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Abstract

NETSIM, a new crosslinking algorithm enabling the study of continuously spatially distributed (off–

lattice) polymer networks, reveals topological features associated with the enhanced mechanical

properties seen in certain bimodal elastomer networks. These features are identified based on trends

in their occurrence at various mole fraction and molecular weight combinations and comparison

with data found in the literature. The authors define a length–scale, thelinear crosslink spacing,

associated with these features to characterize optimal bimodal mixture combinations. NETSIM

is unique among crosslinking algorithms in that it employs nearest–neighbor periodic boundary

conditions to eliminate edge effects and reduce the necessary computational size from c. 10000

primary chains to c. 1000. Computational size reduction eliminates the need for subdivision of

the cell, a possible source of bias in results reported in previous research. This work also offers,

for the first time, computationally determined gel fraction and extent of reaction calculations for

various bimodal mixture compositions. For verification, NETSIM results on unimodal systems are

compared to previous unimodal simulations with good agreement.
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1 Introduction

Elastomers are important engineering materials due to their ability to recover completely from large

deformations and to exhibit a repeatable deformation response in cyclic loading. Many numerical,

experimental, and analytical studies have been conducted to develop means of predicting their large

deformation mechanical and optical responses. See for example�� �� �� �. A special class of sili-

cone elastomers, called bimodal because of their bimodal molecular weight distribution of starting

oligomers, has shown very promising mechanical properties. Experimenters have demonstrated that

certain bimodal systems have ultimate strength and toughness values in excess of those exhibited by

unimodal specimens of their constituents�� �. The anomalously high properties found in particular

bimodal compositions are integrally linked to the network structure and its deformation charac-

teristics. The topological features responsible for the synergistic deformation response of certain

bimodal compositions have not been identified.

Many researchers have sought to determine the origins of these enhanced mechanical properties

through experimentation. Monnerieet al.’s measurements of segmental orientation taken from IR

dichroism experiments on various bimodal PDMS specimens in tension suggest the short (long)

chains deform less (more) than their counterparts in a unimodal specimen for a given amount of

macroscopic deformation�� �. Increased toughness is attributed to delays in failure of the much

stiffer short chains. Static� and dynamic� light scattering experiments on bimodal PDMS speci-

mens have suggested that the short chains tend to group together during crosslinking forming a het-

erogeneous network structure which may affect the network’s strength and toughness. The length–

scale of the heterogeneity according to Soni and Stein was equivalent to the entanglement length�.

Oikawa reported that the length–scale would comprise “many” short chains, but did not give a a

quantitative estimate. Optical birefringence experiments on bimodal PDMS have suggested that a

constituent molecular weight dependent critical concentration of short chains is necessary to pro-

duce nonlinear stress–optical behavior at small deformations in an otherwise linear system�	� ��� ��.

The occurrence of nonlinear stress-optical behavior has been linked to limiting extensibility of the

molecular chains in unimodal networks�� �� which suggests that in bimodal networks, though a

portion of the molecular chains reach limiting extensibility early, network failure is delayed thereby

increasing toughness.
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Experimental studies provide plausible frameworks for bimodal network behavior which enable

us to better organize our understanding of the response of the long and short chains. Computa-

tional studies seek to determine explicitly the interactions between the long chains and the short

chains in the network while adhering to the frameworks derived from experimental observations.

Termonia used an ordered, two-dimensional lattice based computer simulation of bimodal network

deformation to examine the relationship between differential stretching and enhanced strength and

toughness��� ��. In accordance with Monnerieet al., his work clearly showed differential stretching

and load bearing between the two molecular species in the simulated bimodal elastomer network,

however, the ultimate strengths and toughnesses of the networks were lower than expected due to a

premature assignment of failure of the short chains.

A recent computational investigation used a three-dimensional version�� of the bond fluctua-

tion model�� to examine the spatial distribution of the molecular chains in the elastomer system

before and after crosslinking. In contrast to Soni and Oikawa, Hagnet al. reported that the pair

correlation functions of their simulated bimodal systems were spatially homogeneous in the melt

and in the resulting network; i.e., before and after crosslinking short chains were dispersed evenly

throughout their systems. The discrepancy is believed to be related to a distinction between having

a mechanically equilibrated and a kinetically equilibrated crosslinked system. The bond fluctuation

model, which accounts for spatial diffusion of the molecular chains and reactive agents by enforcing

self-avoiding walks and excluded volume effects, does not perform mechanical equilibrium relax-

ations.

It is clear from experimental observations that the deformation response of a bimodal system

is dependent on the system’s composition�� �� �	� ��� �� and that optimal bimodal structures exist

for strength and toughness enhancement�� �. Computational investigations validate certain mi-

cromechanical frameworks suggested by experimental observations but often they are limited by

the physics on which they are based. Computational searches for optimal structures require realistic

pre-crosslinking arrangement of reactive agents and molecular chains�� ��� ��� ��� �	, a representa-

tive simulation of the crosslinking event�� ��� ��� ��� ��, diffusive relaxation��� �� of the system, and

topological characterization�� ��� ��� �	. Computational algorithms must also relate topological re-

sults from the simulations to a constitutive formalism in order to measure, at least qualitatively, the

extent to which a given bimodal system’s structure is optimized for strength and/or toughness. The
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program NETSIM introduced herein brings together realistic arrangements of the precursor chains,

an accurate and efficient representation of the crosslinking event, and a system that is effectively

relaxed in a diffusive sense (i.e. all chemical species are evenly distributed throughout the system).

NETSIM results also uncover a possible metric of network optimization. Since the information

needed to investigate topological structures stems solely from network connectivity, mechanical

relaxations are left for future work.

Previous crosslinking simulations are discussed in section 2. The NETSIM algorithm is detailed

in section 3. In section 4 the results of convergence studies are reported followed by gel and sol

fraction content and gel fraction topology studies for tetrafunctional and trifunctional networks of

unimodal and bimodal compositions. Unimodal results are provided for comparison with previous

research; bimodal topological studies are presented for the first time. Topological features responsi-

ble for enhanced bimodal network properties are identified based on trends in their occurrence and

comparison with mechanical property data in the literature. A length–scale associated with these

features is defined in section 4.4. Concluding remarks are presented in section 5.

2 Crosslinking Simulations

Previous crosslinking simulations have focused on topological investigations of unimodal systems,

kinetic analysis of unimodal and bimodal network structures, and spatial distributions of molecular

species within unimodal and bimodal networks; see for example�� ��� ��. Some important contribu-

tions and their relevance to this work are discussed below.

A two-dimensional kinetic model for a bimodal elastomer has been introduced by Termonia��

to address the specific interaction of long and short chains. Termonia’s work incorporated a highly

efficient on–lattice framework for network generation, used physical entanglements in addition to

chemical crosslinking sites, analyzed the partitioning of the deformation of the network, and intro-

duced bimodal constituents for the first time in computational simulations. The lattice arrangement,

however, independently associated an end–to–end vector length and a molecular weight between

vertices with the distance between each grid point. This effectively overrode classical assumptions

relating chain vector length to molecular weight�� which may have affected the chain’s nonlinear

entropic force–stretch law by giving the unperturbed chain an end–to–end distance other than its
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r.m.s. length. To rectify the situation Termonia adjusted the molecular weights of the chains to

fit the r.m.s. assumption. To accommodate resulting differences in the unperturbed forces in long

and short chains, Termonia assigned “residual” forces to ensure equilibrium at chemical crosslink

points in the unperturbed state. The Termonia results provide evidence of differential stretching in

the long and short chains and of overall strength increases upon deformation in bimodal systems

stressing the need to examine bimodal chain distributions. Network topology was not addressed

beyond gel and sol fraction measurements reported to be in agreement with experimental results��.

Large simulation sizes, 10000 chains or more, were suggested in order to decrease boundary effects.

Termonia’s work shows the lattice arrangement, while a highly efficient tool for network generation,

would not be robust in generating broad spectrums of molecular weight combinations for general

bimodal systems since the lattice itself excludes certain mixture combinations.

A recent computational study of bimodal elastomer networks examined the spatial distribution

of short chains in the melt and then again after crosslinking in three dimensions��. This Monte

Carlo (MC) simulation used an extension of the two-dimensional bond-fluctuation model�� to de-

termine the kinetically equilibrated arrangement of polymer chains and reactive agents. Simulations

using 1E6 MC cycles on systems of c. 20E3 chains were performed in the three-dimensional case

to find kinetically relaxed arrangements of the system prior to crosslinking. After relaxation, chain

ends were crosslinked on a nearest neighbor basis, and the system was relaxed again. Hagnet al.

concluded from analysis of the local averages of pair correlation functions that the short chains

are distributed uniformly throughout the system both before and after crosslinking. This result is

crucial because it proves that the nearest neighbor crosslinking search does not, by itself, alter the

homogeneity of the system. Spatial homogeneity, over a suitable length scale, is a rubric of com-

putational network simulations�� ��� ��� ��� ��� ��� ��� �	� ��. Examination of spatial distributions of

bimodal systems after crosslinking, however, should involve analysis of both kinetic equilibrium,

as in the bond-fluctuation model, and mechanical equilibrium. The latter consideration may be

achieved by including a mechanical relaxation after crosslinking to account for the different consti-

tutive responses of long and short chains affecting the equilibrated length of each once they share a

common junction.

Eichinger has provided a large body of work devoted to computational investigations of the

crosslinking event in various unimodal systems�� ��� ��� �	� ��. Eichinger’s approach utilized a spa-
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tially continuous distribution of components inside the reaction box, generation of a data structure

containing network connectivity information which could be analyzed using graph theory, and a

means of reducing computational size by subdividing the reaction box. In the Eichinger approach,

after subdividing the reaction box into smaller sub-boxes, crosslinking was performed on a nearest

neighbor basis between reactive agents in the current sub-box and those chain ends in the current

or an adjacent sub-box until a desired extent of reaction was achieved. However, by disallowing

reactive agents in sub-boxes adjacent to the current one from participating in the nearest neighbor

crosslinking search a possible bias in crosslinking was introduced. This biasing allowed crosslink-

ing across the edges of a sub-box to occur without first accounting forinternal crosslinking within

the adjacent sub-box, thus promoting formation of the gel. In addition, the adjacent sub-box was

partially depleted of possible crosslink sites before it became the central sub-box in a nearest neigh-

bor crosslinking search. Eichinger’s method also produced chains with ends dangling outside the

reaction box’s boundaries. These dangling ends were at an unrealistic disadvantage in the simulated

crosslinking event due to their distance from the reactive agents which were restricted to the reaction

box. To compensate for this biasing and to minimize boundary effects, a minimum cell size of 5000

chains was suggested�� ��, and a 10000 chain cell size was the minimum used. To date Eichinger’s

work provides the most spatially realistic simulations of crosslinking despite this possible biasing.

Gel and sol results were in overall agreement with experimental and theoretical predictions with

shorter molecular weights comparing more favorably than longer molecular weights. It must be

noted, however, that preferential arrangements in network structure may also affect deformation of

the gel, which has not been explicitly investigated. The current NETSIM program is modeled after

Eichinger simulations but is modified to remove edge effects and the need for subdivision of the cell

as well as incorporate bimodal molecular chains.

The NETSIM program introduced in this manuscript provides spatially realistic simulations

of the crosslinking process for any molar mixture and molecular weight combination. The pro-

gram is unique among crosslinking algorithms in that it employs nearest neighbor periodic three-

dimensional boundary conditions to remove edge effects. Since the cell is periodic the simulation

size may be kept small; c. 1000 chains, while still approximating a representative volume element.

The advent of a small number of chains allows the crosslinking search to be efficiently carried out

over the entire simulation cell without introducing biasing from subdivisions. Kinetic relaxation
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prior to crosslinking is effectively reproduced by generation of an initially spatially homogeneous

uncrosslinked system. Crosslinked topologies can be examined without conducting mechanical re-

laxations using the connectivity information provided by NETSIM. NETSIM is also unique in that

it is the first attempt, to the best of the authors’ knowledge, at numerically computing gel and sol

fractions for bimodal systems versus extents of reaction. Various topological characteristics of bi-

modal systems versus mole fraction and molecular weight combinations are quantified and used to

examine relationships between topology and enhanced strength and toughness.

3 Bimodal Network Generation

3.1 Material Synthesis

The physical process of synthesizing bimodal elastomer was conducted for comparison with simula-

tion predictions. Known masses of the tetrafunctional reactive agent TEOS and difunctional PDMS

chains of two distinct molecular weights were stirred together at room temperature to achieve a

homogeneous mixture. A catalyst (tin octoate) was added and again the mixture was stirred. The

sample was allowed to cure for two weeks at room temperature. The sol fraction was extracted by

swelling the sample in solvent (THF) then allowing the solvent to evaporate.

The crosslinked material left after extraction of the sol represented well over 80% of the total

mass. It is termed the gel fraction, or gel. Material removed during extraction that did not form

crosslinks with any portion of the gel is considered the sol. The sol is, essentially, not mechanically

active in the crosslinked elastomer network. Portions of the gel, such as dangling chain ends or

loops, are traditionally considered mechanically inactive defects. Characterization of the gel net-

work is difficult thus accurate prediction of the sol fraction is relied upon for comparing results from

NETSIM to experimental results and to other network formation programs. Determination of the

network’s defect population is still important because defects, even when not contributing directly

to mechanical properties, contribute to chain density, mass, and other measures used to characterize

networks.
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3.2 Simulation Algorithm

A mixture ofNo difunctional end-linking prepolymer chains of two distinct molecular weights,Ms

andMl, were reacted with initiallyf -functional crosslinking-agents in a virtual reaction box. The

length of one side of the box,L, is given by

L �

�
noMo

��Avg

� �

�

(1)

whereAvg is Avagadro’s number,�� is the mole-weighted average density of the long chains and

short chains,Mo is the molecular weight of a single monomeric unit andno is the number of

monomeric units in the system.no is given by

no �
NsMs �NlMl

Mo

� (2)

whereNs andNl are the final numbers of long chains and short chains, respectively. During chain

generation, theith chain is designated either long or short following the rule: If�i � m�
s then

Mi � Ms elseMi � Ml, where�i is a random number��� �� generated for theith chain and the

currentlyrequired molar concentration of short chains,m�s, is given by

m�
s �

msNo � �Ns

No �
�
�Ns � �Nl

� � (3)

wherems is the desired final mole fraction of short chain material in the system and�Ns and �Nl are

the current numbers of long and short chains in the system, respectively. The number off -functional

reactive agents,g , is given by

g �
�No

f
� (4)

where� measures the relative stoichiometry of the system. The initial end-to-end distance of a

chain is given by its r.m.s. length

Ri �

r
C�

Mi

Mo

d� (5)

whereC� is the characteristic ratio��,Mi is the molecular weight of the chain in question (i � l� s),

and d is the length of a monomeric unit. Our primary investigation involves differences in the
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characteristics of long and short chains that have initial lengths roughly an order of magnitude

apart. For these analyses, a distribution of initial lengths for the individual long and short chains

about their respective means is unnecessary.

Simulated crosslinking employed a nearest neighbor approach similar to work by Eichinger and

others and used successfully in the simulated crosslinkings of several different unimodal elastomer

chain topologies�� ��� ��� ��� ��� �	� ��. Internal biasing in crosslinking was avoided by using the

entire periodic simulation cell in the nearest neighbor search algorithm. Periodic boundaries also

removed all edge effects.

Network crosslinking proceeded by joining chain end/reactive agent pairs in order of increasing

separation distance,r. The effect of periodic boundaries on crosslinking can best be seen in two

dimensions by figure 1, in which each chain is assumed to have a basis inside the reaction box and

images in each quadrant surrounding the reaction box. The basis representation of each reactive

agent also exists inside the reaction box. Images of the agents are unnecessary. The distance,r,

between an agent and a given chain end is the smallest of the distances between the agent and

each image of the chain end (including it’s basis); the least distance of nine possibilities in the two

dimensional case. For the three dimensional case 26 images and 27 possibler values exist for each

chain end/agent combination.

Crosslinking between a chain end and a reactive agent occurred if: (1) the prospective agent

had a available functionality less than the maximum,f , (2) the chain end was unreacted, and (3) the

extent of reaction was currently less than the set reaction extent parameter,e. Upon crosslinking,

the basis chain end and all of its images were considered reacted.

During crosslinking a matrix containing agent to agent connectivity was generated. Each agent

entry contained information about the molecular weight of chains attached to it. A seperate set of

programs, including the spanning tree algorithm SPANFO��, was invoked to determine the con-

nected components (the gel) and to enumerate the long and short topologies. In general, one large

particle formed during the crosslinking leaving the remaining components as the sol. In the extrac-

tion phase all chains which were not part of the gel were algorithmically removed while defects and

sol fraction were calculated.
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4 Results

Three-dimensional simulations of endlinking PDMS starting oligomers and initially trifunctional or

tetrafunctional agents were examined. In the following passages all reactive agents are described by

their initial, not available, functionality. For example, a reactive agent which has four possible reac-

tive sites is termed tetrafunctional whether one, two, three our all four of those reactive positions are

available. Initial simulations were performed on an HP 9000/735/B workstation. Later simulations

were performed on an HP 9000/778/B180L workstation. Results given are the averages of five runs.

Values of the parameters wereMo � �	 g/mol,C� � 
��, �� � ���	 g/cm�, d � ��
� 
A �� ��� ��

4.1 Convergence Study

Convergence studies were performed on bimodal, tetrafunctional systems withms � ��	, Ms �

���g/mol,Ml � �����g/mol,� � �, �� � ���	 g/cm� ande � ����.

Figure 2 shows the percent of connections made by image chains; chains that exit and re-enter

the simulation cell, versus the number of chains in the simulation. Error bars denote the standard

deviation from the mean. In figure 2, the number of reentrant connections drops as the number

of chains in the simulation cell increases. At roughly 1000 chains, the percentage of connections

from reentrant chains has reached its asymptotic value of 19%. This indicates that the density of

chains crossing the periodic boundary has reached its limiting value and that the effect of the nearest

neighbor boundaries has plateaued.

Figure 3 shows the total gel weight per unit volume and short chain gel weight per unit volume

versus the number of chains in the simulation. Error bars in the short chain gel weight per unit

volume data denote the standard deviation from the mean. The total gel weight per unit volume

data have standard deviations of less than 0.01 (error bars have been omitted for clarity). At roughly

400 chains the gel weights have reached values consistent with those of much larger cell sizes.

Figures 2 and 3 together indicate that at 1000 chains the cell has converged to a representative

volume element for this model in terms of boundary effects, total gel content and structure, and

short chain gel content.

The simulation algorithm yields molar mixtures accurate to the extent allowed by the number

of chains in the simulation cell; eg. a four chain cell may only accurately represent 0, 25, 50, 75,
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and 100 percent molar concentration of short chains. To ensure the proper mole fraction mixtures to

three significant figures, 1000 chains were necessary. All following simulations were carried out on

cells of 1000 chains. As previously noted, all data reported are the averages of five runs. All error

bars denote standard deviations of those samples about their respective mean values.

4.2 Tetrafunctional and Trifunctional Unimodal Simulations

Network crosslinking simulations were performed for the unimodal systems given in table 1. The

sol fractions for the systems in table 1 were computed versus extent of reaction using NETSIM and

the results were compared to the numerical results generated by Eichinger�� ��. Figure 4a shows

the NETSIM results compared to work by Eichinger for two tetrafunctional systems. The overall

results agree quite well although Eichinger’s results predict lower sol fractions than those calcu-

lated by NETSIM. We believe this to be a consequence of Eichinger’s use of subdivisions in the

nearest neighbor crosslinking search. By allowing chains within a subdivision of the cell to react

outside their subdivision before allowing chains within the other subdivision to react, the Eichinger

algorithm promotes generation of the gel. Accordingly, the effect increases with molecular weight

since longer chains penetrate farther and/or more often into adjacent subdivisions. The differences

between Eichinger’s results and NETSIM decreases with extent of reaction as nearly the entire sys-

tem becomes part of the gel. Figure 4b shows the NETSIM results compared to work by Eichinger

for three trifunctional systems. Again the predictions of both algorithms compare quite favorably.

Like the tetrafunctional systems, Eichinger’s trifunctional systems also favor gel formation and the

effect increases with molecular weight. In addition, both Eichinger’s results and NETSIM show a

distinct increase in sol fraction for trifunctional systems as compared to tetrafunctional systems for

a given molecular weight at a given extent of reaction. This increase occurs due to the difference in

the density of reactive agents. For a given number of chains, at�=1, tetrafunctional systems have

50% fewer reactive agents than trifunctional systems increasing the likelihood of a given reaction

in a tetrafunctional system resulting in gel formation.

4.3 Bimodal Results

Network crosslinking simulations were performed on the tetrafunctional bimodal systems given in

table 2. These particular systems were chosen to correspond to materials synthesized and tested
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by Mark�� � for which toughness data are available. Additional simulations were performed on

the mole fraction mixtures and molecular weight combinations given in table 3 to provide a more

complete representation of topologies across a larger spectrum of molar concentrations of short

chains.

Figure 5 depicts the mass of the gel fraction of the network during crosslinking as a function of

the extent of reaction for the bimodal systems 460, 660, and 880. Each of figures 5a-c contains re-

sults for the extent of reaction versus gel percentage (by weight) for four short chain concentrations.

Standard deviations of the results ranged from�4 wt % ate � ��	 to�1 wt % ate � ����. Error

bars are omitted for clarity.

Qualitatively, the results show steady increases in gel fraction with extent of reaction. As the

extent of reaction reaches 90% the rate of gel formation decreases. The decrease in the rate of gel

formation in simulated bimodal systems follows NETSIM’s and Eichinger’s results on unimodal

systems wherein rate of gel formation also decreases beyond extents of reaction approaching 90%.

Quantitatively, the authors’ experimentally determined weight percentage of material in the gel

equal to 96.9 wt. %, found from synthesis of a 95% (by mole) short chain mixture of aMs �

	��, Ml � ����� g/mol combination (very similar to systems 660 and 880), would suggest an

experimental extent of reaction neare � ����, see figure 5b. This value is in excellent agreement

with the literature which reports extents of reaction ofe � ������ �� for similar materials and

synthesis techniques. Results of all simulations that follow are carried out toe � ����.

Figure 6 shows the total gel fraction, calculated from the total mass of the gel, versus molar

short chain content for systems 460, 660, and 880 ate � ����. The percentage of material in the gel

stays relatively steady across all molar mixtures for each system. There is also little differentiation

among the bimodal systems. In figure 7 the mass of material that forms single loops in the gel

has been removed before calculating the gel fraction. This is important since loops do not actively

contribute to the mechanical properties of the network. Figure 7 shows clear delineation among the

three bimodal systems. Figure 7 also shows an increase in the gel weight (sans loops) with both

molar short chain content and molecular weight of the short chains. Figure 7 predicts that as the

molar short chain content increases, the amount of mechanically active material will also increase

and that as the molecular weight of the short chain material is increased, the mechanically active

mass will increase for a given molar mixture.
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Figure 8 examines the density of loops in the gel fraction of the material versus the molar short

chain content in the three bimodal systems 460, 660, and 880. In each case, loops formed almost

exclusively from the short chain material. A statistically insignificant number of long chain loops

were found in some simulations. The figure shows a distinct peak in loop density for the bimodal

system with the shortest molecular weight, system 460, and broader peaks for the two remaining

systems.

Figure 9 shows the values of the loop density and the experimentally determined strain energy at

failure �� � each normalized by their maximum values, versus molar short chain content for bimodal

systems 460, 660, 880, and 1100. Figure 9 clearly indicates a strong correlation between the molar

concentrations at which increased loop density occurs in simulations and enhanced toughness is

observed experimentally. In fact, the point of maximum loop density corresponds to the point of

maximum strain energy at failure for three of the four systems examined. In the case of system

880 the points of maximum strain energy at failure and maximum loop density differ only by the

distance between sampling points, 3% in molar short chain content. It is counterintuitive to suspect

that an increase in a metric of defect density would correspond to increases in toughness. However,

macrocylics (multi-chain loops) found in computer simulations of sequentially generated interpene-

trating networks have been linked to the increases in toughness seen in those systems��. Moreover,

continued investigations of these simulations will demonstrate a correlation between increases in

the density of chains driven to form loops and the number of chains that form network reinforcing

structures.

Two tetrafunctional agents in the gel may be connected to each other by at most three molecular

chains. A connection is defined as any chain or chains linking two separate reactive agents. The

infrequent occurrence oftripled connections in simulations is statistically insignificant. Adoubled

connection occurs when pairs of reactive agents are linked to each other by two distinct molecular

chains. Figure 10 plots the percentage of doubled connections in the gel versus the molar short

chain content for the family of three bimodal systems 460, 660, and 880. The percentage of dou-

bled connections is calculated as the number of doubled connections divided by the total number

of connections in the network. In figure 10, error bars are removed for clarity. Combined standard

deviations in the reported values for the simulated systems averaged 0.47% doubled connections.

Individual standard deviations ranged from�0.25% doubled connections at 60% molar short chain
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content for system 660 to�1.4% doubled connections at 92.4% molar short chain content for sys-

tem 460. The figure illustrates regions of molar concentration wherein the percentages of doubled

connections increase by factors of 1.5–2.5 from their values in unimodal systems containing the

same short chain lengths. Doubled connections are vitally important to the mechanical behavior

of the gel since they should be twice as stiff as the connections between singly connected reac-

tive agents. Furthermore, the simulations shave shown that these doubled connections are formed

exclusively by the much stiffer short chains.

The naturally occurring doubled short chain reinforcement mechanism also correlates well with

the molar concentrations at which enhanced toughness properties have been observed. Figure 11

shows the normalized percentages of doubly connected agents and the corresponding normalized

strain energies at failure for all four bimodal systems versus molar short chain content. The graphs

show clear agreement between the molar concentration regions in which enhanced toughness has

been observed in experiments and the occurrence of the natural reinforcement mechanism of dou-

bled connections is maximized. For systems 460 and 1100, the absolute maxima in strain energy

and incidence of doubled connections fall within one sampling point of each other. In systems 660

and 880 the maxima in strain energy appears to fall on a secondary peak in the incidence of doubled

connections. In these latter two cases, no strain energy data are available at mole fractions near the

primary peaks in the incidence of doubled connections.

4.4 Discussion of Topological Results

The enhanced probability of creating doubled connections between agents in the simulation can be

viewed as a consequence of the spacing between the reactive agents prior to crosslinking. Figure 12

presents a schematic of two crosslinking scenarios in which two reactive agents arrive at a point

during crosslinking where one end of a molecular chain is already affixed to each. The end–to–end

vectors of the molecular chains are oriented in the general direction of each other. In figure 12a

the random placement of reactive agents is such that the agents are separated by a distance roughly

equivalent to the end–to–end distance of a short chain. In figure 12b the spacing between reactive

agents is much smaller than a short chain’s end–to–end distance. The former has an advantage in

forming multiple connections in the simulations because a nearest neighbor search which extends

from one chain’s free end will find the other chain’s agent (andvice versa) whereas in the latter case
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the two free ends will each find seperate agents.

This spacing can be quantified by defining a metric called thelinear crosslink spacing (LCS)

LCS �

�
�Ml �ms �Ml �Ms��

f

Avgb���

� �

�

(6)

whereb is the functionality of the molecular chains. For the linear PDMS chains examined in the

simulations,b � �. LCS computes the cube root of the ratio of the volume of the material to the

number of reactive agents present to determine the average linear spacing between the agents. LCS

depends solely on the composition of the material. Optimality of the spacing for forming doubled

connections is then represented by the dimensionless metric

� �

h
�Ml �ms �Ml �Ms��

f
Avgb�
�

i �

�

�
C�

Ms

Mo
d�
� �

�

(7)

which is the ratio of the LCS to the short chain r.m.s. length,Rs. Unlike LCS,Rs depends on a

molecular weight dependent parameter, the characteristic ratio,C�, which is determined experi-

mentally under theta conditions��. The experimentally determined value is valid only for very long

molecular weights. The expression in equation 7 decreases monotonically with increasingms, Ms,

b, �, ��, d, andC�; it increases monotonically asMl andf increase. This follows physical intuition

in that the former set of parameters increase the packing of the molecular chains; the most obvious

example of which is��. Equation 7 is maximized whenms � � corresponding to a dispersed long

chain system;� is minimized whenms � � corresponding to a more densely packed short chain

system.

Figure 13 plots the value of� at experimentally determined maximum values of failure energy,

and computationally determined percentage of doubled connections in the gel and gel loop density

versus the molecular weight of the short chains for systems 460, 660, 880, and 1100. These partic-

ular values are labeled critical since they represent values of the dimensionless metric� at which

an energy parameter or the incidence of certain topological features is maximized. The figure also

shows� values for nearly unimodal long compositions,ms � �, and unimodal short compositions,

ms � �, withMl=21300 and theMs values shown. Bounding� values for the unimodal cases range

from 3.5 to���. Critical� values all fall within a narrow band between 1.2–1.6. The figure clearly

shows how critical values of� for loop density follow critical� values for strain energy. Whereas
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previous investigations have focused on determining optimal molar concentrations of short chains

in bimodal systems figure 13 highlights the advantage of analyzing topological structures and spac-

ing. Each bimodal blend examined demonstrated enhanced strain energy at failure at short chain

concentrations that produced the highest loop density. Table 4 lists the experimentally determined

maximum strain energies at failure�� � for all four bimodal systems normalized by the maximum

value which occurs in system 660. In this system, figure 13 demonstrates that the critical spacing

for doubled connections is quite different from the critical spacing for loop density.

The standard deviations in�, determined by the sampling point spacing, are equivalent to 1-3

mol % short chains. Though systems 460,660 and 880 have different long chain molecular weights

than those in system 1100, the difference between them is small compared to the smallest differ-

ence in short and long chain molecular weights in bimodal systems. All four cases comprise systems

wherein the network structure is determined by how short chains and substantially lengthier long

chains compete for crosslinking sites. The critical loop densities exhibit a possibly limiting behav-

ior, approaching a value of� � ��� asMs increases. This result suggests that as the short chain

molecular weight increases the critical spacing needed for loop formation approaches a limiting

value. The doubled connections data depict an overall decrease from� � ��
 to � � ��� as the

short chain molecular weight varies fromMs � �
� to Ms � ����. This result suggests that the

critical spacing for doubled connections decreases as the short chain molecular weight increases

and would continue to decrease. The overall enhancement of toughness appears to occur for a bi-

modal blend in which the critical spacing for doubled connections occurs at a concentration of short

chains that is quite different than that short chain concentration which maximizes the short chain

loop density.

5 Conclusions

The network formation simulation program, NETSIM, provides reliable simulations of the network

formation process for endlinking linear polymer chains andf -functional reactive agents. The pe-

riodic boundaries remove the possibility of errors due to edge effects and reduce the necessary

computational size. The smaller simulation cell alleviates the need for subdivision and any possible

errors associated with it. Results of unimodal simulations are in agreement with previous investi-
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gations; deviations are thought to occur because of biasing in the previous investigations. Results

of bimodal simulations show monotonic increases in gel size with extent of reaction. Results also

show decreasing populations (by weight) of loops in the gel with increasing short chain molecular

weight and increasing molar short chain content. Loops are exclusively formed from short chains.

The molar short chain concentrations at which the magnitudes of certain short chain topologies

peak, namely the density of loops in the gel and the percentage of doubled connections in the gel,

were found to correlate well with the molar concentrations at which enhanced toughness was seen

in experiments. Loop density and, to a lesser extent, doubled connections were shown to be clear

predictors of enhanced toughness.

Figure 13 in conjunction with equation 7 provides a recipe for generating bimodal samples with

increased toughness properties by dictating particularms andMs combinations for the givenMl.

Figure 13 suggests that for a givenMs, optimal specimens will have� values equal to their critical

loop values,�loop. ms may then be determined using equation 7, with� � �loop, the givenMs and

Ml, and known material parameters. For the systems studied, the optimalMs is one which provides

the largest difference between� values for critical loop density and critical doubled connections,

�loop and�double. This occurs because of the finite number of connections which can be formed by

the short chain population in the system, i.e. the finite number of short chains present must trade off

between forming single, double, or loop connections.

Efforts are underway to examine the mechanics of the toughening effect. The next step in the

analysis involves annealing of the crosslinked structure to examine the r.m.s. initial chain length

assumption used in rubber elasticity, specifically its applicability to bimodal systems in which the

two molecular species obey different force stretch laws and in which multiple connections between

reactive agents are important. After annealing, the structure must be deformed to better understand

the evolution of the mechanical response in each molecular species and in each topology. Direct

comparison of strain energy densities at failure may be made using the simulated deformation stud-

ies.
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8 Tables

Table 1: Composition of Unimodal Systems Studied

System ID Agent Functionality Molecular Wt. [g/mol]
1850 4 1850
45000 4 45000
1850 3 1850
4700 3 4700
18500 3 18500

Table 2: Composition of Simulations Corresponding to Experimental Data

System ID Ms–Ml Combination [g/mol] Molar Short Chain Content [%]
460 21300-460 99.6 98.3 97.0 95.4 92.4 90.6
660 21300-660 99.7 99.4 98.5 97.0 95.1 94.2 90.8
880 21300-880 99.4 98.0 97.0 95.0 93.4 90.8
1100 18500-1100 100 89.0 83.0 80.0 0.0

Table 3: Composition of Simulations Performed for Completeness

System ID Ms–Ml Combination [g/mol] Molar Short Chain Content [%]
460 21300-460 100 85 80 60
660 21300-660 100 85 80 60
880 21300-880 100 85 80 60
1100 18500-1100 70
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Table 4: Normalized Maximum Strain Energy at Failure for Four Bimodal Systems

System ID Normalized Maximum Strain Energy at Failure
460 0.795
660 1.00
880 0.765
1100 0.459

9 Figure Captions

Figure 1: Image and basis chains and agents in two-dimensional periodic simulation. Agents are

denoted by open circles, chain ends by filled circles, basis chains by solid lines and image chains by

dashed lines.

Figure 2: Convergence study of the percentage of reentrant chains versus cell size for a bimodal

system,Ms = 400 g/mol andMl=21500 g/mol, and tetrafunctional reactive agents.

Figure 3:Convergence study of the gel fraction per unit volume versus cell size for a bimodal

system,Ms=400 g/mol andMl=21500 g/mol, and tetrafunctional agents.

Figure 4: Sol fraction versus extent of reaction for various molecular weights in (a) tetrafunc-

tional and (b) trifunctional systems.

Figure 5: Gel fraction versus extent of reaction for tetrafunctional bimodal systems (a) 460 (b)

660 (c) 880.

Figure 6: Gel percentage by weight versus molar short chain concentration for bimodal systems

460, 660, and 880.

Figure 7: Gel percentage (sans loops) by weight versus molar short chain concentration for

three bimodal systems.

Figure 8: Loop density versus molar short chain content for three bimodal systems.

Figure 9: Normalized loop density and normalized strain energy at failure�� � versus molar

short chain content for bimodal systems (a) 460, (b) 660, (c) 880 , (d) 1100.

Figure 10: Percent doubled connections in the gel versus molar short chain content for three

bimodal systems.
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Figure 11: Normalized percentage of doubled (short chain) connections in the gel and normal-

ized strain energy at failure�� � versus molar short chain content for bimodal systems (a) 460, (b)

660, (c) 880, (d) 1100.

Figure 12: Spacing of reactive agents prior to crosslinking, (a) spacing optimal for producing

doubled connections, (b) spacing far from optimal.

Figure 13: � values at maximum incidence of� failure energy�� �,� doubled connections and

� loop density, versusMs. Solid and dashed lines represent bounding� values for unimodal short

and nearly unimodal long (ms � �) specimens, respectively.
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Figure 1: Image and basis chains and agents in two-dimensional periodic simulation. Agents are
denoted by open circles, chain ends by filled circles, basis chains by solid lines and image chains by
dashed lines.

10 Figures
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Figure 2: Convergence study of the percentage of reentrant chains versus cell size for a bimodal
system,Ms = 400 g/mol andMl=21500 g/mol, and tetrafunctional reactive agents.
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Figure 3: Convergence study of the gel fraction per unit volume versus cell size for a bimodal
system,Ms=400 g/mol andMl=21500 g/mol, and tetrafunctional agents.
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Figure 4: Sol fraction versus extent of reaction for various molecular weights in (a) tetrafunctional
and (b) trifunctional systems.
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Figure 5: Gel fraction versus extent of reaction for tetrafunctional bimodal systems (a) 460 (b) 660
(c) 880.
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Figure 6: Gel percentage by weight versus molar short chain concentration for bimodal systems
460, 660, and 880.
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Figure 7: Gel percentage (sans loops) by weight versus molar short chain concentration for three
bimodal systems.
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Figure 8: Loop density versus molar short chain content for three bimodal systems.
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Figure 9: Normalized loop density and normalized strain energy at failure�� � versus molar short
chain content for bimodal systems (a) 460, (b) 660, (c) 880 , (d) 1100.
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Figure 10: Percent doubled connections in the gel versus molar short chain content for three bimodal
systems.
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Figure 11: Normalized percentage of doubled (short chain) connections in the gel and normalized
strain energy at failure�� � versus molar short chain content for bimodal systems (a) 460, (b) 660,
(c) 880, (d) 1100.

30



r.m.s

LCD

(a)

r.m.s

LCD

(b)

Figure 12: Spacing of reactive agents prior to crosslinking, (a) spacing optimal for producing dou-
bled connections, (b) spacing far from optimal.
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Figure 13:� values at maximum incidence of� failure energy�� �, � doubled connections and�
loop density, versusMs. Solid and dashed lines represent bounding� values for unimodal short
and nearly unimodal long (ms � �) specimens, respectively.
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