113 
use frequency shifted  versions of  a prototype filter. Also, 
the use  of  a  matrix formalism [2], [3] and lossless struc- 
tures [ 121 develop  filter  banks  for  an  arbitrary  number of 
bands. 

A multi-input, multi-output transmultiplexer  structure 
as shown  in Fig. 1 is  well  suited for  simultaneous  trans- 
mission  of  many data  signals  across a single  channel. In 
particular, it finds  application in the  design of  multican-ier 
modems.  At  the  transmitter,  implicit  modulation  occurs 
in the  interpolation  step  since  the  spectrum of the input 
signal  is  replicated  with period 2a/N. An implicit  set of 
carrier  frequencies at integer multiples of 2 n / N  results. 
The combining bank allocates different  portions of the 
channel  bandwidth  to  the  various  input  signals by select- 
ing a  set  of N center  frequencies  for the purposes of  trans- 
mission.  The  outputs of the  combining filters are multi- 
plexed into  one  composite  signal. At the  receiver, the 
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Fig. I .  A transmultiplexer  system. 

composite  signal is  passed through a  parallel structure of 
separation filters whose  outputs  are individually deci- 
mated to yield the resultant output signals.' The  demodu- 
lation stage  ensures  that  the resulting output  signals  de- 
pend  only on  their  corresponding  inputs.  This  eliminates 
the influence  of other inputs (crosstalk).  Note  that  the  de- 
cimation and interpolation are performed  synchronously 
at the  same  rate  and in phase with each  other. 

In  transmultiplexers,  bandwidth efficiency  is achieved 
by configuring the  combining filters  such that  spectral 
overlap  is  present.  This  introduces  crosstalk in transmul- 
tiplexers,  that  is, a particular  output  is influenced by many 
inputs. The  separation filters are  designed  to  cancel  the 
crosstalk  and  hence, allow for  the  reconstruction of the 
inputs.  Perfect  reconstruction is achieved if the  output 
signals  are a  scaled and  delayed version  of the  inputs. 

In  this  paper, five  different transmultiplexers  are  syn- 
thesized  based on a  set  of combining  and  separation filters 
that are  formed  from frequency shifted  versions of  a  low- 
pass prototype  (modulated filter banks).  The  impulse re- 
sponses of the filters  allow for  the  three  free parameters- 
the  center  frequency,  phase  shift,  and  delay. Relation- 
ships  among  these  parameters  are  derived such that  cross- 
talk  is canceled  and  an identical  input-output transfer 
function  between each pair of terminals is maintained.  The 
transmultiplexers  are  synthesized based on these relation- 
ships. 

Section I1 introduces  the input-output description  of 
transmultiplexers.  The  assumptions  made  for  the present 
problem and the objectives of the  synthesis  procedure  are 
outlined in  Section 111. The  synthesis  procedure is de- 
scribed  in Sections  IV-VI. Based on the formulated  rules, 
five different transmultiplexers  are configured in Section 
VII.  Section VI11 provides  an  interpretation of each of the 
systems  from a communications point of view.  The  two 
band case is considered in Section  IX. 
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11. TRANSMULTIPLEXERS:  INPUT-OUTPUT  DESCRIPTIONS 
The input-output descriptions of transmultiplexers  are 

examined in the  context of critical  sampling in which the 
sampling  rate change N is equal  to  the  number of fre- 
quency bands.  An N band transmultiplexer as  depicted in 
Fig. 1 generates input-output  relations  given by 

1 
N k = ~  / = 0  

N- I 

XI(Z) = - c X k ( Z )  c Ak(Z'lNW-/)Bi(zI'h.'W-/) 

f o r O s i s N - 1  ( 1 )  

or  equivalently, 

1 N - l  
N- I 

N k = O  l = O  
Xi(Z") = - c X,(zN)  c Ak(ZW-/)Bi(zW-/) 

O S i S N - 1  ( 2 )  

where W = e - J (Zn!N)  . Ea ch output signal Xi(z") is related 
to each input signal X k ( z N )  via a transfer  function 
( l / N ) T k , ( z " )  where T k l ( z N )  = CY:; Ak(zW-')Bi(zW-'). 
When  k # i, Tk,(z") is  called  a crosstalk  function and 
represents the  contribution of the  undesired input X k ( z N )  
to the output $(z") .  Crosstalk is eliminated when  each 
output signal $ ( z )  only  depends on  its corresponding in- 
put Xi(z) and is not  influenced by other input signals. In 
this case, T k i ( z N )  = 0 f o r k  # i. Furthermore, if each of 
the input-output transfer  functions T , i ( z N )  = T(z"), the 
output  signals  are  given by Xi(z) = (1/N) T ( z ) X i ( z ) .  In- 
tersymbol  interference  is  present if the  samples  at  the out- 
put depend  on  past  and  future input samples.  Intersymbol 
interference is eliminated if and only if T(z) is of the form 
C Z - ~ .  Then,  perfect reconstruction  is achieved in that  the 
output  samples  are a scaled and delayed  version of the 
input samples. 

111. FILTER SPECIFICATION AND BASIC  ASSUMPTIONS 
The investigation  concentrates  on  modulated filter 

banks in  a transmultiplexer.  The main purpose is to find 
alternative configurations  of modulated filter banks  to 
those already  described in  the literature.  This  goal is 
achieved  through  the  formulation of  a synthesis  proce- 
dure.  The  synthesis  procedure  allows  for a systematic  de- 
velopment in finding modulated filter banks.  First,  note 
that  all the filters are  modulated and delayed  versions of 
one  band-limited  low-pass  prototype h(n). A filter H(z)  is 
a  band-limited low-pass  prototype if H(ej") is exactly 
equal to  zero in the  stopband region w, 5 w 5 a. The 
filter banks  consist of  a set of bandpass filters  that serve 
to  allocate different  portions  of the  channel bandwidth to 
the  different inputs.  The  impulse responses  of the  com- 
bining  filters Ak(z)  and  the  separation filters Bk(z)  are pa- 
rameterized by a center  frequency (q), phase  factor (cyk 
or P k )  and  delay (nk or p k ) .  Their  impulse responses are 
given by 

q ( n )  = h(n - f l k )  cos [w& - nk)  + Cukl (3) 

and 

bk (n) = h(n + P k )  cos [Wk (n + Pk) + P k l  (4) 

respectively.  In  the z-transform domain, Ak(z )  and B,(z) 
are  given by 

(z) = f z [ P A  H(e -jwi z) + e - j u i  H(elWL z)] ( 5 )  

and 

Bk(z )  = $zP'[e.iPiH(e-JWkz) + e-'OiH(ej"''z)]. (6) 

The filter characterization provides an  extra  free  parame- 
ter,  namely, a delay  factor in describing the impulse re- 
sponses of the  bandpass filters as  compared  to  existing 
systems  that  only  allow for a center frequency and  phase 
factor. 

We  further  assume  that the center  frequencies wk are 
equally spaced  and  lie between 0 and T (inclusive). In 
addition, two  types of systems  are  considered. In one  type, 
all the  center  frequencies  are  distinct.  In  the  other  case, 
center  frequencies  are repeated  (with the  exception of 0 
and a) in that  the  same  frequency is used for  two  bands. 
The idea  of  permitting center  frequencies  to  repeat  allows 
for  two  signals  to  be  sent  at  the  same frequency as com- 
pared to existing schemes in  which all the  center  frequen- 
cies  are  distinct. 

The  synthesis  procedure  involves  the  following  steps. 
1) The  bandwidth of the  low-pass  prototype  is  deter- 

mined  such that 1) spectral  overlap  occurs  only between 
filters  centered  at adjacent  center  frequencies  and at  the 
same  center  frequency,  and 2) the  set  of bandpass filters 
fill up  the  entire  frequency range (0 to a). 

2 )  Relationships  among  the  three  free  parameters (cen- 
ter  frequencies,  phase  factors,  and  delays)  are derived 
such that the  resulting transmultiplexers  have  the  follow- 
ing properties. 

a)  The input-output transfer  function is  the same  for 
every pair of corresponding  terminals. 

b) The  crosstalk  components in the  output  data sig- 
nal that  arise  from  other  data  signals  due  to  the  sharing  of 
bandwidth are  eliminated. 

In step 1, we  determine  the  stopband  edge w, (thereby 
determining  the  bandwidth of the  band-limited  low-pass 
prototype) for the purposes of restricting spectral  overlap 
and  allowing for full  bandwidth  utilization.  Step 2 con- 
sists of two parts  each devoted to  forming relationships 
among  the  center  frequencies,  phase factors and  delays. 
First,  the  transfer  function between each  pair of corre- 
sponding terminals is made  to  be  the  same.  In step 2b), 
the crosstalk  components  due  to  spectral  overlap  are  can- 
celed.  The crosstalk between  signals  that  do not share any 
bandwidth is zero for  band-limited filters. 

IV. BANDWIDTH  CONSTRAINTS 
The first step in the synthesis  procedure is to  impose a 

bandwidth constraint on the low-pass prototype.  Consider 
the  type of system in which all  the  center  frequencies  are 
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distinct.  The  bandwidth of h(n) (stopband  response  is ex- 
actly  zero) is selected such  that  spectral overlap  exists only 
between  filters centered  at  adjacent  center  frequencies.  In 
addition,  the  entire  range 0 to a is utilized.  Given h(n),  
there  are N bandpass  filter  responses  centered at  different 
frequencies  and  having  the  same  bandwidth,  The mini- 
mum bandwidth of the N bandpass filters  such  that their 
frequency  responses  are mutually exclusive  (no  spectral 
overlap),  an equal bandwidth  is  allocated  to  each  input 
and  the  full  frequency  range 0 to a is covered is a / N .  
Moreover,  the  center  frequencies  are odd  multiples  of 
a / 2 N .  This  translates  to a minimum  bandwidth of a / 2 N  
for h(n). Spectral  overlap is  restricted to  bandpass filters 
centered  at  adjacent  frequencies by allowing  the  low-pass 
prototype  to  have a bandwidth of no  more  than 100% in 
excess of its  minimum  bandwidth.  The  stopband of h(n) 
extends  from w, to a where a / 2 N  5 w, c a / N .  

Now,  consider  the  type of system in which the  center 
frequencies  repeat.  Two  signals  are  transmitted  at every 
repeating center frequency (0 and r excluded).  The  min- 
imum bandwidth of the  bandpass filters  which allows  for 
filters centered  at different frequencies  to  have mutually 
exclusive  frequency  responses  is 2 a / N .  This  translates  to 
a minimum  bandwidth of ? r / N  for h(n). Moreover,  there 
are  two  possible  sets of center  frequencies.  In  one  set,  two 
of the  center  frequencies  are 0 and 7 ~ .  and  the  other  re- 
peating frequencies  are  integer multiples  of 2 r / N .  An- 
other possibility  is to  have  all  the  frequencies repeat and 
be odd  multiples  of a / N . '  The idea  is to  allow  for  spec- 
tral overlap  only  between filters centered at the  same fre- 
quency  and  at  adjacent  frequencies.  For both sets of cen- 
ter  frequencies,  this is possible if the  low-pass  prototype 
h(n)  is  band  limited  to  no  more  than 100% over  the min- 
imum  bandwidth.  The  stopband of h(n) extends  from 0, 

to a where n / N  5 os I 2 a / N .  
The  bandwidth  constraint is  different for repeated and 

distinct  center  frequencies.  Given  the  above  constraints 
on w,, the  development of the  synthesis  procedure  evolves 
by assuming that the  low-pass  prototype h(n) has  a  stop- 
band response  that is exactly  zero  (band-limited proto- 
type).  The  general  frequency  characteristic of the  low- 
pass  prototype with  a tapered  transition  band  is  shown in 
Fig. 2 for  the  two  types of systems. 

We  have  established  three  sets of equally spaced center 
frequencies.  For  the  case of repeated  center  frequencies, 
the  two  sets  are 

S e t 1 : 0 , -  - - -, 2a 2 a  4a 4a 2 a  2a 
N ' N ' N '  N ' = - N ' = - T =  

and 

one of  the center  frequencies is 0 or T with the remaining  center  frequencies 
'We have  implicitly considered  the  case when N is  even. When N is  odd, 

repeating.  The  spacing between adjacent frequencies  is 2a/N. The mini- 
mum bandwidth of  the  filters is the same as  for N even. 

- 
.V 

- 

(b) 

totype.  (a) the case when all center  frequencies  are  distinct.  (b) The case 
Fig. 2 .  General frequency characteristics of a  band-limited low-pass pro- 

of repeated center  frequencies. 

.v 

Both sets 1 and 2 ensure  complete  bandwidth utilization 
(frequency range 0 to a is covered)  given a low-pass pro- 
totype with a stopband  edge  frequency w, > a / N .  Also, 
spectral  overlap is restricted  to filters centered at the  same 
frequency  and  at  adjacent  center  frequencies if w, 5 
2 a / N .  Note  that  for  sets 1 and 2 ,  it is assumed  that N is 
even.  Later, we will see that this is necessary for realizing 
integral  delay factors. 

The  set of N distinct  equally  spaced  center  frequencies 
is given by 

a 3a 5a la  set 3: - - - - . . . 
2N'  2N'  2N'  2N' 

, a - -  
a 

2N'  
The  center  frequencies of set 3 are  the  same  as  those in 
[9]. Complete  bandwidth utilization  is achieved given a 
low-pass prototype with  a stopband  edge w, 2 a/2N. 
Also,  spectral  overlap is restricted  to  bandpass filters cen- 
tered  at adjacent  frequencies if w, c a / N .  

V .  INPUT-OUTPUT  TRANSFER  FUNCTION 
The next step is to  make  the input-output transfer  func- 

tion the  same  for every pair of corresponding  terminals. 
The kth input-output  terminal pair  has a transfer  function 
given by 

N- 1 

T W , ( Z N )  = ,x A, ( zW- ' )B , ( zW- ' )  
I = o  

N -  I 
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Tkk(z') independent of k .  To this end, it is assumed that 
nk - Pk = s for every k .  The  expression  for  the input- 
output  transfer  function  consists of three  terms.  Note that 
the last term in (7) will be  zero  for  center  frequencies 
sufficiently away  from 0 and K (the  spectra in the H(.) 
terms  do not overlap).  Specifically,  this will be true for 
wb 5 wk 5 T - ab where wb is  the  maximum  allowable 
value of w, (n/N for  distinct  center  frequencies  and 2 r / N  
for repeated center  frequencies,  see  Fig. 2 ) .  For  the  center 
frequencies  near 0 or K, choosing f f k  - Pk to  be an  odd 
multiple  of a/2 will suffice to set the last term  to  zero. 
We now formulate  two  sets of conditions  for  identical in- 
put-output transfer  functions. 

A .  Difference  Criterion 
For  the difference criterion,  the difference  between  any 

two  center  frequencies is constrained to  be  an  integer mul- 
tiple of 2 n / N .  We first note  that  the  frequency response 
of T k k ( z N )  is periodic  in 2 n / N .  Equation (7) remains  un- 
changed if, in  its first two  terms, w k  is replaced by w (  = 
wk + 2 m a / N  (where m is an integer)  and nk - Pk = s is 
an integer multiple  of N (recall  that the last term is zero 
from  the  preceding  discussion).  Then,  the  same  transfer 
functions  at terminals k and 1 are  achieved by adhering to 
the following set  of rules. 

1) If a particular wk .does  not  satisfy the  inequality wb 

5 wk 5 a - a b ,  then ak - pk must be  an  odd  multiple 
of a / 2 .  The  same  restriction holds for  terminal 1 .  

2 )  The  phases  are such  that q + Pk = a/ + PI. 
3) The delay  factors are such that nk - Pk = n1 - p, .  

Moreover, both nk - p k  and nl - p l  are  integer multiples 
of N .  

The  above rules generate a reduced  form of Tkk(z'") = 
T,, ( z N )  as  given by 

N -  I 

Tkk(ZN) = i Z - ( n k - p k J  [eXp [ j ( c U k  f Pk)]H2(e-'"'zW-') 
I = o  

+ exp [-j(ak + P ~ ) ] H * ( ~ J ~ ' Z W - ' ) I .  (8) 

B. Sum Criterion 
l t  can be  shown  that if we  constrain  the  sum of the  cen- 

ter  frequencies wk + wI = 2 m a / N  (where m is an inte- 
ger),  another set  of  rules for which T k k ( z N )  = T, , (zN) 
emerges as follows. 

1) If  a particular wk does not satisfy  the inequality wb 
I W k  I K - W b ,  then (Yk - P k  must  be  an  odd multiple 
of ~ / 2 .  The  same restriction  holds for  terminal 1. 

2 )  The  phases  are  such  that ffk + wk = - (aI + &). 
3) The  delay  factors  are  such  that nk - p k  = nl - p , .  

Moreover, both nk - P k  and n1 - p I  are  integer multiples 
of N .  

This  generates a  reduced form for the input-output 
transfer  function  as  above. 

C .  Center  Frequencies 
The  center  frequencies of sets 1 and 2 satisfy both  the 

difference and  sum  criteria.  In  fact,  the  conditions  for  the 

two criteria are  equivalent  for the frequencies of sets 1 
and 2 .  Any two  center  frequencies of set 3 satisfy either 
the difference or the  sum  criterion. At this stage,  we  con- I 

strain cxk + ok to  be  an  integer multiple  of T for  sets 1-3. 
Appendix A elaborates  on  this  aspect  and  justifies  this 
choice.  For  the  end  center  frequencies  (those that do not 
satisfy the inequality w b  5 wk I T - w b ) ,  the  phase  dif- 
ference ( Y k  - P k  is constrained  to  be an  odd multiple of 
n / 2 .  Combining this  with  the constraint  on c x k  + P k  gives 
the condition that  the phases ak and Pk are of the fo ,m (2r  
+ 1)  a/4, where r is an  integer,  for  the  end  frequencies. 
The  end  frequencies  are 0 and T for set 1, T/N and K - 
n / N  for set 2, and T / ~ N  and a - a /2N for set 3. 

VI. ANALYSIS OF CROSSTALK 
This  section  analyzes  the  crosstalk  functions  for  signals 

sent  at adjacent  center  frequencies  and  for  signals  sent at 
the same  center  frequency.  We will adhere  to  the restric- 
tions generated in Section V for the  input-output transfer 
function  and  formulate  additional  conditions for canceling 
crosstalk.  To  start,  we  express  the  general  crosstalk  func- 
tion for  signals  transmitted at two  center  frequencies wk 
and wI as 

N =  1 

T , , ( z N )  = 'go A , ( z W - ' ) B / ( z W - ' )  

,A-  1 

= 72 -(nk-Pl) Wi("k.-Pi)[exp [ j ( a k  + P I ) ]  
i = O  

. H ( ~ - J " ' ~ w - ; ) H ( ~ - J " ~ ~ w - ~ )  

+ exp [-j(a, + ~ ~ ) ~ H ( ~ J " ' ; z w - ' ) H ( ~ J " ' z w - ' )  

+ exp b(ac - P , ) I H ( ~ - ' " ' ~ W - ' ) H ( ~ ~ " ' ~ W - ' )  

+ exp [-j(ak - P ~ ) ~ H ( ~ ~ ~ ~ Z W - ' )  

. ~ ( e - j " ' z ~ - ' ) ] .  (9) 

The crosstalk  function Tk,(z") represents  the  contribu- 
tion  of the input xk ( z N )  (transmitted at w k )  to  the output 
.$(zN). In the  sequel,  the  four  terms of  which T k I ( z N )  is 
comprised of are referred to  as crosstalk  terms. 

A .  Crosstalk:  Different  Center  Frequencies of Sets 1 
and 2 

Consider  the  case of center  frequencies  belonging  to 
sets 1 and 2 .  These  frequencies  are  integer multiples of 
K / N .  For now, it  is assumed that the different  positive 
frequencies wk and wI are in the  closed  interval [ 2 a  / N ,  K 
- 2 a / N ] .  Two  adjacent  center  frequencies wk and ut are 
related by w, - wk = 2 m ~ / N  where m = f 1. Given  two 
adjacent frequencies, the last  two  crosstalk  terms of (9) 
are  zero  due  to the  band limitedness of H(z) .  By substi- 
tuting wl - wk = 2 m ~  / N  (m = f 1) in  the first two  terms 
of (9) ,  noting  that eJWk = Wp wherep is an  integer multiple 
of 1 /2  and  performing  algebraic  manipulation  to  give 
identical crossterms in H( .), we  get a  simplified expres- 
sion  for the crosstalk  function  as 



74 IEEE TRANSACTIONS ON SIGNAL PROCESSING. VOL. 40. NO. 1, JANUARY 1992 

N -  I 

T&N) = - ('lk - P i )  2 [[w(m - 2 ~ )  Ink - P I )  

i = O  

* exp + PI ) ]  + exp [ - j ( q  + & I 1  
. Wi(nk-pl)H(zW-i ' P ) H ( z W - ' - m + p ) ] .  (10) 

From (101, we  develop a general rule relating the 
phases,  delays, m and p as  given by (discussion  in Ap- 
pendix B) 

ak + = 
[(m - 2 P F  - PI) + ;]. ( 1 1 )  

Since m = f 1 ,  we  have  considered  crosstalk  due  to spec- 
tral overlap  between  signals  transmitted at  any two  adja- 
cent center  frequencies in the closed interval [2a/N, a - 
2n/N]. Then, (1 1) becomes 

1) Set I :  In set 1 ,  p is an  even multiple  of  1 /2  (center 
frequencies  are  even  multiples of a / N ) .  Two  solutions  to 
(12) are  given  below. 

a )  Solution one: 1) The  delays  are such that nk - p I  
is an  integer  multiple of N. 2) The  phases  are  such  that ak 
+ Bc is  an odd multiple  of a / 2 .  

b) Solution two: 1) The  delays  are  such  that mk - 
p I  is  an odd  multiple of N/2.  2) The  phases  are  such that 
cq + is  an  integer  multiple of a. 

The only remaining  crosstalk  due  to  spectral  overlap 
occurs  between  the  center  frequencies Wk = 0 and wi = 
27r/N. Retaining  the restriction on q. and  for  the  end 
center  frequencies,  two  ways of eliminating  crosstalk  are 
as follows. 

1) The  delays  are such  that nk - p 1  and nl - p k  are 
integer  multiples of N. The  phases cyk and flk are  either 
+ a / 4  or k3a/4 .  The  phases CY/ and P i  are odd  multiples 

2) The  delays  are  such  that nk - p 1  and nl - Pk are odd 
multiples  of N/2.  The  phases ak and Pk are  either *n/4  
or *3a/4.  The  phases cyl and P I  are  integer multiples 
of a. 

The  same  techniques result in canceling  crosstalk  be- 
tween signals  sent  at  the  other  center  frequencies of x - 
2 a / N  and a. 

The  preceding  analysis  generates  two  solutions.  Two 
different solutions  are  needed  since  two  signals  are  sent 
with  the  same  center  frequency. 

2) Set 2: For  set  2, p is an  odd multiple  of  1 /2 (center 
frequencies  are odd multiples of a / N ) .  A solution  to (12) 
is given  below. 

a )  Solution: 1) The  delays  are such that nk - pi is 
an integer  multiple of N/2.  2) The  phases  are  such  that 
(Yk + PI is  an odd multiple  of a/2. 

For  the  end  center  frequency wk = a / N ,  spectral  over- 
lap  occurs with wl = 37r/N. By substituting  these  fre- 
quencies in (91, it is  found  that  the  elimination of cross- 
talk is feasible if both of the conditions  below  are satisfied. 

1) The  delays  are  such that nk - p /  and nl - pp are 
integer  multiples  of N/2.  

of n/2.  

2) The  phases  are  such  that ( q ,  P i )  and (&, a/) are 
(a/4,  R / 4  * la),  ( - a / 4 ,   - a / 4  * Za), (3a/4,   3a/4 
f la) or ( -3a/4 ,  -37r/4 * [a). 

The  same  conditions result for  canceling  the  crosstalk 
between  signals  sent at  a center  frequency of a - 3a/N 
and  the  other  end  frequency a - T/N. 

Although  the  preceding analysis  generates  only  one so- 
lution,  there  are in fact  two  embedded  solutions  that  arise 
by making the delay factor  an  odd or even multiple of 
N/2. 

B. Crosstalk:  Repeated  Center  Frequencies 
Here,  we  examine  the crosstalk  function associated with 

two signals  transmitted with the  same  center  frequency. 
We return to  the original expression  for  the  crosstalk 
function  as in (9) and  let W/ be  equal  to  to  get 

N- I 

Tk/(z' - g z  ni - I - ( f ln-pi )  W l ( n x - P / )  

i = O  

[exp [ j ( q  + P / ) ] ~ ~ ( e - j ~ ' z ~ - ' )  

+ exp [-j(ak + P / ) I H ' ( ~ ~ " Z W - ' )  

+ 2 cos (ak - ~ ~ ) ~ ( e j ~ ~ z ~ - ' ) ~ ( e - J ~ ' z z ~ - ' ) l .  

(13) 

In this  specific case,  the  crosstalk  function Tk/(zN) is com- 
prised  of three  crosstalk  terms.  For 2 a / N  I wk I a - 
2n/N, the third crosstalk  term  in  the  above  equation is 
zero  due  to  the band limitedness of H(z ) .  The  crosstalk 
function is  reduced to 

N -  I 
~ ~ ~ ( ~ h ' )  = i Z - ( n ~ - m )  W i ( n r - p r )  

I = 0  

* [exp [ j (ak + & ) ] ~ ' ( e - j " ~ z ~ - ' )  

+ exp [ - j ( q  + p1) ]H2(eJy ' zW- ' ) ] .  (14) 

We  have many degrees of freedom  with which to  force a 
zero crosstalk  function.  To maintain  compatibility with 
the  solutions  formulated  earlier,  we restrict the  differ- 
ences in the  delays  to  be  integer  multiples of N/2 and  the 
sum  of the  phases  to  be  integer multiples  of */2. Other- 
wise,  we would admit  the possibility  of deriving  condi- 
tions  which  when united  with  the  solutions in  Section V 
and VI-A  become  contradictory in that no combination  of 
the parameters would  satisfy the  entire  set.  Given  the  de- 
lays  and  phases  as  above,  the  analysis  procedure  investi- 
gates the question  of  which center  frequencies  can  be uti- 
lized for  transmitting  more  than  one  signal.  The  details 
are laid out in Appendix  C.  Given  the  derivations in  Ap- 
pendix C, we  have  the  following restrictions on  the  center 
frequencies. 

1 )  If nk - p i  is an  integer multiple of N and a k  + PI is 
an  odd  multiple of a / 2 ,  the  center  frequency  must  be  an 
integer multiple  of a / N .  

2) If nk - pi is  an odd  integer of N/2 and ak + & is 

~ 
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an  integer multiple  of a, the  center  frequency must be an 
odd  multiple  of a / N .  

3 )  If nk - pf is an  odd  multiple of N / 2  and cyk, + Pf is 
an  odd multiple of a / 2 ,  the  center  frequency must be an 
even  multiple of a / N .  

The crosstalk  cannot  be  made  zero if nk - p I  is an  in- 
teger  multiple of N and ap + @, is an integer multiple 
of a. 

It was initially established that the repeated center fre- 
quencies  are  integer  multiples of a / N .  Here,  we  have an 
additional  result that fixes these  frequencies. It has been 
shown  that  with appropriate  limitations  on  the  delays and 
phases,  the repeated center  frequencies  must  be  integer 
multiples  of a / N  to ensure  zero  crosstalk. 

The  preceding  analysis is  specifically devoted  to  the 
center  frequencies is the closed  interval [ 2 n / N ,  a - 
2 a / N ] .  The  remaining  case is to  consider  the  end  center 
frequency a / N  in set 2 .  Two  signals can be transmitted 
at this frequency  without crosstalk subject to both  of  the 
following conditions. 1) The  delays  are  such  that nk - p ,  
is  an odd multiple  of N / 2 .   2 )  The  phases  are such that 

or ( - 3 s / 4 ,   3 a / 4 ) .  

of a - s / N  in set 2 .  

(Qk, @ I )  = ( a / 4 ,  -a/4), ( - a / 4 3  a/4), (3a/4, -3a/4) 

The  same  conditions hold for  the  other  end frequency 

C. Distinct  Center  Frequencies of Set 3 
Now,  we  consider  the  distinct  center  frequencies of set 

3. Crosstalk  due  to  spectral  overlap  occurs  only  between 
two  signals  transmitted at adjacent  center  frequencies. In 
set 3 ,  let  two  adjacent  center  frequencies  be given by wk 
= ( 2 r  + 1) a / 2 N  and wI = ( 2 r  + 3) a / 2 N  for r = 0 ,  1, 

invoking  the  band-limitedness  assumptions  for H(z )  and 
performing algebraic  manipulation  gives a relationship 
similar  to (12) as 

. . .  , N - 2 .  By substituting  these  frequencies in (9),  

ao(n) = h(n) cos - 
4 
a 

a,@) = h n - - cos - n ( 3 : 
a2(n)  = h(n) sin - n 

2 a  
N 
4 a  
N 

a,(n) = h(n) cos - n 

q ( n )  = h n - - sin - n ( :) : 
Note  that  the  same  relationship holds  between ai + @k and 
nl - Pk. Two  solutions  to (15) lead  to  two different trans- 
multiplexers. 

1 )  Solution One: 1) The  delays  are such that nk - pi 
and n, - Pk are  integer multiples  of N .  2) The  phases  are 
such that c?dk + and cy1 + @ k  are  odd  multiples of n / 2 .  

2) Solution Two: 1) The  delays  are  such  that nk - pi 
and ni - p k  are  odd multiples of N / 2 .   2 )  If r is odd, aL 
+ Pl and CY) + Ok are odd  multiples  of a / 2 .  If r is even, 
c?dk + P I  and CY/ + Pk are  integer multiples  of a. 

VII. SYNTHESIZED TRANSMULTIPLEXERS 

Given  the  above  guidelines,  we  establish values for the 
free  parameters  and  synthesize five different transmulti- 
plexers.  The first three  use repeated center  frequencies 
(set 1 or 2 ) .  The  other  two  use  the  distinct  frequencies of 
set 3 .  In  four of the five systems, it is  necessary to imple- 
ment delays which are odd  multiples  of N / 2 .  For  these 
cases,  the  parameter N is constrained  to  be  even.  Note 
that  Appendix D gives general  expressions  for ak(n) and 
bk ( n ) .  

A .  System TI 
In the first system  T1,  we  use  center  frequencies in  set 

1. The  combining  and  separation filters corresponding  to 
the  end frequencies wo = 0 are  associated with parameters 
no = po  = 0 and cyo = -Po = a / 4 .  The next center 
frequency, w1 = w2 = 2 a / N  is used to  transmit  two  sig- 
nals.  Crosstalk is eliminated  between  these  two  signals 
and with the  signal sent at  zero  frequency by setting n l  = 
p1 = N / 2 ,  a1 = -PI  = a, nZ = p 2  = 0, and a2 = - p 2  
= - n / 2 .  Now,  we proceed to  the frequency w3 = w4 = 
4 a / N .  To  cancel  crosstalk  between  signals sent at 2 a / N  
and 4 a / N ,  we set n3 = p 3  = O5 a3 = -a3 = 0,  n4 = p4 
= N / 2  and cy4 = -p4 = 3 a / 2 .  These  parameters  elim- 
inate  crosstalk  between the  two  signals sent  at 4 a / N  due 
to the  compatibility in the  rules  formed  for  canceling 
crosstalk  due to spectral  overlap  between  adjacent and re- 
peated frequencies.  We  continue this procedure in  a se- 
quential fashion  for  each  center  frequency.  This  estab- 
lishes the  combining  and  separation filters of T1 as 
follows: 

bo@) = h(n) cos - 
4 
A 

b l (n )  = h n + - cos - n ( ;) ; 
b2(n) = -h(n) sin - n 

2n 
N 

b,(n) = h(n) cos - n 
4n 
N 

b,(n) = -h n + - sin - n. ( :) : 
It is  noted that  for  T1,  the delay elements of N / 2  alternate 
between the  cosine and sine  carriers  and that  the separa- 
tion  filters associated with the  sine  carriers  have a  minus 
sign  associated with h(n).  It is also  observed that  a  delay 
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element N / 2  is associated with  a center frequency  of H 
only if N = 2 ,  6 ,  10, . . * . The input-output transfer 
function for any pair of corresponding  terminals  is 

1 N - l  
T ( z N )  = - c H Z ( z w - l )  

2 i = O  

N 
2 

+ ~ ( 0 )  + v(N)z -'' + v ( 2 N ) z  -2N + . . . ] 
= - [ *  * + v ( - 2 N ) z Z N  + v ( - N ) z "  

(17) 
where v(n) is  the inverse z transform of H * ( z ) .  

B. System T 2  
In  the  second  system T2, we  use  center  frequencies in 

set 2 .  The  combining  and  separation filters for the first 
signal  sent  with the end center  frequency n / N  have pa- 
rameters no = po = 0, a. = -Po = a / 4 ,  n l  = p !  = 
N / 2 ,  and cy1 = -PI = a /4 .   For  a  frequency  of 3 x / N ,  
crosstalk  due to spectral  overlap with a / N  is canceled by 
setting nz = p 2  = 0 ,  a2 = -& = -n/4,  n3 = p 3  = 
N / 2 ,  and u3 = --& = 7n/4.   We observe  that these pa- 
rameters ensure no crosstalk between  the signals  sent  at 
3 a / N .  For  the next frequency 5 n / N ,  crosstalk due  to 
spectral overlap with 3 n / N  is canceled by invoking  the 
solution derived in Section VI-A. Again,  these  parameters 
eliminate  crosstalk  arising  from  frequency repetition due 
to  the  compatibility of the  derived  conditions.  This pro- 
cess  continues in  a sequential  fashion.  This  establishes 
the  combining  and  separation filters  of T 2  as  follows: 

a*@) = h(n) cos ($ n - ;) 

a&) = h(n) cos - n 
4 

a , @ )  = g n - - cos - I 1  ( 3 ; 
a2(n) = g(n) sin - n 

2 n  
N 

a3(n) = h(n) cos - n 
4a 
N 

The delay element of N / 2  alternates between the  cosine 
carriers  having  a  resultant phase of a/4 and - a/4. When 
no  delay element is present,  the resultant phase of the co- 
sine  carriers  alternates  between a/4 and -a/4. For  the 
last  center  frequency n - a / N ,  the delay  at the trans- 
mitter  is associated  with a  resultant phase of a/4 only if 
N = 4, 8, 12, * . Otherwise, it  is associated with a 
resultant phase of - a /4 .  The input-output transfer  func- 
tion for any  pair  of corresponding  terminals is 

. N-1 

C. System T3 
A third transmultiplexer is synthesized by relaxing the 

assumption of  using  only  a single  low-pass  prototype. 
System T 3  uses  two  low-pass  prototypes h(n) and g(n) 
which are  each band limited to no less  than n / N  and no 
more  than 2 a / N .  Each of the  combining  and  separation 
filters are modulated and  delayed  versions of one of the 
low-pass prototypes  just  as in ( 3 )  and  (4). 

Suppose TI is modified to  include  two  prototypes by 
alternating  the positions of h(n) and g(n) between  the 
combining and separation filters for  each  center fre- 
quency.  This  leads  to a new transmultiplexer T3 de- 

scribed as  follows: 
P 

b,(n) = g(n) cos - 
4 

bz(n) = -h(n)  sin - n 
2n 
N 

b3(n) = g(n) cos - n 
4n 
N 
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a4(n) = h n - - sin - n ( 3 : 
The  crosstalk  between  two  signals sent  at adjacent  fre- 
quencies is eliminated  as in T1.  Moreover, it can  be shown 
that  the crosstalk between two  signals  transmitted  at  the 
same  center frequency w k  where 2 n / N  I w k  5 a - 2 n / N  
is  eliminated by the  same  approaches  as  derived in  Sec- 
tion  VI-B even  when  two  prototypes  are  used.  Therefore; 
system  T3 is crosstalk-free.  The input-output transfer 
function  for any pair of corresponding  terminals is 

1 N - l  T ( zN)  = - c H(zw- ' )G(zw- ' )  
2 i = o  

N 
= 2['" + w(-2N)zZN + w ( - N ) z N  + ~ ( 0 )  

+ w ( N ) ~ - ~  + ~ ( 2 N ) z - * ~  + . * 1 .  (21) 

where w(n) is the  inverse z transform of H(z)  G(z). 
Consider modifying T2 to  include  two  prototypes. 

Again,  we  alterate  the  positions of h(n) and g(n) between 
the  combining and  separation filters for  each  center  fre- 
quency.  In this case,  the  crosstalk  between  two  signals 
sent  at an  end  center  frequency ( n / N  or (N - 1) n / N )  is 
not canceled with two  prototypes.  Therefore, T 2  cannot 
be modified to include  two  prototypes. 

Note  that  there  are  other ways  of modifying  the  trans- 
multiplexers to  allow  for  two  prototypes.  However, any 
other  arrangement  leads  to a crosstalk  function Tkl(z.') for 
two  signals sent at  adjacent  frequencies  to  be  expressed 
in terms of H(z)  and G(z) .  Then,  the  crosstalk  terms in 
T k , ( z N )  that  involve  spectral  overlap  cannot  be  canceled. 
To  conclude,  we  observe  that only T 1  can be modified to 
allow for  two  prototypes.  Moreover,  the modification 
must be performed  in the  unique way described  above. 

D. System T4 
The  center  frequencies of set 3 are used to  synthesize 

system T4. A low-pass  prototype with a maximum band- 
width of a / N  is used.  One of the  solutions  formulated in 
Section VI-C in invoked  to  establish  the  parameters, All 
the  delay factors nk and p k  equal  zero.  The  phases  are set 
such that ( q ,  &) = ( - ~ / 4 ' ,   ~ / 4 )   f o r k  = 0 , 2 ,  * * and 
( q ,  P k )  = (n /4 ,  -n/4) f o r k  = 1, 3, * * * . The filter 
bank  description of T4 is as  follows: 

a&) = h(n) cos ( 2  - 3) 
q(n) = h(n) cos - n + - (:; 1) 
u*(n) = h(n) cos (g n - 3) 

b4(n) = -g n + - sin - n ( 3 : 

The input-output transfer  function  for  any  pair of corre- 
sponding  terminals is 

N = - [ .  . . 
2 + ~ ( - 4 N ) z ~ ~  - ~ ( - 2 N ) z "  + ~ ( 0 )  

- v ( ~ N ) z - ~ ~  + ~ ( 4 N ) z - ~ ~  - * * * 1 .  (23) 

Note that the  transfer  function  is  in  fact a function of z Z N .  
In  fact, system T4 is the  same as the  transmultiplexer 
formed as the  complement of the  subband  system in [9] 
except  for  the  phase  factors.  The  complement of the  sys- 
tem in [9] has  phase  factors  which satisfy the  same  solu- 
tion  in Section  VI-C  that  was invoked  in forming  T4  and 
which  are  either  the  same as  those in T4 or differ from 
those in T4 by an  integer multiple  of T .  

Just as T1  was modified to  get  T3,  we  attempt  to  mod- 
ify T4 by alternating  the positions  of two  prototypes (both 
band limited  to no more than n / N )  for  each  center  fre- 
quency.  With  this  arrangement,  the  crosstalk  between  two 
signals sent at  adjacent  center  frequencies is canceled as 
in T4.  However, it  can be shown  that  the input-output 
transfer  function will not  be  the  same  for all pairs  of ter- 
minals. 

E. System T5 
In system  T5,  we again use  the  center  frequencies of 

set 3 and band limit the  prototype  to no more than a/N. 
Another  solution  formulated in  Section VI-C is  used to 
configure T5. For the  end  center frequency T / ~ N ,  the 
parameters  are no = po = 0 and a0 = -Po = - a / 4 .  
When  establishing the combining and separation  filters for 
the frequency 3 a / 2 N ,  crosstalk  due  to  spectral  overlap 
with a / 2 N  is canceled by setting n ,  = p 1  = N / 2  and c y ,  
= -PI = 3n/4 .  This  process  continues in  a sequential 

b,(n) = h(n) cos - n + - (;N 1) 
b1 (n) = h(n) cos (g n - 3) 
b,(n) = h(n) cos - n + - . (;; 1) 
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fashion  such  that  the filter bank of T5 is described by 

a,(n)  = h n - - cos - n ( ;) 2 
a*(n) = h(n) cos - n + - ( z  t )  

System  T5 is a new alternative  to  T4. A delay  element of 
N/2 is present for every other  center  frequency.  In  ad- 
dition,  the  modulating  function  alternates  between a co- 
sine  and a sine  for  the  cases in which  a  delay element is 
present.  When  no  delay  element is present,  the resultant 
phase of the  cosine  carrier  alternates  between -n/4 and 
n/4.  The input-output transfer  function  for T5 is the  same 
as that for  T4  and  is given by (23). 

As  in T4, we attempt  to modify T5  to  accommodate 
two prototypes.  In  general,  the  transfer  function is  not the 
same  between every pair of corresponding  terminals. 
However,  an  exception  occurs  for  the  case N = 2 (see 
Section 1x1. 

F. Modijcation of the Parameters 
Note that the configured transmultiplexers  are not 

unique in that the  delay  factors  and  phases  can  be  changed 
and still satisfy  the  derived conditions.  For  the  cases when 
the delay  element is 0, alternative  delay  factors which are 
an  integer multiple of  N could  be  used.  Similarly, delay 
factors  of N / 2  can be replaced by any  odd multiple of 
N/2.  Any  set of phase  factors (ak, P k )  can  be replaced by 
(ak + m a ,  Pt - mn)  where m is an  integer.  Also, note 
that the transmultiplexers  T1  though  T5  were  developed 
by starting with  phase  factors ~ / 4  and - a / 4  for  the  low- 
est  end  frequency.  However, any  odd  multiple  of n / 4  
could be  used as the  starting  point.  In this case,  the filters 
in T1  and  T3  are  either  the  same as or  negatives of those 
presented above. In systems  T2,  T4,  and  T5,  the  phase 
factors used  in all  the filters  would  still  remain to  be odd 
multiples of n/4. The  cosine  and  sine  carriers at the  odd- 
indexed terminals of T5  could  become  sine and cosine 
carriers  respectively.  To  conclude,  note  that any changes 
in  the parameters  render  only a  trivial  modification of the 
systems. 

G. Elimination of Intersymbol  Interference 
The five preceding  transmultiplexers  have been synthe- 

sized to  eliminate  crosstalk.  The input-output  transfer 
function T(z") still admits intersymbol interference.  In- 
tersymbol interference is eliminated in T1 and T2 if HZ ( z )  
satisfies  the  Nyquist criterion in  which  every  Nth  sample 

b2(n)  = h(n) cos ($ n - i) 

of its impulse response (except  for a reference  sample) is 
equal to  zero.  In  T3,  the  product H(z)  G(z) must  satisfy 
the  Nyquist criterion.  Intersymbol  interference is  elimi- 
nated in  T4 and T5 if H Z  (I) satisfies  the  Nyquist criterion 
in which  every 2Nth sample of its impulse response  (ex- 
cept for a reference  sample)  is  equal to zero. 

For T1,  T2,  and  T3,  the  prototypes H(z )  and G(z) must 
be  band  limited  to no less  than n / N  for  the  Nyquist cri- 
terion to  be  satisfied.  Similarly,  for  T4  and  T5, H(z )  must 
be  band  limited to no less  than n / 2 N  for  the  Nyquist cri- 
terion to  be  satisfied.  The  minimum  bandwidth of the pro- 
totypes that is  required to  get a Nyquist  characteristic  cor- 
responds to  the  minimum  bandwidth  found in Section  IV. 
Perfect reconstruction is achieved if the  prototypes  are 
band  limited (up  to 100% above  the  minimum  bandwidth) 
and  the Nyquist criterion is satisfied. 

VIII.  MULTICARRIER  QAM AND VSB SYSTEMS 
An  interpretation of what exactly  each  system  imple- 

ments  is made  clear by examining  the  input  signal  spec- 
trum  and  the filter responses  as  shown in Fig. 3.  As  shown 
in Fig.  3(a),  modulation is  implicitly accomplished by the 
interpolation step in the  copies of the  input  signal spec- 
trum  appear  at  intervals of 2a/N.   The three  systems  T1, 
T2,  and  T3  accomplish  multicarrier  quadrature  amplitude 
modulation (QAM) in the  form of  a digital  multirate filter 
structure  as in Fig.  1.  For  each  unique'center  frequency 
(except 0 and T ) ,  two  signals  are  sent in quadrature.  Sys- 
tems  T1  and  T3 explicitly accomplish  QAM in that a  par- 
ticular  combining filter extracts  one of the replicated  cop- 
ies of the input spectrum  around  carrier  frequencies at 
integer multiples of 2 a / N  (see  Fig.  3).  The  same is  not 
true of T2 in  that the  combining filters, whose  center  fre- 
quencies  are odd  multiples of T I N ,  extract a  portion of 
two adjacent copies  of the input spectrum.  System  T2 can 
be  converted  to a true  QAM  scheme  as  follows. Suppose 
each of the signals  is multiplied by ( -  1)" prior  to  inter- 
polation.  Then,  the  input  spectrum  shifts  in  such a way 
that after  interpolation,  the  replicated  copies  are centered 
at  implicit carriers  equal to odd multiples of x / N  (shown 
in Fig.  3(b)).  Now,  each of the  combining filters  will ex- 
tract  a  replicated  copy  centered  at an odd  multiple of T/N.  
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(e) 
Fig. 3. Input signal  spectrum and responses of the  filters used in  systems 
T1 to T5 (shown for N even).  (a) Input signal  spectrum  after  interpolation. 
(b) Spectrum of input signal multiplied by (-l)", after  interpolation. ( c )  
Filter  responses for systems T1 and T3. (d)  Filter  responses for system T2. 
(e) Filters  responses for systems T4 and T5. 

The  original  signals  can  be  recovered by multiplying  each 
of the  outputs by ( -  1)". 

Multicarrier  quadrature  amplitude  modulation  systems 
have  been realized in  continuous  time [ 131 and  in  discrete 
time [14]. Also, a data  modem  based  on  the  QAM  tech- 
nique  is described  in [15]. The  system in [14] uses  one 
low-pass  prototype  and a set of equally  spaced  frequen- 
cies  for  transmission.  Also,  it is oversampled  as  opposed 
to  the  critically  sampled  systems  that  we  consider. In an 
oversampled  system,  the interpolation/decimation factor 
is greater  than  the  number of frequency  bands.  This  gives 
additional  freedom in choosing  the repeated center  fre- 
quencies but does  not  generally  result in the utilization  of 
the  entire  range 0 to a. In every band,  the  low-pass  pro- 
totype  extracts  the copy  of the  input  spectrum  around  the 
0 frequency.  Each of the filtered outputs is  then explicitly 
modulated by multiplication  with a sinusoid  at  the  corre- 
sponding carrier  frequency.  Two  signals  are  sent in quad- 
rature at  each  carrier  frequency  through  modulation by a 
cosine and  sine  carrier.  Our  system T1 is related  to  the 
system proposed in [14]. The  system  in [14] can  be  con- 
verted  to  our  system  T1 with the  restriction  that the carrier 
frequencies  are  integer  multiples of 2 a / N .  

In contrast,  system  T4  and  system  T5  do  not implement 

QAM.  Systems T4 and  T5  can  be  thought of as  being 
multicarrier  vestigial  sideband (VSB) schemes.  Given  an 
implicit set  of  carriers  at  integer multiples  of 2 a / N ,  there 
are  both  lower  and  upper  sidebands  at  these  carrier  fre- 
quencies. A combining filter extracts  either  an  upper or 
lower  sideband of  a particular copy  of the  input  spectrum 
and a vestige of  a suppressed  sideband  for  transmission. 
Multiplication of the  input  signal by (- 1)" prior  to  sam- 
pling rate  expansion results  in an  implicit set  of carriers 
at  odd multiples  of a / N .  Again,  one  upper or lower  side- 
band  and a vestige of a suppressed  sideband  is  extracted 
for  transmission.  In  contrast  to  conventional  frequency  di- 
vision multiplexing  (FDM)  schemes  which  avoid  spectral 
overlap by using  guard  bands,  the VSB systems allow 
overlap  between  the  transmitted  sidebands of different  in- 
put signals. 

Another  multirate  system  described  in [8] is  not  a reg- 
ular  structure in that  the  center  frequencies  are not equally 
spaced  and  two  prototypes of  different bandwidths  are 
used to  derive  the filter bank.  For  the  transmultiplexer 
form of  the system in [8], VSB  is  used for  all  carriers 
other  than 0 and .x. 

A synthesis  procedure  that  establishes a set of analog 
transmitter  filters for the simultaneous transmission of data 
is developed  in [ 161. Transmultiplexer  T4 is  a digital 
counterpart to the  system configured  in [ 161. 

IX. THE Two  BAND CASE 
This  section  examines  two band systems  as a separate 

case. Although two  band  versions of transmultiplexers T1 
to T5  exist,  we  anticipate  that a synthesis  procedure de- 
voted only  to  the N = 2 caie will lead  to  more flexible 
conditions  than  the N band  case  and  consequently, lead to 
many transmultiplexers.  As  before,  the  combining filters 
Ak(z )  have  parameters wk, hk, and ak fork = 0 and 1 .  The 
separation filters Bk(z) have  parameters W k ,  pk, and P k  for 
k = 0 and 1 .  We  do  not  impose  any  bandwidth restriction 
on  the  low-pass  prototypes in formulating a synthesis pro- 
cedure  for  crosstalk-free  transmultiplexers with two  iden- 
tical  input-output transfer  functions. 

For  systems  based  on  one  prototype filter and with two 
distinct  center  frequencies,  the  following  conditions must 
hold. 

1) The  two  center  frequencies must  satisfy the relation 
0 0  + w *  = a. 

2 )  The  delays  are  chosen  such  that: 
i) The  relationship no - p o  = nl - p 1  must  be sat- 

ii)  Both no - p1 and n l  - p o  are  odd. 

i) If wo # 0 and w1 # a, then cyo + 00 = - (a1 + 
P I ) .  If wo = 0 and wI = T ,  then cyo + 00 = &(a1 + 01). 

ii) The  relationship a. - Po = *(aI - P I )  must 
hold. 

iii) If wo # 0 and w1 # a, both a0 + PI and c y 1  + 
Bo are  integer  multiples of a. 

For the  case in which both  center  frequencies  are  the 
same, we have  the  same  restrictions  on  the  delays  as  given 

isfied. Moreover,  both no - po  and nl - p1 are  even. 

3) The  phases  are  chosen such that; 
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TABLE I 
SYNTHESIZED Two BAPD SYSTEMS 

Center 
System Frequencies 

Combining 
Filters 

Separation 
Filters 

A 0 aa(n) = h ( n )  b,(n) = g ( n )  
x nl(nj = (-1j"gln - 1) b , ( n )  = ( - l Y h ( n  + I )  

n/2 a o ( n )  = h(n)  cos ( i n  + :) b,(n) = g ( n )  cos (4 n - 
B 

T I 2  a, ( n )  = g(n - I )  cos (: n - :) b ,  ( n )  = h(n + 1) cus 

n/4  a,(nj = h(n)  cos (" n - :) 
C 

3n j4  a ,  (n)  = g(n  - I )  cos 

n / 3  a,(n) = h(nj cos ('n + :) b,(n) = g(n) cos (: n - 5) 
D 

2 ~ / 3  a , h )  = g(n - l j cos  

above.  It  can  be  shown  that  the  only  possible  center  fre- 
quency  that  can  be  repeated is n / 2 .  The restrictions on 
the phases  are  as  above  except  that 3i) becomes a0 + Po 
= f(a1 + 0,). 

Now,  consider  the  case  when  two  prototypes H(z )  and 
G(z) are  used.  The filters A0 (z) and BI ( z )  are frequency 
shifted versions of H(z) .  Similarly, A l  ( z )  and Bo(z)  are 
frequency  shifted  versions  of G(z). The  conditions  for  the 
cancellation of crosstalk  remain  the  same  as  above.  The 
input-output transfer  function is examined  to establish  any 
further  requirements.  For  distinct  center  frequencies ex- 
cept 0 and T ,  the  rules  are  the  same  as  for  the  single pro- 
totype  case  except  that  3ii)  changes  to a. - Po = al - 
P I .  If wo = 0 and o1 = T ,  the rules are  the  same  as  the 
single prototype  case.  For this case  in which the  center 
frequencies  are  the  same,  the  rules  are again the  same as 
the single  prototype  case. 

As anticipated,  the  above  rules  permit  the  synthesis of 
many two  band  transmultiplexers.  There is no bandwidth 
restriction on  the  prototypes  for  the  two  band  case.  This 
allows  for  more  freedom  in  choosing  the  center  frequen- 
cies  for  the 2 band case  as  compared  to  the N band  case 
and yet ensures  complete  bandwidth  utilization.  Table I 
shows  some  two band systems  that  are  synthesized  from 
the  formulated  rules. 

The  systems  depicted in Table I involve  two proto- 
types.  One  prototype  versions  occur  as a special  case. 
System A is  a two  band  version of T3  (the  two band  ver- 
sion  of T1 is  the special  case).  When WE) = H(z ) ,  system 
B is  a two band version of T2. Although many two band 
systems  can  be  developed, they cannot necessarily be  ex- 
tended to  the N band  case  for  our  objectives. An N band 
version of  system B cannot be configured since the cross- 
talk  function  for  two  signals  sent  at  adjacent  center fre- 
quencies will involve  two  prototypes  and  cannot  be  made 
equal  to  zero. If G(z) = H ( z ) ,  an N band version of  system 
C results if the  bandwidth  of the prototype  is  reduced  to 

T / N  (system  T5).  However, an N band  system  with  two 
prototypes cannot be formed  even  with  the  reduced  band- 
width since  the input-output transfer  function is not the 
same  for every  pair  of terminals.  System D is synthesized 
by taking advantage of the flexibility  in choosing  the  cen- 
ter  frequencies specifically for  the  two  band  case.  The 
general synthesis  procedure in  this paper  does  not  lead to 
an N band  version  of system D even if G(z) = H(z) .  

X. SUMMARY AND CONCLUSIONS 
This  paper  develops a synthesis  procedure  for  trans- 

multiplexers  that use modulated filter banks.  The  combin- 
ing  and separation filters are  bandpass  versions of a low- 
pass prototype.  The  impulse  responses of the filters are 
described by the  impulse  response of the  low-pass  proto- 
type, a center  frequency,  delay,  and  phase  factor.  The 
objectives of the  synthesis  procedure  are  to allow for 
complete  bandwidth utilization by allowing  spectral  over- 
lap  among  the  filters,  achieve  an  identical input-output 
transfer  function  between every corresponding  pair of ter- 
minals  and  eliminate  crosstalk.  As a result, five different 
transmultiplexers  are  configured.  Three  accomplish QAM 
and  the  other  two  implement VSB. Intersymbol interfer- 
ence  can  be eliminated by appropriately  designing the low- 
pass  prototype. 

Each of the  transmultiplexers  implements a form of fre- 
quency  division  multiplexing (FDM) without the  use of 
guard bands.  Consider  the  case in which  each  input signal 
to the  transmultiplexer  is  sampled  atfo  Hz.  Then,  the total 
information  rate is fs = Nfo samples/second  where f, is 
the  sampling  rate of the  composite  signal  which  occupies 
a bandwidth of f , / 2  Hz.  The  bandwidth efficiency of each 
of  the systems is the  ratio  of  the  information  rate (f, sam- 
ples/second)  to  the total  bandwidth (f,/2Hz)  and is equal 
to 2 samples/s/Hz.  The synthesized  transmultiplexers are 
bandwidth efficient in that  the  full  information in each in- 
put is  transmitted and the inputs  are  recovered. 
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The  two  band  case  is dealt with  separately. Many trans- 
multiplexers  can  be  synthesized  due  to  the flexibility  in 
choosing  the  center  frequencies. 

APPENDIX  A 
PHASE  FACTORS IN RELATION TO THE SYNTHESIS 

PROCEDURE 
Given  the  sum  and difference criteria  and  the  three  sets 

of center  frequencies,  the  sum of the  phase factors a, + 
/i?k was  constrained  to  be  an  integer  multiple of a for every 
terminal k .  Here,  we  justify this choice  based on a cross- 
talk  analysis  and  design  constraints.  Consider  the  center 
frequencies in  set 1 which lead  to  system  T1.  For  cross- 
talk  cancellation between two  signals sent  at w k  = 0 and 
oi = 2a/N, the  condition  that af and 0, be  odd multiples 
of a / 2  emerges if nk - p ,  and ni - pk are  integer  multi- 
ples  of N. Then, c y I  + /3/ is an  integer multiple of x .  Con- 
sidering either  the  sum  or difference criterion reveals  that 
the sum of the  phase  factors should be  an  integer  multiple 
of a for  each  terminal. 

Consider the frequencies  of set 2 which leads  to system 
T2.  In  particular,  we  examine  the  crosstalk  function re- 
lating  two  signals  transmitted  at w k  = o/ = a / N  (an end 
frequency). If the difference in  the delay factors nk - p ,  
is  an odd  multiple of N/2, ak + P I  should be  an  integer 
multiple of a and cyk - should be  an  odd multiple  of 
a / 2  for  canceling  the  crosstalk.  Combining  these  restric- 
tions  with  those  for  either  the sum or difference criterion 
and noting the  conditions  on  the  phase  factors  for  the  end 
frequencies  leads us to  constrain  the  sum of the  phase  fac- 
tors Uk + /i?, and 01, + 0, to  be  an  integer multiple of a. 
This restriction on  the  sum of the  phase  factors will then 
hold for  every  terminal. . 

In  the  case of the  frequencies of  set 3, the  arbitrary 
nature  of the sum of the  phase  factors  allows us to syn- 
thesize  systems  other  than  T4  and  T5.  The  phase  factors 
ak and /i?k of these  systems will be different from  those in 
T4 and T5. Also, the input-output transfer  functions of 
these systems will  differ from  that of T4  and  T5 in that 
they will be a function of z N  as opposed to z Z M  as in T4 
and  T5  (see  (23)).  Then,  the  condition  for  cancelling  in- 
tersymbol  interference is that  H2(z)  should  be a Nyquist 
filter with an impulse  response having zero crossings  every 
Nth sample  (except  for a reference  sample).  This requires 
a minimum  bandwidth of T/N (see  Section  VII-G) which 
corresponds  to  the  maximum  bandwidth  allowed  for  the 
low-pass  prototype  H(z).  Hence,  there is  a  conflict in the 
bandwidth  constraints. By restricting cyk + Bk to be an 
integer multiple of a for every terminal,  the input-output 
transfer  function  is a function of zZ5. Then,  the  minimum 
bandwidth  that is required to satisfy the  Nyquist  criterion 
corresponds  to  the  minimum  bandwidth  found in Section 
IV . 

APPENDIX B 
DERIVATION OF (1 1) 

The  crosstalk function  specified by (10) is 

= - exp ( j  $ ls) 

This  implies  that 

e 

APPENDIX c 
EXAMINATION OF (14) 

For notational convenience,  let a = exp [ j ( q  + p i ) ]  

and a* is its complex  conjugate.  The first step in analyz- 
ing  (14)  is to  substitute o k  = (2a/N)q + Aw to  get 

,Y- I 
4zh-p / )~kl (zh ' )  = a W ' ( n ' ; - P f ) H Z ( e - j ~ w z W - i L q )  

I = o  
A- 1 

+ a* ~ l ( " k - p r ) ~ 2 ( ~ j l w ~ ~ - i - q  ) .  
I = o  

(C. 1) 

Note that q is  an  integer  and 0 I Aw < 2a/N.  The  lim- 
itations on Aw are  determined in order  to fix the  frequen- 
cies at  which two  signals  can  be  transmitted without 
crosstalk.  Letting .dAw = Wp where - 1 < p 5 0. Then 

4z("k-P'iTk,(ZN) 
A'- 1 

= a  Wl(nk-Pi)H2(zW-iL9-P) 
i = O  

A'- 1 
+ a* W i h  -PI) W-Zq(nk - p / i H 2  (zW-' + '? + P )  

i = O  

(C.2) 

It is desired  to  have  the  two  terms in the  above  equation 
cancel each  other. 

Consider  the  case when nk - pf is an  integer multiple 
of N and a = - a * .  Then, the exponential  indices of W 
in the  arguments  of H2 (. ) of the  two  terms must  differ by 
an integer  to  make  the  crosstalk  zero.  Therefore, p is fixed 
at either 0 or - (1 /2) thereby forcing  the  center  frequen- 
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cies to be  integer  multiples of n / N .  Since a = -a* ,  ak 
+ & is an  odd  multiple of a / 2 .  

Suppose nk - p I  is an odd multiple of N / 2 .  Then,  we 
get 

42(flk-~')~k,(ZN) = a ,x ( - 1 ) i ~ ~ ( ~ w ' - ~ + 9 - p )  
N -  I 

1 = O  

N - l  

+ a* ,z ( - 1 ) ' H 2 ( Z W - i A q + p ) .  
t = O  

(C.3) 
Algebraic  substitution for the  second  term only  yields 

4z(flk'Pl) T 
k h N )  

N -  I A'- 1 -2!J 

If u = -a*, 2p must  be  an  even  integer  for  the  two  terms 
to  cancel.  Therefore, p = 0 and  the  center  frequencies  are 
integer  multiples of 2 a / N .  If a = a*, 2p must be  an odd 
integer  for  the two terms to cancel.  Hence, p = - ( 1 / 2 )  
and  the  center  frequencies  are  odd  multiples of a / N .  This 
development  generates  the  various  approaches  as  outlined 
in  Section VI-B. 

APPENDIX D 
GENERAL EXPRESSIONS FOR THE COMBINING AND 

SEPARATION FILTERS 
I. System TI 

ao(n) = h(n) cos - b,(n) = h(n) cos - 
4 4 
a a 

Fork = 0 ,  1, 2 ,  * . . , L(N - 41/41 

(2k + 1)n  b4k+l(n) = h 

~ 4 p + 2 ( ~ )  = h(n) sin - (2k + 1)n  b4k+2(n) = -h(n) sin - (2k + 1)n. 2a  2a 
N  N 

u4k+3(n) = h(n) cos - (2k + 2 ) n  
2a  2a 
N N b4k + 3 (n) = h(n) COS - (2k + 2)n  

(-( - l)"h(n) cos - 
n 
4 

N = 4, 8, 12, * * - 

( -  l)"h(n) cos - a 
4 

N = 4, 8, 12, * * * 

b ~ -  ~ ( n )  = 
(-1)"h (n + :) cos 4 N = 2, 6 ,  10, * * * . a 

2. System T2 
Fork  = 0 ,  1, 2 ,  * * * , (N - 2 ) / 2  

a2k(n) = h(n) cos (2k + 1)n + - ( -l)k 
n 1: 4 1 

3. System T3 

aa(n) = h(n) cos - bo(n) = g(n) cos - 
a a 
4 4 
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Fork = 0,  1, 2 ,  . . , L(N - 4)/41 

2iT 
N 

a4k+2(n) = g(n) sin - (2k + l ) n  b4k+2(n)  = -h(n) .sin - (2k + 1)n 2 a  
N 

Fork = 0,  1, 2 ,  . . . , L(N - 6j/4J 

a4k +3(n) = h(n) cos - (2k + 2 ) n  b4k+3(n)  = g(nj cos - (2k + 2 ) n  
2 a  277 
N N 

(2k + 2 ) n  b d k f 4 ( n )  = -g 

i (- l )”h(n)   cos  - 
T N = 4, 8, 12, * . * 

(-l)“g(n - t) c o s ;  N = 2 ,  6,  10, 9 . . 

N = 4, 8 ,  12, - * 

4 
a,-,(n) = a 

7 
( -  l)”(n) cos - 

4 
b,-,(n) = 

C O S -  N = 2 ,  6, 10, . a 
4 

4. System T4 
F o r k  = 0, 1, 2 ,  . . , N - 1 

(2k + l ) n  + T (-1)”l 
4 

(2k + l ) n  + - (-  lf 
a 
4 

5.  System T.5 
Fork = 0,  1, 2 ,  * , ( N  - 2 ) / 2  

- 
a&) = h(n) cos - (4k + 1)n + - (- 1 y +  I 

a !& 4 1 b,,(n) = h(n) cos (4k + 1)n + T (-1Y . I& 4 1 

Fork = 0, 1, 2 ,  * . , [ ( N  - 41/41 

ark i3@) = h n - - sin - (8k + 7 ) n  b4k+3(n) = -h n + - sin - (8k + 7)n.  ( y) 2N 
iT ( y) 2N 

a 
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