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• This is a closed book exam.

• Calculators are not allowed.

• There are 10 problems on the exam plus one extra credit (or bonus)
problem.

• The problems are not in order of difficulty. We recommend that you
read through all the problems, then do the problems in whatever order
suits you best.

• A correct answer does not guarantee full credit, and a wrong answer
does not guarantee loss of credit. You should clearly but concisely
indicate your reasoning and show all relevant work. Your grade on each
problem will be based on our assessment of your level of understanding
as reflected by what you have written in the space provided.

• Please be neat and box your final answer, we cannot grade what we
cannot decipher.
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Problem 1

Monitor three consecutive phone calls going through a telephone switching
office. Classify each one as a voice call (v) if someone is speaking, or a data
call (d) if the call is carrying a modem or fax signal. Your observation is a se-
quence of three letters (each one of them is either v or d). For example, three
voice calls correspond to vvv. The outcomes vvv and ddd have probability

0.2 whereas each of the other outcomes vvd, vdv, vdd, dvv, dvd and ddv has
probability 0.1. Count the number of voice calls Nv in the three calls you
have observed. Consider the four events Nv = 0, Nv = 1, Nv = 2, Nv = 3.
Describe in words and also calculate the following probabilities:

1. P [Nv = 2]

2. P [Nv ≥ 1]

3. P [{vvd}|Nv = 2]

4. P [{ddv}|Nv = 2]

5. P [Nv = 2|Nv ≥ 1]

6. P [Nv ≥ 1|Nv = 2]
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Problem 2

The number of database queries processed by a computer in any 10-second interval
is a Poisson random variable, K, with α = 5 queries. The Poisson distribu-
tion is given by

PK(k) =

{

αke−α/k!, k = 0, 1, 2, · · · ;
0, otherwise.

1. What is the probability that there will be no queries processed in a
10-second interval?

2. What is the probability that at least two queries will be processed in
a 2-second interval?
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Problem 3

The random variable X has PMF

PX(x) =

{

c/x, x = 2, 4, 8;
0, otherwise.

1. What is the value of the constant c?

2. What is P [X = 4]?

3. What is P [X < 4]

4. What is P [3 ≤ X ≤ 9]
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Problem 4

The random variable X has CDF

FX(x) =















0, x < −3;
0.4, −3 ≤ x < 5;
0.8, 5 ≤ x < 7;
1, x ≥ 7.

1. Draw a graph of the CDF

2. Find PX(x), the PMF of X.
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Problem 5

The probability density function of the random variable Y is

fY (y) =

{

3y2/2, −1 ≤ y ≤ 1;
0, otherwise.

Sketch the PDF and find the following:

1. The expected value E[Y ]

2. The second moment E[Y 2]

3. The variance V ar[Y ]

4. The standard deviation σY
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Problem 6

The random variable W has CDF

FW (w) =























0, x < −5;
(w + 5)/8, −5 ≤ x < −3;
1/4, −3 ≤ x < 3;
1
4

+ 3 (w−3)
8

, 3 ≤ x < 5.
1, w ≥ 5.

1. What is P [W ≤ 4]

2. What is P [−2 < W ≤ 2]

3. What is P [W > 0]

4. What is the value of a such that P [W ≤ a] = 1/2?
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Problem 7

X is the Gaussian (0, 1) random variable and Y is the Gaussian (0, 2) random
variable.

1. What is P [−1 < X ≤ 1]

2. What is P [−1 < Y ≤ 1]

3. What is P [X > 3.5]

4. What is P [Y > 3.5]

The table of the standard normal CDF is given at the beginning of the exam
sheet.
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Problem 8

The joint PMF PQ,G(q, g) for random variables Q and G is given in the
following table

PQ,G(q, g) g = 0 g = 1 g = 2 g = 3
q = 0 0.06 0.18 0.24 0.12
q = 1 0.04 0.12 0.16 0.08

Find

1. P [Q = 0]

2. P [Q = G]

3. P [G > 1]

4. P [G > Q]

5. The marginal PMF of G, PG(g)

6. The marginal PMF of Q, PQ(q).
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Problem 9

Random variables X and Y have the joint PDF

fX,Y (x, y) =

{

1/2, −1 ≤ x ≤ y ≤ 1;
0, otherwise.

1. Sketch the region of non-zero probability

2. What is P [X > 0]

3. What is the marginal PDF fX(x)

4. What is E[X]
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Problem 10

Random variables X and Y have joint PDF

fX,Y (x, y) =

{

c, 0 ≤ x ≤ 5, 0 ≤ y ≤ 3;
0, otherwise.

Find

1. the constant c

2. P [2 ≤ X < 3, 1 ≤ Y < 3]
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Extra credit problem worth 10 points

A professor pays 25 cents for each blackboard error made in lecture to the
student who points out the error. In a career of n years filled with blackboard
errors, the total amount in dollars paid can be approximated by a Gaussian
random variable Yn with expected value 40n and variance 100n.

1. What is the probability that Y20 exceeds 1000?

2. How many years n must the professor teach in order that
P [Yn > 1000] > 0.99?
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Figure 1:
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