Monster Roots

Christopher S Smons'

1. Introduction

Itisnow known [Nor] [1va] that the Bimonster, or wreathed square M 2 of the Monster
group M, ispresented by the singlerelation

(ablclabzczabgcg)lo =1 (1)
in addition to the Coxeter relations of the Mg diagram (Figure 1).

Figure 1. Mggs diagram.

In the Atlas [Col] and previous papers on this subject the group generated by «
together with

thefirst p of b1, ¢1,d1, €1, fu
thefirst ¢ of s, ¢o, do, €2, fo
thefirst  of b3, ca, ds, es, f3

iscaled Y,,.. However, since this group appears to be more naturally associated with
the parameters p + 1, ¢ + 1,7 + 1, weintroduce the alternate notation M, 1 g4+1,r+1 -

The Coxeter group cMsgs defined by the Migs diagram is a hyperbolic reflec-
tion group (a group generated by reflections in hyperplanes containing the origin in a
Lorentzian space), so the Norton-Ivanov theorem [Nor] [Iva] shows that the Bimonster
isa homomorphic image of thisvery concretely geometrical group.

*  Supported in part by an NSERC 1967 graduate fellowship. The author strongly acknowledges
the frequent help provided by John H. Conway.
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Each element of the Bimonster has the form
(z,y) or (z,y)7 = 7(y,x) with% = 1

where z,y range over M and 7 isthe wreathing involution. The conjugacy class of =
consists of al the elements (z,27!)7 = r. and so hassize |M]|. We call the elements
of this class the reflection elements of M 2, since they are the images of the reflections
in the Coxeter group.

In the geometric representation, the generators of the Mg diagram correspond to
reflectionsin certain vectors 71, . . ., r16. Following[Co2] we call these the fundamental
Monster roots and use the term Monster roots for their images under the Coxeter group,
cMsgs they determine. A Monster root serves as a name for the appropriate reflection
element of Mses. Conversely, each reflection element has infinitely many such names.

The aim of this paper is to explore this naming relationship: When do two Monster
root vectors r, s name the same element of Mgss? A complete solution to this question,
which may bewithin reach, would provide avery simpleway to computewith the M onster.
As a partial solution, tables of some of these relations appear in the appendices. These
tables have proven to be very useful for further investigations of the Bimonster and the
Monster.

2. Coordinate System and Roots

In order to enumerate the Monster roots and their equivalences we need coordinate
systems. We will use two different coordinate systems, both taken from[Co2]. The
setting of thissection is cMiggs .
Often we will use + todenote 1 and — to denote —1.
In System 1 we have a space of 19 coordinates
a b ¢ d e f
g h i j k 1 twithquadraticforma® + .-+ r? —t% (2)
m n o p q r
In this system the fundamental Monster roots are as indicated in Figure 2. All the vectors
satisfy the following relations.
at+b+ct+d+e+f=t
gt+h+it+j+k+l=t
m+nt+o+pt+qgt+r=t
Thus ¢ isredundant, and we shall sometimes omit it. We call it the type. On occasion
we use the notation

a b e de f | g hij kIl | mnopqg r.
For System 2 we have a space of 18 coordinates

e f
k 1 s withquadratic forma® + -+ ¢* — 5s”. (3)
q *

I > oo
h=TR =W

a c
g 1
m 0
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+- 0000 0+-000 00+-00 000+-0 0000+-
0000000 — 0000000 — 0000000 — 0000000 — 0000000
000000 000000 000000 000000 000000

fy € 4 G by
000000 000000 000000 000000 000000 000001
+- 00000 — 0+- 0000 — 00+- 000 — 000+- 00 — 0000+-0 — 0000011
000000 000000 000000 000000 000000 000001
fa & d4, S b, a

000000 000000 000000 000000 000000
0000000 — 0000000 — 0000000 — 0000000 — 0000000
+- 0000 0+- 000 00+- 00 000+-0 0000+-

f3 & d Gy by
Figure 2: Thefundamental Monster rootsin System 1.

In this system the fundamental Monster roots are as indicated in Figure 3. All the vectors
satisfy the following relations.

a+b+c+d+e+f+g+h+i+j+k+1=06s
m+n+o+p+qg=s

Thus s isredundant, and we shall sometimes omit it. We call s the size. On occasion
we use the notation

a b e de f Ll k j i h g | m nop gq.

+- 0000 0+- 000 00+-00 000+-0 0000+-
8000000 — 0000000 — 0000000 — 0000000 — 0000000

0000* 00000* 00000 00000 00000
fy & 4 G by
000000 000000 000000 000000 000000 00000+
-+00000 — 0- +0000 — 00- +000 — 000- +00 — 0000- +0 — 00000-0
00000* 00000* 00000* 00000* 00000* 00000*
fa & d4, S b, a

000000 000000 000000 000000 000000

0000000 — 0000000 — 0000000 — 0000000 — 1111111

+- 000* 0+- 00* 00+- 0* 000+-* 00001*
f3 & d Gy by

Figure 3: Thefundamental Monster rootsin System 2.

The two systems are linearly equivalent. Just let

a b ¢ d e f a b ¢ d e f
g h 1 j kI t=g¢g K ¢ jJ K U s (4)
m n o p q r m n o p q *

where
g+g =h+h =i+i =+ =k+k =14+1=5
m4+nt+o+pt+tg=s=1t—r.
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There redly are 36 different System 2 coordinate systems determined by placement
of the star and choice of row to be inverted in equation (4). We can indicate this choice
of row to be inverted by replacing = by 1 or | which (cyclically) points at the row to
be inverted. As a convention we choose * to have the same meaning as 1. In Vg
this choice has no effect. Looking at roots from the point of view of different coordinate
systemsis of great use for our computations.

We are now ableto consider the (practical) enumeration of Monster roots. Thistheory
isbriefly discussed in[Co2], but we shall provide a more detailed treatment of it.

We start with the fundamental Monster roots ry, ..., r16. These satisfy (r;,r;) = 2
fordl i and (r;,7;) = 0 or —1 forall i # j. Sinceevery Monster root r has (r,r) = 2
it follows that the formulafor areflectionin » is # — « — (z,r)r = «”. Thisimplies
that every Monster root has integral coordinates in both systems.

By the theory of Coxeter groups [Hum, Section 5.13] we know that the reflecting
hyperplanes of cMsgs divide the hyperbolic space into copies of what is called the
fundamental region, which we take to be the intersection of the halfspaces defined by
(r;, x) < 0. Wenow chooseapoint w insidethe fundamental region, so that (w, w) < 0
and (r;,w) < 0 foral i. Inhyperbolic space[Vin] the distance d between w and r*
can be defined such that

sinhd = 0l (5)

V1w, w)[(r,r)]

Therefore we can use (5) as an indicator of distance between - and w. If avector
is such that (r,w) < 0 while for some i (r,7;) > 0, then #"* is necessarily closer
to w than r* is. Therefore |(w,r"")| < |(w,r)|. We can use induction on |(r, w)]
(notingthat w can be chosen to have rational coordinates) to obtain the following test for
whether a given vector » isaMonster root.

Test 2.1. Firstcheckif (r,r) = 2 andthat the coordinatesof  areintegral. Then repeat
the following steps:

1. Ifre{+ry,...,£rs} then r isaMonster root.
2. Otherwisereplace r by + for ¢ suchthat (r,r;) and (r,w) have opposite signs.
If nosuch ¢ exists then » isnot a Monster root.

In System 1, reflectionsin thefundamental Monster rootsother than « justinterchange
two coordinates and therefore generate the coordinate permutation group Ss x Sg X Se
where each S5 permutes the coordinates withinarow. The 18 coordinates a, ..., r are
divided into 3 blocks of 6 coordinates each. Since Monster roots are integral and of
norm 2, the Monster rootsof type t = 0 or ¢t = 1 are precisely those of form

0% 4+ —|0°]0° or 0°1]0°1|0°1.

To test an integral norm 2 vector v of type ¢t > 1 we first check that it satifies the
relations that follow equation (2). Taking for example w closeto 1°]1°]1°, we find that
if » isatype 1 Monster root then (w,r) < 0. So the above procedure enables us to
replace v by itsreflection in any such » with (v, ) > 0. Thisinner product cannot be
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> t, since supposing, for example, that

a b ¢ d e f 001 0 00
v=9¢9 h i j k Il tandr=0 0 0 0 1 0 1
m n o p q r 010 0 0 0

then by the following argument we have that the inner product ¢ + k +n — ¢ < t. We
know that ¢ + k? + n? — 2 < 2, and since all coordinates are integers ¢t > 2. The
equality ¢ + k? + n? —t? = 2 isinconsistent with our other assumptions, therefore
we have ¢ + k% + n? —t2 < 1. Thisimplies 3¢? + 3k% + 3n% — 3t? < 3, so that
(c+k+n)? < 4%, Taking squarerootswe get ¢ + k + n < 2¢ and thisis equivalent to
the desired inequality. Therefore replacing v by +" reducesto a case of smaller positive
type. Monster roots of negative type are precisely the negatives of those of positive type.
Asabonus we can inductively show that in System 1 for nonzero type Monster roots, all
coordinates have the same sign as their type.

Similar results hold in System 2. The reflections in the fundamental Monster roots
other than b5 just interchange two coordinates and therefore generate the coordinate
permutation group S1, x S wherethe S;-» actson the coordinates in the first two rows
and the S5 acts on the coordinates of the starred third row. The 17 coordinates a, . .., q
are divided into 2 blocks: one of 12 coordinates and the other of 5 coordinates. The
Monster rootsof size s =0 or s = 1 are precisely of form

0% 4+ —10° or 0'%]0° + — or 0°1°]0"1

(where the | separates the two coordinate blocks). Asin System 1, to test an integral
norm 2 vector v of size s > 1 wefirst check that that the relations following equation
(3) are satisfied. We then simply replace v by itsreflection in any root » of size s = 1
with which it has positive inner product. It is easy to prove that thisinner product is < s,
so thistest works and in System 2 for nonzero size Monster roots, all coordinates have
the same sign as their type. Monster roots of negative size are precisely the negatives of
those of positive size.

These facts allow us to enumerate the Monster roots by type in System 1 and by size
in System 2. We define the ancestor of a Monster root » to be its reflection in a type
or size 1 root vector v having maximal inner product (v, ). The ancestor of aroot is
unique up to the coordinate permutation group. Therefore, after sorting by the coordinate
permutation group, the Monster roots acquire tree structures for System 1 and System
2. These structures alow us to eliminate duplication from our enumeration algorithm.
Appendix A contains an initial segment of the (infinite) enumerations of the Monster
rootsin both System 1 and System 2. Naming conventions are also introduced.

3. Axiomatics

In[Co2] Msgs Was defined to be the minimal group other than S;7 that possesses an
Ss-subgroup S whose centralizer is a subgroup Si» in which a 7-point stabilizer is
conjugate to S. We call thisthe S5 12 axiom. It has the appearance of being a very
powerful and difficult axiom. We shall give a simpler, more geometric, axiom.

remain = 74.66737pt
pagetotal=441.33263pt
pagegoal=540.0pt
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Let §; be the central involution of the Coxeter group W (Dsg) generated by «, by,
ba, b3, ¢;, d;, e; and f;. Onthe space spanned by its Ds roots, é; acts as negation.

Axiom 3.1 (Dg). Mggs isthe Coxeter group determined by the Misss diagram (Figure
1) with the added relations. 1 = §; = §, = Js.

Infact, by aresult of Soicher [ Soi] and some of the following results, it is known that
therelation 1 = §; impliesthe other two. We assume that Migs has order > 2.

Theorem 3.1. The S5 1> axiomimpliesthe Dg axiom.

Proof. Thisproof isdrawnin Figure4. Assumethe S5 1 axiom. Conway and Pritchard
[Co2] showed that the group obtained is necessarily a quotient of ¢Msss. Without loss
of generality take 6 tobe ;. Then ¢ centralizesthe S5 generated by f1,e1,dy,e1 SO
liesinthe S12 generated by fz, €9, dz, ca, bz, a, b3, c3, d3, es, f3. But 6 centralizesthe 3
S4 subgroups (da, €3, fa), (b2, a,bs) and (ds, es, f3). Itfollowsthat ¢ isthe identity.

O

Figure 4: Proof of theorem 3.1.

We now deduce some further relations from the D axiom.

Let § be 4, and = bethecentral involutionof W (FEs), where Eg isasindicated in
Figure 5. We note that both live in the Weyl group of an extended Es, Es and that ¢
acts as negation on the space spanned by the £z roots.

We consider the element Jde.
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Figure5: Fs.

Using the general theory of (affine) Coxeter groups[Hum] we introducethefollowing
euclidean coordinates.

R
e —  + 0 0 0 0 0 0
d 0 — + 0 0 0 0 0
ctc 0 0 -+ 0 0 0 0
by 0 O 0 -+ 0 0 0
a 0 O 0 0 -+ 0 0
b 0 O 0 0 0 -+ 0
ca 0 0 0 0 0 0 e
N

The element ¢ clearly fixes the space spanned by the 7 roots in the generating sets of
both Dg and Es. How does de act on the remaining fundamental Eg root ¢2? Since
the 7 other fundamental rootsare fixed, ¢ must go to a vector of the form

a a a a a a (a—1) (Ba+1).

However the norm must be 2 and ae%Z, s0 a = 0 and ¢o must be fixed. Recall that

W (Fg) = Z®: W(Es). Thuswe have seen that the action of ¢ in Z%: W (Es)/Z? is
trivial. Therefore J¢ isatranslation. R

Looking at the fundamental chamber of the affine £'s we see that thistrandationisa
translation by twice » where r issuchthat (r, f1) = 1 and all inner products with other

fundamental Ds rootsare 0. It followsthat r is —%7—%. Therefore ¢ isatrandation

by anorm 4 vector. We have proven the following lemma.

Lemma 3.1. We have ¢ = ¢,, where ¢,, isatrandationby a norm 4 vector, v4, of
Es.

Theorem 3.2. The Dg axiomimpliesthatthe s central involution and all trandations
in Eg aretrivial in Mggs .

Proof. From the Ds axiomwe have 6 = 1 and so ¢ = ¢,,. But thenorm 4 vectors
of s are all conjugate [Co3]. So for any norm 4 vector, v, of Es we have ¢ = 1.
Choosenorm 4 FEg vectors v, v/, and v" suchthat v 4 v' +v"” = 0. Wehave ¢ = ¢,
€ =1ty and € = t,n, SO €3 = tyt,t,n = 1. Hence e = 1. This also implies that
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the trandation by any norm 4 FEjg vector istrivial. The norm 4 vectors of Fg span Eg
[Co3]. Therefore al trandationsby Fg vectors are trivial. O

Obvioudly the above results hold for al the Dg and Eg subdiagrams of the Mg
diagram.

Using the general theory of affine and hyperbolic groups and since
11 1 1 1 1
w=0 00 2 2 2 6 (6)
00 0 0 3 3

spanstheradical, E¢, of its Es lattice, we have the following theorem.

Theorem 3.3. If » isany root vector of the Es correspondingto w then r» = 4+ mw =
—r forall m in Z. Inparticular, r = w — r.

As an example we have

1 1 1.0 00 00 0 1 1 1
00011 13=000T1T111 3. (7)
0000 1 2 0000 21

Infact thisrelation (together with thefive other ones corresponding to different choices

of Es) suffices for the computationsin [Co2].

4. Conjugacy Classes
We briefly discuss conjugacy in M 2 and Mges .

M2. We reduce the problem of conjugacy in M 2 to that of conjugacy in ML Itis
easy to see that

(z,y)7 ~ (2, )T justif zy ~ 2y
(z,y) ~ () jutife ~ 2’ y~y ore~y y~2.
It followsthat the conjugacy classes of M} 2 are determined by
1. asingleconjugacy class of M or
2. anunordered pair of conjugacy classes of ML
In the first case (the odd case) we may take an element of the form (¢, 1)r as

representative. In the second case (the even case) we may take an element of the form
(c1,c2) asrepresentative.

Msss .  We identify some conjugacy classes of Mg whichwecall 14, 24, 34 and
4A.

We define 1A to be the class of the identity element. 2A isthe class of the product
of the two reflection elements

+ — 0 0 0 0 00 0 0 01
6 00 00O0O0-0000O0T11 (8)
0 0 0 0 0 O 00 0 0 01

remain = 83.45248pt
pagetotal=448.54752pt
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3 A isthe class of the product of the two reflection elements

0000 + - 00 0 0 01
60000 0 O0-0000O00O0T1T1. (9)
00 0 0 0 0 00 0 0 01

4 A isthe class of the product of the two reflection elements

00 0 0 1 1 110 0 0 0
0000 11 2-1 10000 2 (10)
00 0 0 1 1 110 0 0 0
5A isthe class of the product of the two reflection elements
00 0 1 1 2 021 100
0o 0011 2 4-02 1100 4.
00 0 1 1 2 001 0 21

6 A isthe class of the product of the two reflection elements

0001 1 2 021100
0600112 4.-02110°0 4.
0001 1 2 0 00 2 11

Infactonly 14, 24, 34 and 44 are required for the purposes of this paper, but 54
and 6A are defined here for general reference.

We note immediately that any product of two orthogona fundamental reflection
elements isin 24 and any product of any two nonorthogona fundamental reflection
elements isin 3A. This follows since in c¢Mggs any two fundamental roots act as
transpositionsin some S15. We extend thisto all pairs of roots.

Theorem 4.1. In cMgee any tworootswithinner product +1 or 0 areroots of the same
fundamental region.

Corollary 4.1. If two roots have inner product 0 then the product of their reflections is
in 2A. If two roots have inner product +1 then the product of their reflectionsisin 3A.

Proof of theorem. Let »; and r» bethetwo rootsand w; and w- the corresponding
walls. The two walls meet in a space of codimension 2 which is a facet of some
fundamental region. The angle between w, and w, isfilled with (say) m copies of the
fundamental region. By our hypothesis this angle must be =/3 or =/2. But any two
walls of the fundamental region meet at one of these two angles, so m = 1. O

This proves that the elements of 2A have order 2 and that the elements of 34 have
order 3. Itispossibleto show, using the root and aiastables (Appendices A and B) with
afew elementary calculations, that 44 isof order 4. We are using our assumption that
Msee isof order > 2.

We intend to use the Atlas [ Col] notation, of the form ».X, for the conjugacy classes
of M and aso for the corresponding classes (nX,nX ') of M 2. Using the fact that
Mggs = M 2, we can verify that 24 and 3A are appropriately named. We do this
by using the Monster power maps [Col] to map conjugacy classes of %(512 x S5) to
conjugacy classes of VL.
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5. AliasGroups

In equation (7) we saw two root vectors whose reflections are equivalent in Mg,

1
1
2

—_ = =
(%)

1 1 1
0 0 0
0 0 0
We say that each of these roots is an alias for the other. This equivalence can be

conjugated by elements of the coordinate permutation group S x Ss x Sg to obtain
further equivalences, for example we have

101 1 00 01 0 011
110001 3=1120200 1 3.
020100 01 0 2 0 0

This family of equivalences can be summarized as (°12[0313]0*12 = 1302]0313|0*21.
We express this by saying that the digit permutation (01)| ~ [(12) preserves the root
vector.

For Appendix B one needs to compute similar eguivalences for other roots, such
as 0%122426278%|042. These are the interchange of 1 and 7, and the alternating
group A on 0, 2, 4, 6, 8 {1,7}. Asan example, an equivalent root vector is
228024262817(0342.

Itistherefore natural to define adigit of aroot to be the equivalence class of coordinate
points in the same block with the property that any pair can be interchanged without
changing the corresponding reflection element of Mgss. We define the (small) alias
group of the root to be the group of block preserving digit permutations which preserve
the root in Mgsgs. The large alias group is the small alias group extended by those
permutations of the blocks which preserve theroot in Mees . In System 2 the large alias
group coincides with the small alias group. We will often just use the term alias group.

As afinal example of the terminology we state that the alias group of 0'° + —|0° is
of order 1 andthat + and — arethe same digit. The negation of aroot is necessarily an
alias of theroot.

We shall quote[ Co2] for the alias groups that appear there (they are for rootsof Mges
in System 2). However it was not there proved that the alias groups could not be larger
that those stated. We need a method to establish such assertions.

We illustrate by computing the alias group of

00 0 1 1 1
r=0 0 0 1 1 1 3.
00 0 0 1 2
The relations of the form of equation (7) show that the group is at least
((01)] ~ [(12), ~ [(01)](12)).

Can it be larger?

remain = -32.80566pt
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Might we not, for instance, have

00 0 1 11 10 0 2 0 0
r=0 00 11 13=11200 10 3=+7
00 0 0 1 2 01 1 0 01

No, » commutes with f3 but ' does not.

In generadl, if s isthe difference of any 2 coordinate vectors in the same block, then
s isarootand if (r,s) = 0 then rse2A whileif (r s) = +1 then rse3A asin Section
4,

Figure 6: Graph for r. Thick linesfor 2A4, thin linesfor 3A.

We use these facts to associate a coloured graph with » (Figure 6). The nodes of this
graph are the 18 coordinate vectors. Two nodes from the same block are joined by an
edge whose colour indicates the conjugacy class of rs, where s = » — y. Most of the
edges are the determined by easy rules:

1. Twoequa coordinatesare joined by a 24 edge.
2. Two coordinates that differ by 1 arejoinedby a 34 edge.

Thereisno simplerule to find the colour of the edges between coordinates that differ
by 2 or more. However, in our example, it is easy to see that the 4 edges between 0
and 2 areadll 34, since after applyingthealias element (01)| ~ |(12) the corresponding
differencesare replaced by 1's.

Plainly all the elements of the alias group must preserve the graph. The automorphism
group of thisgraph consists of

(53 ZSQ) X (53 ZSQ) X (54 X Sz)

(preserving the blocks) together with the interchange of the first two blocks.
This gives us an upper bound for the alias group, namely

SQ X SQ X SQ
{0,1} {0,1} {1,2}

(together with the trivial interchange of the first two blocks). We call this the possible
group. However, what we have seen (the visible group) isonly of index 2 in this. Can
there be more? No! Coset representatives for the visible group in the possible group
are the identity element ~ | ~ | ~ and the element ~ | ~ |(12). But ~ | ~ |(12)
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transforms = into itsreflection under

000 0 0 0

s=0 0 0 0 0 0

000 0 4+ -

but we know that » and s do not commute. The alias group is therefore the group
((OD)] ~ |(12), ~ |(01)|(12)) of order 4.

In practice we work with a collapsed graph obtained by identifying all nodes joined
by 1A edgesor 2A edgesasin Figure7. Since 3A edges are then the most common
type, we usualy omit them (or draw them in ‘invisible ink’). This makes the graph for
our example very simpleindeed (Figure 8).

0,

03 03 04

13 13 1 2

Figure 7: A collapsed graph.

00’ 00’ o0’

Y 13 leg o2
Figure 8: A very collapsed graph.

The above example is done in System 1. We can, of course, make similar aias
computations in System 2.

We have identified the Monster roots of small type or size with their associated reflec-
tion elements. The alias groups of these reflection elements have also been computed.
These are done simultaneously for System 1 and System 2 using an inductive process. To
find the elements of the (visible) alias group of aroot », our main tools are conjugations
by reflections in fundamental Monster roots »; where "+ has known alias group and
change of coordinate systems such that » then has known aias group. Similar techniques
determine the reductions of Monster roots to reflection elements. The methods of this
section are used to verify that the visible aias groups are the entire alias groups. The
results of these computations are presented in Appendices A and B.

Appendix A: Monster Root Reduction Tables

The first column of these tables names a family of roots equivalent under the coordinate
permutation group. The second gives the standard root vector of this family. The third
column givestheroot vector’sancestor. When thereisasimpler root vector that yieldsthe
same reflection element of Mg, it is described in the fourth column. The root vectors
of smallest type or size associated with a reflection element are called the reduced root

remain = 86.50267pt
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vectors. The fifth column gives the reduced family name, which takes account of such
equivalences.

Family names (first column) have the form n;,, where n isthetype or size of theroot
vector and m of the reduced root vector, while s is atag letter (lower case for System
1 and upper case for System 2). To make the equivalences more visible, we sometimes
use letters a, b, ¢, ... for the distinct digits of certain reduced root vectors. When
n = m, we say that that n;,, isirreducible. To make the system explicit, we can prefix
the reduced family names by + for System 1 and — for System 2. We define the type or
size of areflection element to be the type or size of one of its reduced root vectors.

System 1. Welist al Monster roots of type < 8. For type 9, only those roots reducing
to reflection elements of type > 5 are listed. For types 10, 11, 12 and 13 welist the
irreducibleroots. Thistableiscomplete up to (and including) type 11, after which there
isthe (remote) possibility of omission.

0. 000000/000000]0000—
1, 000001]000001]000001
2, 000011]000011]000011
3, 000111]000111]000012
4, 000112]/000112]000112
445 001111]000112]000022
4y, 001111]001111]000013
5qq  001112]000113]000122
Bpa  000122]000122(000122
53 001112]001112(000023
54 011111]000122(000023
5,y 011111]011111]000014
6,  001122]000123]000123
6,  001122]001122]000114
644  001113]001113]000123 110002|110002|000121
6,5  001113/000123]000222 4.,  110001]000102]000111
6bs  011112(000114/000222 4.,  100002]000111]000111
6es  000222(000222]000123 5,4  000111]000111]000210
642  011112/001113]000033 4,5 100001]110000]000011
6p>  011112/001122]000024 4.,  100001|001100]000011
6o 001122/001122]000033 5,5  001100{001100]000011
640  011112[000222]000033 54, +0000-]000000]000000
6oo  111111/000123]000033 5,  000000]|000+0-|000000
6o  111111/000222000024 54,  000000]000000|0000-
640  111111[111111]000015 55,  000000]000000|0000-
7. 001123001123[000124 4,

Taa  001114/001123]000223 4.,  110002]001120(000112
Toa  001123/000133]000223 5,4  001120/000211]000112
Tes  011122/000133]000124 5,4  200011]000211]000121
Taa  001114/000133]001222 5,4  110002/000211|112000
Tea  001222000223]000124 5,4  112000{000112]000121

Q

Q

Q

110000]000110]000011
110000|110000]000011
110002]000112]000211
000211|000211|000211
110001]001110]000012
100000]000100]|000010
100000|100000]|000010

Q Q

Q
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Q
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Q

e s s e e S O O O O NN NN WWWHRE OO PP W R NN R WN —O



Tra

7(13
T3
763
7(12
Tpo
7(11
Tp1
761
Ta1
781

8(17
8p7
8(16
8b6
866
846
8(14
8ba
864
8a4
884
84
844
8ha
8i4
8(13
8(12
82
862
842
882
82

8ho
8;2
852
8k
812
8m2
8n2
802
8(11

011122|000115|001222
001222|000133|000133
011113]001114|000133
011122|001123|000034
011122|011122|000025
011113]000124|000223
000223|000223|000223
011113|011113|000034
111112]000223]000034
011113]001222|000034
111112]001222]000025
001222|001222|000034
001124|001124|001124
001124|000134|001223
001223|001223|000125
011123|001133|000125
001124|001133|000224
001115|001133|001223
001133|001133|000134
011123|000134|000224
001124|001124|000233
001223|000224|000224
011123|001115|000233
001223|000233|000134
001124|000233|000233
011222|000233|000125
011222|011222|000116
011222|000134|000134
011114|001124|000224
011114|011114|000134
011123|011123|000035
001133|000233|000224
011123|001223|000044
001133|000125|002222
001115]000233|002222
111122]001133]000035
011222|001223|000035
111122]011222]000026
111122]000116]002222
011114|011222|000044
111122]001124]000044
002222|000224|000134
011222|001133|000044
111122]000233]000044
011114|000224|000233

5(14

4po
5(13
5(13
4(12
b4
4po
5(11

5(11
662

5(14
b4
5(14
5(14
5(14
6(14
5(14
5(13
b4

6(13
6(13
6(12
662
Bpo
Bp3
Bpo
Bpo
663
T3
Tp1
5(11

Monster Roots

200011|000112|112000
112000]000211]000211
100002|110001]000111
011100[001101|000012
100011]011100]000012
100001]000101]|000110
000110[000110]000110
100000|100000]|000010
000001|000001|000001
100000|001000]000001
000001]001000]000010
001000]001000]000010

110023]000124]002113
002113|002113|000214
100023]001122]000213
110022|001122]000114
110004]001122]002112
110022|110022]000114
100021]000121]000112
001102|001102[000211
002110[000112|000112
100012|110002]000211
002110/000211|000121
110020]000211]000211
211000/000211|000211
211000[211000]000112
211000/000121|000121
100002|001101]000111
100001|100001]|000110
100010|100010]000011
001100]000011|000110
100010]001001]000011
001100]000101|110000
110000]000011]110000
000011|110000]000011
011000/001001|000011
000011|011000]000011
000011|000110]110000
100001]011000]000011
000011|001100[000011
110000]000110]000101
011000/110000]000011
000011|000011]000011
100000]000001]|000100

e LI I I R N N R R R N R N N N T T T = e S SN B Be R e R N R R o
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14  C. Simons

8p1
861
8(10
810
860
840
880
9a

9%

9e

9(18
9a7
7
967
a7
9(16
e
966
946
10,
10
10,
104
10,
11,
11,
11,
12,
124
12,
124
12,
12,
12,
124,
13,
13,
13.

System 2. Welist all Monster roots of size < 4. For size 5, only those roots reducing
to reflection elements of size > 3 are listed. For sizes 6, 7, 8 and 9 we list the
irreducibleroots. Thistableiscomplete up to (and including) size 6, after which thereis

111113]000125]000233
000233|000233|000233
111113]011114]000044
111113]001223]000035
011123|002222|000035
002222|001223|000044
002222|002222|000035
001224|001224|000144
011223|001125|000144
001233|001134|000144
001125|001134|001224
011124|001134|001224
001224|001233|000135
001125|001233|000234
011223|001233|000126
011124|000135|001224
001224|000234|000234
011223|000234|000135
001224|001224|000225
001225|001225|001144
011224|001126|001144
001126]001234|001234
001234|001234|000145
001144|001144|001144
001235|001136|001244
011234|001127|001244
001244|001145|001145
002244|002217|000444
001155|112206|000444
112233]001128]000444
110046]003315|000444
003324[110037|000444
001155|002415|000444
001236|001236|001245
001245|001245|001146
001246|001246|000445
001237|001345|000445
001246|001246|001246

the possibility of omission.

0a
OB

0000000000+-]00000
000000000000]000+-

5(11

Q Q Q

Q

o T Q

@@@@@QOO\]\]OO\]

O O o =~
Q@ 8 o )

o

o)
Q

000001]000100]000100
000100]000100]000100
000000{+0000-]000000
000000]00+00-]000000
+000-0]000000]000000
000000]00+00-]000000
000000]{000000]0000+-
aabeed|aabeed|000144
baaced|aacchd|000144
aabdec|ceaabd|000144
110024|001124|002114
100024]001123]002113
112003]003211]000124
001123]003211|000124
200113]002311|000124
100023|000123]002112
002112]000132]|000132
200112]000312]|000132
002112]002112]000114
aabeed|aabeed|001144
baaced|aacchd|001144

aab23¢|0011de|00 fg44
baa23¢|0011de|00g f44

aabbec|ddee f £1000444
aabbec|ddee f £1000444
aabbec|ddee f £1000444
aabbec|ddee f £1000444
aabbec|ddee f £1000444
aabbec|ddee f £1000444

00abed|00abed|000445
00¢abd|00bcad|000445

[erERerEEN IR B Bt e oo iNe Ve i er B er Bl ar Bl an B e I

= oy O
=

10
10
10//
10///
11
11
11
12
12
12
12
12
12
12/
12//
13
13
13/

remain = 76.0pt
pagetotal=456.0pt
pagegoal=540.0pt
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241
3a

342
3B2
341
3B1
3c1
340
380

443
4p3
440
4ps
deo
4dps
4ps
dps
441
4p1
dc1
4p1
4p1
dp)
da1
440
4po
4co
4dpo
4po
4po
D4

D44
5B4
dca
dD4
DE4
D43
5B3
dc3
5p3
DE3

000000111111]00001
000011112222/00011
000111111222|00002
000111222333|00012
000111123333]00111
000012222333]00111
001111222233|00003
001111113333|00012
000022222233|00012
011111112333|00003
000122222223|00003
000112233444|00112
001112223444|00013
000122233344|00013
001111333344|00013
001111224444]00112
000022333344|00112
001111233444|00022
000112333344|00022
000122223444|00022
111111222444|00004
011112223344|00004
001122233334|00004
000222222444|00013
000112224444|01111
000022233444/01111
000013333344/01111
011111333334|00004
001222222344|00004
011111124444]00022
000023333334|00022
111111114444|00013
000033333333|00013
001122334455|00014
001112334555|00113
000122344455|00113
001112244555|00122
000122334555|00122
000113344455|00122
001112344455|00023
001122234555|00023
000123334455|00023
000113334555|01112
000122244555|01112
001122345666|00123

000111111000/00001

000111102222|11000
000021111222|11000
001111000011|00001
001111110000]00010
000011111100]00010
+0000000-000]00000
000+0000000-]00000

110002221333|00012
000211133322|00012
112222000011]00011
110000112222|00110
000011222200]00110
110000211222]|00011
000110222211|00011
000211110222|00011
000000111111|00001
011110001100]00001
001100011110]00001
000111111000]00010
000110001111]10000
000011100111]10000
000011111100]10000
+0000000000-]00000
00+000000-00]00000
+000000-0000]00000
0000+000000-|00000
000000000000]000+-
000000000000]000+-

110002332444|00112
000211244433]00112
110002233444|00211
000211332444]00211
000112244433]00211
001110233322]00021
001122201333]00012
000123331122]00012
000112221333]10002
000211122333]10002
aabbeede fgg9]00123

Monster Roots
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=~

Sy W W WWWH R R R DTIOO DO OO R RFRRFRFE R FEFRFENDNNNNDN WWHR OO P F=DNDNWR N =

15



16  C.Simons
6p 000123445566]00123 34 999 fedecbbaa|00123 6
6¢c 001122445566]00114 24 6
Ta 001123456677]|00124 34 7
84 001224466788|00044 aabeeddeebf £|00044 8
8B 001125566778]|00044 aaccbddee f fb|00044 8
8¢ 011223367788|00044 bf feeddbecaa|00044 8
8p 001134556788]00044 ccaabdeedbf f|00044 8
8E 001233457788|00044 ffbdeedbaacc|00044 8
8p  001124467788]01124 aabbedddeef flghh2i 8
8¢a 001224457788]00125 aacbbdddeef flhhg2i &
8u 001134466788]00125 [ feed44bbcaalhhg2i &
87 001234456788]00116 8"
94 001224577899|00144 aabeede f fghh|00144 9
9p 011223478899|00144 baaccdeg f £9900144 9
9¢ 001125677889|00144 aaccbde f fhhg|00144 9
9p 001233568899|00144 aabdcceghh f £100144 9
9g 001134667899|00144 ccaabdf feghh|00144 9
9p 001144558899]00144 9’
9¢a 001234567899]00045 9"
g 001234567899|00126 9"

Appendix B: Alias Tables

In the following alias tables we describe the alias groups of the Monster roots appearing
in appendix A. The first column is the reduced family name. The second column gives
the reduced root vector. The third column describes the associated (small) alias group,
often by listing the group generators. The fourth column is the order of the small aias
group. The large alias group is obvious, except that for 12 of System 1 we must adjoin
(ad)(be) (e £)](04).

When describing the groups we write {ab...c} to mean the symmetric group on
the digits a, b, ..., c. Weuse 1(G) to designate the even part of . The dihedral
group of order 2n on the letters ag, a1, ..., a,—1 inthiscyclic order is denoted by
Doun(apaq . ..an—1), and PGLy(n)(aoas . . . a,) isthe2-dimensiona projective linear

group over I¥,, where ag, a1, ..., a, areacteduponas 0, 1, ..., n—1, co.
System 1. Welist dias groups for System 1. remain = 117.32146pt
pagetotal=414.67854pt
0 000000]000000|0000+- ~~ ]~ 1 pagegoal=540.0pt
1 000001|000001]000001 ~|~ ]~ 1
2 000011|000011]000011 ~ |~ ~ 1
3 000111|000111|000012 01| ~ |12, ~ |01]12 4
4 000112]000112]000112 ~| o~ ~ 1
210]123] ~, 12[12]12,
6 001122|000123|000123 210] ~ 123 18
6’ 001122]001122|000114 012210 ~, 02]02| ~ 6



7

8

9
10
10
10//
10///
11
11
12
12/
12//

13
13/

System 2. Welist alias groups for system 2.

=~

9///

[Co1]

[Co2]

001123|001123|000124
001124]001124]001124
aabeed|aabeed|000144
aabeed|aabeed|001144
001126]001234|001234
001234|001234|000145
001144]001144]001144
aab23¢|0011de|00 fg44
001244]001145]001145
aabbec|ddee f £1000444
001236|001236|001245
001245|001245|001146

00abed|00abed|000445
001246]001246|001246

ad.belab.cd| ~

0000000000+-|00000
000000000000]000+-
000000111111|00001
000011112222|00011
000111222333]00012
000112233444|00112

001122334455/00014

aabbeede fgg9]00123
001122445566]00114
001123456677|00124
aabbeeddee f £|00044
aabbcdddee f flghh2i
001234456788]00116
aabeede f fghh|00144
001144558899|00144
001234567899|00045
001234567899]00126

01]23]12, 23]01|12
~ | ~ | ~

bd|bd.ac| ~, aclac| ~

aclac| ~, bd|bd| ~, bd|ac|04

01]23]12, 01]12|23

1234]4321| ~, 12.34|13|45

{04}{04}[{04}
be|01]04, 23[01]fg

12]01.45] ~, 12| ~ [01.45, 04| ~ | ~

3 ({abe}|{de f}{04})
12]12]12.45

15/15] ~

bl

{012}] ~
5({0123}[{12})

3({04}{123}{01})
PGL(5)(023451) =

ab.cd|ad.be| ~,

Monster Roots

o
N DN O OO W= OO OO0 Oy OO0 W= — W

—_
N

01.34] ~, 12.45| ~, 01.23.45| ~
be.ef|12, fed|123, cba|123
012.456] ~, 01.45] ~, 04| ~

01.45]12,07.16.25.34| ~

+{abede f}

Bibliography

& (Das(able f){cd} | {04})
12.56]01, 15.4801, 08.17.26.35| ~
bd.eg.fh| ~, ah.bg.cf.de| ~, be.fh|04
{048}{159}|{04}, 09.18.45| ~
$(PGL2(7)(12634578)[{45}), 09| ~
12.45.78|12, 123.678| ~, 09.18.27.36.45| ~
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120

18
48
8
360
20
144
32
144
672
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