Weakly Symmetric Spaces and Bounded Symmetric Domains

Hi^́eu D- ú’c Nguy^̃en May 1996

Xin d-u’o’. c thân tă.ng cho Ba Me.

Contents

1 Bounded Symmetric Domains 3 1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.3 The Factor of Automorphy . . . . . . . . . . . . . . . . . . . . . 7 1.4 The Kernel Function . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.5 One-Dimensional K-Types . . . . . . . . . . . . . . . . . . . . . . 15

2 Circle Bundles 16 2.1 A Circle Bundle Construction . . . . . . . . . . . . . . . . . . . . 17 2.2 The Riemannian Metric . . . . . . . . . . . . . . . . . . . . . . . 20

3 Weakly Symmetric Spaces 25 3.1 Weakly Symmetric Spaces . . . . . . . . . . . . . . . . . . . . . . 26 3.2 The Unit Disc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.3 The Unbounded Realization . . . . . . . . . . . . . . . . . . . . . 31 3.4 Hyperbolic Space . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4 Applications 38 4.1 Gelfand Pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 4.2 Spherical Representations . . . . . . . . . . . . . . . . . . . . . . 42 4.3 Holomorphic Discrete Series . . . . . . . . . . . . . . . . . . . . . 46 4.4 Invariant Eigenfunctions . . . . . . . . . . . . . . . . . . . . . . . 48 4.5 Selberg Trace Formula . . . . . . . . . . . . . . . . . . . . . . . . 49

Chapter 1

Bounded Symmetric Domains

1.1 Introduction

The classic notion of a symmetric space M dates back to Riemann and Cartan: given any two points x and y of M, there exists an isometry g which maps each point to the other. This deep and yet simple idea helped spurred vigorous research in the early 1900’s which resulted in a classification of the irreducible symmetric spaces (see [9]). Then in 1956, Atle Selberg introduced in his seminal paper [23] the notion of a weakly symmetric space which naturally generalizes that of a symmetric space. He called a space M weakly symmetric if it has a fixed involutive isometry μ such that given any two points x and y on M, there exists an isometry g which maps each point to the image of the other point under μ. If μ can be chosen to be the identity, then M is in fact symmetric. The diagram below gives a picture of this generalization:

M g

g x y

Symmetry

M x y

μ(x) μ(y) g g

Weak Symmetry

A symmetric space possesses the crucial property that its space of invariant linear operators is commutative. As a result, harmonic analysis becomes interesting and fruitful on such spaces. Fortunately, Selberg [23] has proven that this property is retained for weakly symmetric spaces. It is mainly because of this fact that makes Selberg’s generalization worth investigating. However, its significance depends on whether or not there are examples of weakly symmetric spaces that are not symmetric. Unfortunately, such examples are few in number and a classification seems far at hand. In fact, the only method known to us for obtaining concrete examples was described by Selberg in [15], where he informally constructed circle bundles on the Siegel half-space. Furthermore, he found applications for these circle bundles in his investigation of automorphic forms.

It is our thesis that new examples of weakly symmetric spaces can be obtained by generalizing Selberg’s circle bundle construction to bounded symmetric domains. By using the symmetry and fine structure of bounded symmetric domains, it is proven that the corresponding circle bundles are indeed weakly symmetric. Applications of these weakly symmetric spaces to harmonic analysis, representation theory, and automorphic forms are presented.

The contents of our thesis are as follows: Chapter I lays out the structure theory for simple Lie groups of hermitian type and irreducible bounded symmetric domains. Let G be such a Lie group and D ∼= G/K the corresponding bounded symmetric domain. We shall assume that D is of classical type. The factor of automorphy κ and a kernel function K are introduced. As they play an important role in our thesis, the rest of the chapter is devoted to finding explicit expressions for κ and K. Proofs are given for the complex quadric since we were unable to find references for it. Other classical results about the Bergman kernel and the Bergman on D are provided as background for our weakly symmetric spaces.

Chapter II is the beginning of new material and new results. First, we describe the construction of a circle bundle D^1 → D. Let G^1 and D^1 be circle extensions of G and D, respectively. Then a twisted action of G^1 on D^1 is defined using the factor of automorphy κ. It is shown that this action is welldefined and transitive due to a cocycle condition satisfied by κ. This makes D^1 a homogeneous riemannian manifold and the G^1 -invariant metric Ω is computed for D^1 of classical type.

Let σ denote complex conjugation on D and extend it to D^1 . Chapter III then presents the main result of our thesis:

Main Theorem. (D^1 , G^1 , σ) is a weakly symmetric space. Furthermore, in case G = SU(m, n) with m ≠ n, it happens that G^1 can be replaced with G as the transitive group of isometries of D^1 . We also prove that the universal cover of a weakly symmetric space is also weakly symmetric. It follows that (D , G , σ) is also weakly symmetric, where D and G denote the universal covers of D^1 and G^1 , respectively.

We go on in this chapter to describe the Cayley transformation of D^1 . This is an extension of the Cayley transform c on D which maps it to its unbounded realization H. As a result, D^1 should have a similar unbounded realization H_ν . It is shown that H_ν can be constructed independently, so that via the Cayley transform, is seen to be precisely the unbounded version of D^1 . We obtain as new results expressions for the riemannian metric on H_ν in the two cases where H is either a tube domain with G = SU(n, n) or complex hyperbolic space with G = SU(n, 1). Lastly, it is verified that when G is the symplectic group, H_ν is exactly the circle bundle constructed by Selberg.

Chapter 4 then discusses some applications of our circle bundles. We hope to convince the reader of their usefulness even though the results that we obtain are not new. The first application deals with D^1 as a commutative space, or equivalently, viewing (G^1 , K^1 ) as a Gelfand pair. This means that D(G^1 /K^1 ), the space of G^1 -invariant linear operators on D^1 , is commutative since D^1 is weakly symmetric. However, this result was already proven by Flensted-Jensen in [2]. There, he actually defined the same extensions G^1 and K^1 as we did and performed harmonic analysis on the function algebra C^∞(G^1 /K^1 ). A direct proof is given of the commutativity of that C^∞(G^1 //K^1 ), the bi-K_ν -invariant functions on G^1 . This implies that (G^1 , K^1 ) is a Gelfand pair and the commutativity of E(G^1 /K^1 ) now follows from certain equivalent definitions for a Gelfand pair. We show that his method can be used to prove that the function algebra C^∞_c (G //K_ν ) is also commutative, hence (G , K_ν ) is also a Gelfand pair.

We then make use of Flensted-Jensen’s results about spherical functions on G^1 (with respect to K^1 ) to study the relationship between spherical kernels and spherical functions on D^1 . Namely, we derive the important property that joint eigenfunctions of invariant different operators D(G^1 /K^1 ) are joint eigenfunctions of the invariant integral operators E(G^1 /K^1 ).

The last application shortly describes using D^1 to study representations of G and automorhic forms on D via the Selberg trace formula. Let E be a joint eigenspace of D(G^1 /K^1 ). Now, every F ∈ E can be written as F (z, t) = |K(z, z)|^{k2} f(z)e^{ikt}, where K(z, z) is a fractional power of the Bergman kernel. Consider the operator T : F → f. Then the natural action of G^1 on F by left translation means that G acts on f under a transformation via the factor of automorphy. The operator T becomes an intertwining operator between the eigenspace representation of G^1 and the corresponding discrete series representation of G.

Let Γ be a discrete subgroup of G such that Γ\D is compact. Fix a onedimensional representation τ_ν of K and a one-dimensional representation χ of Γ. Let A be the space consisting of square-integrable functions on D that transform automorphically under Γ as follows: f(mz) = χ(m)τ^k (κ(m, z))f(z), m ∈ Γ, z ∈ D, k ∈ Z. (1.1) The important connection is from observing that if F ∈ E is invariant under Γ, then T (F ) = f is in A. We construct an appropriate G^1 -invariant integral operator I_p on D^1 and go on to prove that its kernel p is spherical in the sense of Selberg [5]. A dimension formula for A can be obtained by applying the Selberg trace method to I_p (as in [23]).

1.2 Preliminaries

The following treatment is taken from R. Herb and J.A. Wolf [12]. Let G be a connected, simply-connected real simple Lie group of Hermitian type. Denote by Z_G the center of G. Fix a Cartan involution θ of G. The fixed point set K = G^θ contains the center Z_G of G and K/Z_G is a maximal compact subgroup of G/Z_G. The space D = G/K is an irreducible bounded symmetric domain.

If g and k are the Lie algebras of G and K, respectively, then g = k ⊕ p is the Cartan decomposition under θ. Now, k = k_s ⊕ z_k where k_s = [k, k] is the semisimple part of k, and z_k is its one-dimensional center. Let K_s denote the connected closed subgroup of K with Lie algebra k_s and Z_K denote the center of K. Then K_s is compact, simply-connected, and normal in K. The vector subgroup Z_K ∼= E × Z^0_K , where E is a finite abelian subgroup and Z^0_K ∼= R the identity component of Z_K , and K = K_s · Z^0_K . Also, Z = Z_G ∩ Z^0_K is an infinite cyclic group.

Let g_C be the complexification of g. Extend θ to g_C so that g_C = k_C + p_C . If h is a Cartan of subalgebra of k, then h is a Cartan subalgebra of g and its complexification h_C is a Cartan subalgebra of g_C . Let Φ be root system for (g_C , h_C ). Then g_C has the root decomposition g_C = h_C + ∑ α∈Φ g_α. Decompose Φ = Φ_c ∪ Φ_n into subsets of compact and noncompact roots. Choose a root ordering for Φ so that Φ^+ and Φ^− are the set of positive and negative roots, respectively. This allows us to write p_C = p_+ + p_−, where p_+ (resp. p_−) is the holomorphic (resp. antiholomorphic) tangent space. Furthermore, let Z_0 be the element in the center of k which defines this complex structure. Set Φ^±_c = Φ^± ∩ Φ_c and Φ^±_n = Φ^± ∩ Φ_n.

Let G_C be the connected simply connected Lie group for g_C . Denote by G_R, K_R, K_C , P_+ and P_− to be analytic subgroups of G_C corresponding to g, k, k_C , p_+ and p_−. Let q : G → G_R be the projection map. Then K = q^{−1}(K_R). If x ∈ P_+K_RP_−, then we write its P_+K_RP_− decomposition as x = p_+(x) · κ_o(x) · p_−(x). This allows us to define the map ζ : P_+K_C P_− → p_+ by requiring that p_±(x) = exp ζ(x), where exp : p_+ → P_+ is the exponential map. Since G_R ⊂ P_+K_C P_− ⊂ G_C , we write g ∈ exp z · K_C P_− so that the restriction map ζ : G_R → p_+ given by g → z gives the Harish-Chandra embedding of G_R/K_R onto a bounded domain D in the complex vector space p_+.

We now lift this picture up to G. The embedding G_R ⊂ P_+K_C P_− lifts to a corresponding decomposition map G → P_+ ~K_C P_− by lifting p_± and κ_o to G via the universal covering q : G → G_R. This gives G/K ∼= G_R/K_R. Now, let q_K : ~K_C → K_C be the universal covering group. Then ~K_C can be thought of as the complexification of K and q_K |_K = q|_K . As a result, κ_o : G → K_C lifts to κ̃_o : G → ~K_C such that κ̃_o|_K : K → ~K_C . This gives the embedding G → P_+ ~K_C P_− as defined in [12].

The picture can be made explicit when we choose G_R to be a matrix Lie group. Since our results pertain only to the case where G_R is of classical type, we shall always make this assumption when referring to G_R. There are four such classical bounded symmetric domains and are numbered according to their type. Following ([9]), they can be described as follows: Type G_R/K_R D ⊂ p_+ I. SU(m, n)/S(U(m) × U(n)) {Z ∈ M_{mn}(C ) : I − Z^∗Z >> 0} II. Sp(n, C ) ∩ U(n, n)/U(n) {Z ∈ M_{nn}(C ) : Z^t = Z and I − Z^∗Z >> 0} III. SO^∗(2n, C )/U(n) {Z ∈ M_{nn}(C ) : Z^t = −Z and I − Z^∗Z >> 0} IV. SO_o(n, 2)/(SO(n) × SO(2)) { Z ∈ M_{n1}(C ) :

1 + |^tZZ|^2 − 2Z^∗Z > 0 and 1 − Z^∗Z > 0 }

1.3 The Factor of Automorphy

Recall that the action of G and G_R on D agree (via q). If g ∈ G, then we write

its projection to G_R via q as q(g) = ( A B C D ) . The function κ_o defined for G

and G_R above is called the factor of automorphy and κ̃_o the universal factor of automorphy. However, we will need to generalize κ_o slightly as it will be used later to help us define a certain group action. The following description is from Satake [21]. We extend κ_o to a map κ : G_R × D → K_C satisfying the following relation^1:

g · exp z ∈ exp gz · κ(g, z) · P_− (1.2)

Let o ∈ D be the coset element eK_R. Then κ has the following properties:

Lemma 1.3.1 i) κ(g, o) = κ_o(g), for all g ∈ G_R.

ii) κ(k, z) = k, for all k ∈ K_C and z ∈ D.

iii) κ(g_1g_2, z) = κ(g_1, g_2z)κ(g_2, z), for all g_1, g_2 ∈ G_R and z ∈ D.

Our immediate goal will be to compute the factor of automorphy for those bounded symmetric domains of classical type.

Proposition 1.3.2 The factor of automorphy has the expression

Types I-III: κ(g, Z) = ( A − (gZ)C 0 0 D ) , gZ = (AZ + B)(CZ + D)^{−1} Type IV: κ(g, Z) = ( U 0 0 V ) , with U and V given as follows:

Express gZ = 1 (1, i)(CZ_1 + DZ_2)

(AZ_1+BZ_2) with Z_1 = 2iZ and Z_2 = ( 1 +^tZZ i − i^tZZ ) . Then

U = A − B^tZ^′_+ + (gZ)[CZ^′_+ + D(I +^1_2 Z^{′′}_+]^tW, V = (I +^1_2 (gZ)^{′′}_+){^t(gZ)^′_+[AZ^′_+ + B(I +^1_2 Z^{′′}_+)] + [CZ^′_+ + D(I +^1_2 Z^{′′}_+)]}(I −^1_2 W^{′′}_−),

where W = − 1 2iv t (C − D^tZ^′_+) ( i 1 ) , as given below in (1.4), (1.5).

The proof really boils down to finding the P_+K_C P_−-decomposition of G_R. Fortunately, the decomposition for Types I-III is rather easy and the answer is given below without proof (see [12], p. 5). On the other hand, the Type IV case requires quite a bit more wrangling. Since the author has failed to find a reference for this decomposition (and probably for good reason because the calculations get very messy), complete details will be given.

Lemma 1.3.3 Let G_R be of Types I-III. Then the P_+K_C P_−-decomposition of g is g = ( A B C D ) = ( I Z 0 I ) ( U 0 0 V ) ( I 0 W 0 ) , where Z = BD^{−1}, U = A − BD^{−1}C, V = B, and W = D^{−1}C.

We begin with some preliminaries. Let g ∈ SO_o(n, 2). Then according to [28],

p_+ = { ~Z = ( 0 Z^′_+ −^tZ^′_+ 0 ) : Z^′_+ = (iZ, Z) where Z is n × 1 } , 1The universal factor of automorphy can be extended similarly to κ̃ : G × D → ~K_C (due to Tirao [25], p. 64).

and the embedding of Z ∈ D ⊂ p_+ is given naturally as Z → ~Z. Similarly,

p_− = ~W = {( 0 W^′_− −^tW^′_− 0 ) : W^′_− = (iW, −W ) where W is n × 1 } . To obtain P_+ and P_− now requires exponentiating p_+ and p_−, respectively. Use the fact that ~Z ~Z = ( 0 0 0 Z^{′′}_+ ) where Z^{′′}_+ = (_t ZZ −i^tZZ −i^tZZ −^tZZ ) , and ( ~Z)^k = 0 for k ≥ 3 to compute exp ~Z = ∑_∞ k=0 1 k! ( ~Z)^k. This gives

P_+ = { exp ~Z = ( I Z^′_+ −^tZ^′_+ I +^1_2 Z^{′′}_+ ) : ~Z ∈ p_+ }

A similar calculation shows that

P_− = { exp ~W = ( I W^′_− −^tW^′_− I +^1_2 W^{′′}_− ) : ~W ∈ p_− } ,

where W^{′′}_− now takes the form W^{′′}_− = (_t W W i^tW W i^tW W −^tW W ) . Furthermore, K_C

has the form

K_C = {( U 0 0 V ) : U ∈ SO(n), V ∈ SO(2) }

Lemma 1.3.4 Let G_R = SO_o(n, 2). Then the P_+K_C P_−-decomposition of g ∈ G_R is g = ( A B C D ) = ( I Z^′_+ −^tZ^′_+ I +^1_2 Z^{′′}_+ ) ( U 0 0 V ) ( I W^′_− −^tW^′_− I +^1_2 W^{′′}_− ) , where

Z^′_+ = (iZ, Z), Z =^1_{2id} B ( 1 i ) with d =^1_{2i} ( i 1 ) D ( 1 i ) , W^′_− = (iW, −W ), W = −^1_{2id}^tC ( i 1 ) , ( U 0 0 V ) = ( A + Z^′_+D^tW^′_− 0 0 (I +^1_2 Z^{′′}_+)(^tZ^′_+B + D)(I −^1_2 W^{′′}_−) ) . Proof. Multiplying the three matrices on the right hand side above together and comparing entries leads to the set of equations

U − Z^′_+V^tW^′_− = A, UW^′_− + Z^′_+V (I +^1_2 W^{′′}_−) = B, −^tZ^′_+U − (I +^1_2 Z^{′′}_+)V^tW^′_− = C, −^tZUW^′_− + (I +^1_2 Z^{′′}_+)V (I +^1_2 W^{′′}_+) = D. (1.3)

The two equations in the second column give V = (I −^1_2 Z^{′′}_+)^{−1}(^tZ^′_+B + D)(I + 1 2 W^{′′}_−)^{−1}. It can be checked that det(I −^1_2 Z^{′′}_+) = det(I −^1_2 W^{′′}_−) = 1 so that the inverses above makes sense. In fact, we easily see that

(I −^1_2 Z^{′′}_+)^{−1} = (I +^1_2 Z^{′′}_+), (I +^1_2 W^{′′}_−)^{−1} = I −^1_2 W^{′′}_−,

and so V = (I +^1_2 Z^{′′}_+)(^tZ^′_+B + D)(I −^1_2 W^{′′}_−).

Now use this expression to obtain U = A + Z^′_+D^tW^′_−, which follows from recognizing that Z^′_+^tZ^′_+ = W^′_−^tW^′_− = 0.

It remains to compute what Z^′_+ is in terms of g. This requires noticing that the map Θ : V → v = 1 2i ( i 1 ) V ( 1 i )

identifies SO(2) with GL(1) = C^∗ , and so v is never 0. This is because SO(2) consists of the matrices

SO(2) = { V = ( cos θ sin θ − sin θ cos θ ) : θ ∈ C } , and it is easy to check that Θ(V ) = e^θ. We then use our expression for V above to obtain

Θ(V ) = v = 1 2i ( i 1 ) V ( 1 i ) = 1 2i ( i 1 ) D ( 1 i ) = d,

where we have used the relations ( i 1 ) Z^{′′}_+ = 0, W^{′′}_− ( 1 i ) = 0. Now, the

equation in ( 1.3) involving B gives d · Z = 1 2i Z ( i 1 ) V ( 1 i ) = 1 2i Z^′_+V ( 1 i ) = 1 2i B ( 1 i ) , from which we obtain the desired expression for Z after dividing by d. A similar argument can be used to find W = − 1 2id tC ( i 1 )

and will be left for the reader. This completes the lemma. □ Proof. (of proposition) By definition, g exp ~Z = exp( ~gZ)κ(g, Z) exp ~W . For Types I-III, this means finding the K_C -component of

g exp Z = ( A B C D ) ( I Z 0 I ) = ( A AZ + B C CZ + D ) . Now use our P_+K_C P_− decomposition to get the desired expression.

For Type IV, we now have

g exp ~Z = ( A B C D ) ( I Z^′_+ −^tZ^′_+ I +^1_2 Z^{′′}_+ ) = ( A − B^tZ^′_+ AZ^′_+ + B(I +^1_2 Z^{′′}_+) C − D^tZ^′_+ CZ^′_+ + D(I +^1_2 Z^{′′}_+) ) . We use our formula for the P_+K_C P_− decomposition of G_R = SO(n, 2) to get the K_C -component of g exp ~Z, which is precisely the factor of automorphy κ(g, Z) = ( U 0 0 V ) .

First, by rewriting CZ^′_++D(I+^1_2 Z^{′′}_+) =^1_2 ( CZ_1 + CZ_2 ) ( 1 −i ) +^1_2 D ( 1 i −i 1 ) , we get

v = Θ(V ) = 1 2i ( i 1 ) [CZ^′_+ + D(I + 1 2 Z^{′′}_+)] ( 1 i ) = 1 2i ( i 1 ) (CZ_1 + DZ_2).

Then a short calculation shows that we get the correct answer for g acting on Z: gZ = 1 2iv [AZ^′_+ + B(I + 1 2 Z^{′′}_+] ( 1 i ) = 1 ( i 1 ) (CZ_1 + DZ_2)

(AZ_1 + BZ_2).

By denoting W = −^1_{2iv}^t(C − D^tZ^′_+) ( i 1 ) , we can finally write the expression

for U and V as

V = (I +^1_2 (gZ)^{′′}_+){^t(gZ)^′[AZ^′_+ +B(I +^1_2 Z^{′′}_+)]+[CZ^′_+ +D(I +^1_2 Z^{′′}_+)]}(I −^1_2 W^{′′}_−), (1.4) and the relation (gZ)^{′′}_+^t(gZ)^′ = 0 is used to simplify the answer for U:

U = A − B^tZ^′_+ + (gZ)[CZ^′_+ + D(I +^1_2 Z^{′′}_+)]^tW. (1.5)

This completes the proof. □

1.4 The Kernel Function

Our next goal will be to define a certain kernel function K for the classical domains. Now, we can view K_C = K^+_C × K^−_C so that

K_C = {( U 0 0 V ) : U ∈ K^+_C , V ∈ K^−_C and det(U) det(V ) = 1 } . If k ∈ K_C , we label k^+ = U and k^− = V .

Then, following Satake [21], we define the matrix kernel function K : D × D → K_C : K(z, w) = κ_o((exp z)^{−1}(exp w))^{−1}, where z represents conjugation with respect to the complex structure on p, so that elements of p_+ are sent to p_− (and vice versa). For the classical domains, this means that if the element z ∈ D ⊂ p_+ is viewed as a matrix, then the complex structure is complex conjugate transpose of matrices: z ↔ ( 0 Z 0 0 ) , z ↔ ( 0 0 Z^∗ 0 ) . Then the kernel function K : D × D → C^∗ is defined as: K(z, w) = { det(K(z, w)^−), Types I − III Θ(K(z, w)^−), Type IV

Proposition 1.4.1 The kernel function K for the classical domains is given as

Type I: K(Z, W ) = det(I − Z^∗W )^{−1}. Type II: K(Z, W ) = det(I − ZW )^{−1}. Type III: K(Z, W ) = det(I + ZW )^{−1}. Type IV: K(Z, W ) = (1 +^t ZZ^tW W − 2Z^∗W )^{−1}.

Proof. For Types I, II, III, just multiply the following matrices

(exp Z^∗)^{−1} exp W = ( I 0 −Z^∗ 0 ) ( I W 0 I ) ) = ( I W −Z^∗ I − Z^∗W )

to easily see that K(Z, W ) = ( (I + W (I − Z^∗W )^{−1}Z^∗)^{−1} 0 0 (I − Z^∗W )^{−1} ) , and so K(Z, W ) = det(I − Z^∗W )^{−1}. Now use the fact that^tZ = Z for Type II and^tZ = −Z for Type III to get the right expressions for K in these cases.

For Type IV, it can be checked that

(exp ( ~Z^′)^∗)^{−1} exp ~W = ( I −Z^′_− tZ^′_− I +^1_2 Z^{′′}_− ) ( I W^′_+ −^tW^′_+ I +^1_2 W^{′′}_+ )

= ( I + Z^′_−^tW^′_+ W^′_+ − Z^′_−(I +^1_2 W^{′′}_+) tZ^′_− − (I +^1_2 Z^{′′}_−)^tW^′_+^tZ^′W^′_+ + (I +^1_2 Z^{′′})(I +^1_2 W^{′′}_+) ) . Now, recall that if κ_o ( A B C D ) = ( U 0 0 V ) , then Θ(V ) =^1_{2i} ( i 1 ) D ( 1 i ) . Therefore, by using the identities

Z^{′′}_− ( 1 i ) = ( i 1 ) W^{′′}_+ = 0, ( i 1 ) Z^{′′}_−W^{′′}_+ ( 1 i ) = 8i^tZZ^tW W we arrive at

Θ(V ) =^1_{2i} ( i 1 ) [^tZ^′_−W^′_+ + (I +^1_2 Z^{′′}_−)(I +^1_2 W^{′′}_+)] ( 1 i )

= 1 +^tZZ^tW W − 2Z^∗W. Now use the definition of K(Z, W ) = Θ(V^{−1}) = Θ(V )^{−1} to obtained the desired expression for K. □

We will also need to define a determinant factor of automorphy: j(g, z) = { det(κ(g, z)^−)^{−1}, Types I − III Θ(κ(g, z)^−)^{−1}, Type IV

Lemma 1.4.2 The kernel function K enjoys the following properties: i) K(z, w) = K(w, z) and K(z, z) > 0. ii) K(gz, gw) = j(g, z)^{−1}K(z, w)j(g, w)^{−1} Proof. Property i) is obvious. Property ii) for Types I-III follows from the relations (gZ)^∗I_{m,n}(gW ) = Z^∗I_{m,n}W ⇐⇒ (AZ+B)^∗(AW +B)−(CZ+D)^∗(CW +D) = Z^∗W and I − (gZ)^∗(gW ) = (CZ + D)^{∗−1}(I − Z^∗W )(CW + D)^{−1}, j(g, Z) = (CZ + D)^{−1}. The identity for Type IV requires a much more complicated expression. To simplify the notation, recall the definition of Z_1 and Z_2 earlier and denote

Ẑ = ( Z_1 Z_2 ) , U = AZ_1 + BZ_2, V = ( CZ_1 + DZ_2 ) . Then we define gẐ as normal matrix multiplication to obtain gẐ = ( U V ) , gZ = Uv^{−1}, v = ( i 1 ) V. In what follows, we use z and w subscripts to distinguish the terms defined above for two different elements Z and W . First, some preliminary identities will be needed: Ẑ∗g∗I_{n,2} gŴ = Ẑ∗Ŵ ⇐⇒ U ∗_z U_w − V ∗_z V_w = Z∗_1 W_1 − Z∗_2 W_2 tẐ tggẐ = tẐẐ = 0, ⇐⇒ tUU + tV V = 0. Also, the following three equalities can be easily verified:

Z_1W_1 + Z_2W_2 = 4(1 +^tZZ^tW W − 2Z^∗W ),

(v^∗_z v_w)^2 − 2v^∗_z V^∗_z V_wv_w = v^∗_z V^∗_z ( 1 −i i 1 ) V_w v_w − 2v^∗_z V^∗_z V_wv_w = −v^∗_z V^∗_z ( 1 i −i 1 ) V_wv_w, tV_z V_z^tV_wV_w =^tV_z ( −i 1 ) V^∗_z ( 1 i −i 1 ) V_w ( i 1 ) V_w = v^∗_z V^∗_z ( 1 i −i 1 ) V_wv_w.

This gives (v^∗_z v_w)^2 − 2v^∗_z V^∗_z V_w v_w +^tV_z V_z^tV_wV_w = 0. Using j(g, Z) = (v_z /2i)^{−1} and j(g, W ) = (q_w/2i)^{−1}, we get

1 +^t(gZ)(gZ)^t(gW )(gW ) − 2(gZ)^∗(gW ) = = 1 v^∗_z v_w [v^∗_z v_w + 1 v^∗_z v_w (^tU_zU_z^tU_wU_w) − 2U^∗_zU_w] = 1 v^∗_z v_w [v^∗_z v_w + 1 v^∗_z v_w (^tV_z V_z^tV_w V_w) − 2(Z^∗_1 W_1 − Z^∗_2 W_2 + V^∗_z V_w)] = 1 (v^∗_z v_w)^2

((v^∗_z v_w)^2 − 2v^∗_z V^∗_z V_wv_w +^tV_zV_z^tV_wV_w ) + 4 v^∗_z v_w (1 +^tZZ^tW W − 2Z^∗W )

= 0 + j(g, Z)^∗(1 +^tZZ^tW W − 2Z^∗W )j(g, W ).

The transformation property of K(gZ, gW ) for Type IV now follows. □ Let K_C act on p_+ by the adjoint action and consider the linear map J(g, z) = Ad_{p+} κ(g, z). It is well-known that d(gz) = J(g, z)dz (see [21], Ch. II, §5), Then the jacobian of d(gz) is det(J(g, z)) = j(g, z)^p, where the exponent p depends on the bounded symmetric domain (see the lemma below).

Let B(Z, W ) be the Bergman kernel on D. Then B can be written as a constant factor (namely the volume of D) of our kernel function K raised to an appropriate exponent. Here are explicit formulas for B in the classical cases:

Lemma 1.4.3 (Hua [11]) The Bergman kernel can be expressed as

B(Z, W ) = vol(D)^{−1}K(Z, W )^p

where the values for vol(D) and p are given by the table below: Type vol(D) p I^{1!2!...(m−1)!1!2!...(n−1)!} 1!2!...(m+n−1)! π m+n m + n II^{2!4!...(2n−2)!} n!(n+1)!...(2n−1)! π n(n+1) 2 n + 1 II^{2!4!...(2n−4)!} (n−1)!n!...(2n−3)! π n(n−1) 2 n − 1 IV^1_{2n−1n!} π^n n

The Bergman kernel gives rise to the hermitian (or Bergman) metric Ψ on D defined by the fundamental 2-form i∂∂ log B(Z, Z) (see [21], II. §6 and [26], §1):

Lemma 1.4.4 The Bergman metric Ψ on D is given by: Type I: Ψ = ip Tr{(I − Z^∗Z)^{−1}dZ^∗(I − ZZ^∗)^{−1}dZ}. Type II: Ψ = ip Tr{(I − ZZ)^{−1}dZ(I − ZZ)^{−1}dZ}. Type III: Ψ = ip Tr{(I + ZZ)^{−1}dZ(I + ZZ)^{−1}dZ}. Type IV: Ψ = ip (1 +^tZZ tZZ − 2Z^∗Z)^{−2}(2dZ^∗dZ − d(^tZZ)d(^tZZ)).

Lastly, the riemannian metric ω on D is obtained by taking the imaginary part of Ψ.

1.5 One-Dimensional K-Types

Lastly, we need to review how the factor of automorphy can be composed with representations of K to obtain ”generalized” factors of automorphy. These take the form τ̃ (κ̃(g, z)), where τ̃ is a representation of K extended to its complexification ~K_C . For our needs however, we will restrict τ̃ to be one-dimensional, hence a character of K. Since K = K_sZ^0_K and K_s is semisimple, these characters are in fact prescribed by characters of Z^0_K = {exp lZ_0 : l ∈ R}. Any such character of Z^0_K can be parametrized as τ̃_ν , where ν ∈ R and d dl τ̃_ν (exp lZ_0) = ilν.

We then extend τ̃_ν to K = K_sZ^0_K by making it trivial on K_s. Complexifying τ̃_ν then gives us a complex character of ~K_C . It is clear that τ̃^{−1}_ν = τ̃_{−ν} .

Suppose a character τ̃_ν of K was fixed. Then recall the covering q : G → G_R. The discrete subgroup Q = q^{−1}(e) ∩ Z^0_K lies inside Z = Z_G ∩ Z^0_K . The identity component of the center of K_R, Z^0_{KR}, is then a circle isomorphic to Z^0_K /Q. For τ̃_ν to push down to a well-defined character τ_ν of K_R means that τ_ν should be trivial on Q. This can be accomplished by properly parametrizing Q inside Z^0_K . Furthermore, we shall set τ_ν (k) to agree with the determinant factor of automorphy j(k, o)^ν on K_R. The last step is to extend τ_ν to K_R and complexify to a character of K_C . The generalized factors of automorphy are then given as

Type I-III: τ_ν (κ(g, Z)) = j(g, Z)^ν = det(CZ + D)^{−ν} . Type IV: τ_ν (κ(g, Z)) = j(g, Z)^ν = [^1_{2i} ( i 1 ) ( CZ_1 + DZ_2 ) ]^{−ν} .

It will then be necessary to define an argument function arg τ̃_ν (k) on K as follows. Since τ maps into C^∗ and K is simply-connected, we can properly define

arg τ̃_ν (k) = 1 2i (log τ̃_ν (k) − log τ̃_ν (k))

by fixing a branch point of our logarithm so that arg τ̃_ν (exp lZ_0) = lν on Z^0_K . Since ~K_C is also simply-connected, this argument function makes sense when τ̃_ν is extended to ~K_C .

Then having fixed our branch point means we can push the argument function down to τ_ν (k) for k ∈ K_R via the covering q : K → K_R. This gives the standard argument function for complex numbers.

Chapter 2

Circle Bundles

2.1 A Circle Bundle Construction

The construction of our circle bundles will proceed in three steps. The first is to define line extensions G and D of G and D, respectively. This will give an action Φ_ν of G on D determined from a one-dimensional K-type τ̃_ν . From there, we push Φ_ν down to an action Φ^1_ν of G^1 acting on our circle bundle D^1 , where G^1 is a quotient of G . This is the second step. Similar, pushing Φ^1_ν down to an action of G^1_R (a circle extension of G_R) on D^1 gives us the desired setting in completing our third step.

Let D = D × R be the product manifold of D and the real line. If z ∈ D and t ∈ R, we shall write (z, t) or z_t to denote the corresponding element of D . Let G = G×R be the direct product of G and the real line R as Lie groups. We write out its elements as g_s = (g, s), g ∈ G and s ∈ R and define the multiplication as (g_1, s_1)(g_2, s_2) = (g_1g_2, s_2 +s_1). Fix a nontrivial one-dimensional representation τ̃ = τ̃_ν of K (ν a nonzero number) and extend τ̃ to ~K_C .

Lemma 2.1.1 i) The action Φ_ν : G × D → D defined by

g_sz_t = (gz, arg τ̃^{−1}(κ̃(g, z)) + t + s) (2.1)

is transitive with isotropy subgroup K_ν = {(k, arg τ̃ (k)) : k ∈ K}. Furthermore, Φ_ν restricted to G (viewed as a subgroup of G ) is also transitive with isotropy subgroup K_s, and D ∼= G /K_ν ∼= G/K_s as homogeneous spaces under this action.

Proof. i) Let g_s = (g, s) ∈ G and z_t = (z, t) ∈ D . Now, define an action Φ_ν : G × D → D as follows:

g_sz_t = (gz, arg τ̃^{−1}(κ̃(g, z)) + t + s) (2.2)

Observe that Φ_ν is indeed an action:

g_sg̃_{s̃}z_t = (gg̃z, arg τ̃^{−1}(κ̃(gg̃, z)) + t + s + s̃) = (gg̃z, arg τ̃^{−1}(κ̃(g, g̃z) · κ̃(g̃, z)) + t + s + s̃) = (gg̃z, arg τ̃^{−1}(κ̃(g, g̃z)) + (arg τ̃^{−1}(κ̃(g̃, z)) + t + s̃) + s) = g_s(g̃z, arg τ̃^{−1}(κ̃(g̃, z)) + t + s̃) = g_s(g̃_{s̃}z)

and so Φ_ν is well-defined.

Next, we show that Φ_ν is transitive by showing that Φ_ν restricted to G (considered as a subgroup of G ) is transitive on D . Also, since G is already transitive on D, it suffices to prove that G is transitive on each slice z × R ⊂ D . Recall the covering q : G → G_R and pick g ∈ G so that q(g) = exp z ∈ P_+. If k ∈ K, then κ̃(gkg^{−1}, z) = k since q(gkg^{−1}) exp z = q(g)q(k) = (exp z)q(k). So gkg^{−1}(z, 0) = (z, arg τ̃(k)) and the orbit gKg^{−1}(z, 0) is precisely z × R. This proves transitivity.

Let us now find the isotropy subgroup K_ν of Φ_ν at the origin (o, 0) ∈ D , where o is the origin in D. For an element g_s to stabilize (o, 0) means

g_s(o, 0) = (go, arg τ̃^{−1}(κ̃(g, o)) + s) = (o, 0).

Since K is the isotropy subgroup of o and κ̃(g, o) = g whenever g is in K, this implies g ∈ K and s = arg τ̃ (g). Clearly then K_ν = {k_ν = (k, arg τ̃ (k)) : k ∈ K}. As for the isotropy subgroup of Φ_ν restricted to G, we instead have g ∈ K and arg τ̃ (g, o) = 0. If we decompose g = kz, with k ∈ K_s and z ∈ Z^0_K , then this forces z = e. This means g ∈ K_s and shows that the isotropy subgroup is precisely K_s. Hence, D ∼= G /K_ν ∼= G/K_s. □

The second step is to define D^1 = D × S^1_ν be the product manifold of D and the unit circle S^1_ν . Here, the subscript ν on S^1_ν indicates that S^1_ν has circumference 2πν and parametrized by the interval [0, 2πν). Therefore, an element (z, t) of D^1 means z ∈ D and z ∈ [0, 2πν). Now let G_R be a real form of G_C and q : G → G_R the projection. Then K = q^{−1}(K_R), where K_R is the maximal compact subgroup of G_R. Again, define ~Q = q^{−1}(e) and Q = ~Q ∩ Z^0_K . Now define the discrete subgroup Q_ν = {(q, arg τ̃_ν (q)) : q ∈ Q}. Then Q_ν is a normal subgroup of G and so the quotient G^1 = G /Q_ν becomes a reductive Lie group with finite center and K^1 = K_ν /Q_ν is a compact subgroup of G^1 . Let q^1 : G → G^1 denote the covering map. We shall freely write g_s = (g, s) to denote elements of G or G^1 . If it is needed to distinguish g_s as a coset element in G^1 , we shall then write [g_s] = g_sQ_ν .

Let Q have a suitable parametrization in Z^0_K so that τ̃_ν pushes down to a character τ_ν of K_R, i.e. τ_ν should be trivial on Q.

Lemma 2.1.2 The action Φ_ν projects to a transitive action Φ^1_ν : G^1 ×D^1 → D^1 given by [g_s]z_t = (gz, arg τ^{−1}_ν (κ(g, z)) + t + s) (2.3)

is transitive with isotropy subgroup K^1 = K_sQ^1_ν /Q_ν , and so D^1 ∼= G^1 /K^1 .

Proof. To show that Φ^1_ν is well-defined, it suffices to prove that Φ_ν is trivial on Q_ν so that it factors to an action of G^1 on D^1 . Let k_ν = (k, arg τ̃ (k)) ∈ Q_ν . Note then that kz = z and κ̃(k, z) = k for all z ∈ D. Therefore

k_ν z_t = (kz, arg τ̃^{−1}(κ̃(k, z)) + t + arg τ̃ (k)) = (z, − arg τ̃(k) + t + arg τ̃ (k))) = z_t and hence the action of Φ^1_ν is well-defined on D^1 .

Transitivity of Φ^1_ν follows from Φ_ν being transitive. As for the isotropy subgroup of Φ^1_ν , we have

[g_s](o, 0) = (go, arg τ^{−1}(κ(g, o)) + s) = (o, 0).

Again, it must be that g ∈ K, but now s = arg τ(κ(g, o)) modulo 2πν. Define

Q^1_ν = {q ∈ Z^0_K : arg τ(q) = 2πlν for some l ∈ Z}.

Then g must have the form kq, with K_s and q ∈ Q^1_ν since arg τ(q) = 2πlν = 0 (mod 2πν). So the isotropy subgroup must be K^1 = K_sQ^1_ν /Q_ν and hence D^1 ∼= G^1 /K^1 . Note that K^1 is a compact subgroup of G^1 . □

Our last step is to now push Φ^1_ν down to G^1_R = G_R × S^1_ν . This requires the projection map q^1_R : G → G^1_R, where q^1_R = q × p_ν . Here, q : G → G_R is the usual covering map and p_ν : R → S^1_ν is defined as t → tν.

Lemma 2.1.3 The action Φ^R_ν : G^1_R × D^1 → D^1 given by

g_sz_t = (gz, arg τ^{−1}_ν (κ(g, z)) + t + s)

is transitive with isotropy subgroup K^1_R = {(k, arg τ(k)) : k ∈ K_R}. Furthermore, Φ^R_ν restricted to G_R is also transitive with isotropy subgroup [K_R, K_R] and so D^1 ∼= G^1_R/K^1_R ∼= G_R/[K_R, K_R].

Proof. The proof of these statements follows exactly the same argument as for the action Φ_ν We have (g, s)(o, 0) = (o, 0). We leave it for the reader to check the details. □

We mention again that the actions Φ_ν , Φ^1_ν , and Φ^R_ν defined above depend on τ̃_ν . Because of this dependence, it is appropriate to attach the subscript ν to D_ν and D^1_ν whenever there is a need to identify them as homogeneous spaces of the form D_ν ∼= G /K_ν and D^1_ν ∼= G^1 /K^1 = G^1_R/K^1_R under the action of Φ_ν and Φ^1_ν (or Φ^R_ν ), respectively. Furthermore, the reason for consider the two different actions Φ^1_ν and Φ^1_R on D^1 is as follows. First, view D^1 with the homogeneous structure G^1 /K^1 . Then the extensions G^1 and K^1 are precisely the same extensions defined by Flensted-Jensen [2] for doing harmonic analysis of functions on G^1 that are bi-K^1 -invariant. However, no reference is made of the manifold D^1 . This makes our approach different from his since our objective is to show weak symmetry of D^1 .

It is clear the D is the universal cover of D^1 . Furthermore, it is easy to show that D (resp. D^1 ) can be viewed as a line (resp. circle) bundle over D under their natural projection maps. Define π : D → D given by π(z_t) = z and a right action on D given by ρ : D × R → D z_t · θ → (z, t + θ). A similar projection map π^1 and right action ρ^1 can be defined for D^1 .

Lemma 2.1.4 (D , π) (resp. (D^1 , π^1)) is a principal bundle over D with structure group R (resp. S^1) and principal action ρ (resp. ρ^1).

Proof. It is clear that ρ is an action and that π(z_t · θ) = π(z_t). Also, ρ commutes with Φ, g_s(z_t · θ) = g_s(z, t + θ) = (gz, t + θ + s + arg τ̃^{−1}(κ̃(g, z))) = (gz, t + s + α + arg τ̃^{−1}(κ̃(g, z))) · θ = (g_sz_t) · θ ,

hence πρ = ρπ. We note that the fiber at each z ∈ D is π^{−1}(z) ∼= R. A similar argument holds for the case of D^1 . □

Now, G , G^1 , and G^1_R have the same Lie algebra g^=k^+p^1, where g^1 = g + R, p^1 = p + R, and k^1 = k_s + {τ(X) : X ∈ R} (the Lie algebra of K_ν , K^1 , and K^1_R). We also have the relations

[k^1, p^1] ⊂ p^1 and [p^1, p^1] ⊂ k^1. (2.4)

Lemma 2.1.5 D is Riemannian manifold with the G -invariant metric Ω_ν . The corresponding metric on D^1 invariant under G^1_R is the one induced from Ω_ν .

Proof. G /K_ν has p as its tangent space. The relations (2.4) implies that Ad(K_ν )p ⊂ p and so D is a reductive homogeneous space. Any such space has a G -invariant Riemannian metric Ω_ν (see [18], Prop. 6.58). This makes G a group of isometries for the Riemannian manifold D under Ω_ν . Since G^1_R and G^1 are quotients of G and D is the universal cover of D^1 , the Riemannian metric on D^1 must be the one induced from Ω_ν . □

Later on, we shall give an explicit expression for Ω_ν when G is of classical type. Now, define Z_ν = {k_ν = (k, arg τ̃ (k)) : k ∈ Z^0_K } to be a subgroup of G .

Lemma 2.1.6 The injection j : G → G defined by j(g) = [(g, 0)] gives diffeomorphisms of G with G /Z_ν and G/K_s with G /K_ν . Furthermore, we have G/Q diffeomorphic to G^1 /q(Z_ν) and G/K_sQ with G^1 /q(K^1 ).

Proof. Let π : G → G /Z_ν be a projection map. Then it is clear that π ∘ j is one-to-one and onto with inverse given by (π ∘ j)^{−1}(g_sZ_ν) = g exp(tνη), where τ̃ = τ̃_ν is the fixed character of K which parametrizes Q. This gives the desired diffeomorphism between G and G /Z_ν . □ Remarks. Note that if we view D ∼= G/K_s, then the riemannian metric Ω_ν does not correspond to the standard product metric induced on G/K_s via the diffeomorphism G/K_s ∼= G/K × R. This occurs only when ν = 0. In that case, S^1_ν reduces to a point and D^1 = D becomes a symmetric space. We shall avoid this trivial situation by always assuming that ν ≠ 0.

2.2 The Riemannian Metric

Let G be defined as before and G_R be a real form of G_C . Fix a one-dimensional K-type τ_ν and define the line bundle D and the circle bundle D^1_ν as before. Here are the promised expressions for the G^1_R-invariant metric on D^1_ν for the classical domains. If z is a complex number, let Re z and Im z denote its real and imaginary parts, respectively. Also, we write Tr{A} to denote the trace of the matrix A.

Proposition 2.2.1 Let ω be the riemannian metric on D invariant under G_R. Then the riemannian metric Ω_ν on D^1_ν invariant under G^1_R is

Ω_ν = ω + ( dt ν − δ)^2, (2.5)

where δ = δ(Z) at (Z, t) ∈ D^1_ν is expressed as

Type I: δ = Im Tr{Z^∗dZ(1 − Z^∗Z)^{−1}}. Type II: δ = Im Tr{ZdZ(1 − ZZ)^{−1}}. Type III: δ = Im Tr{−ZdZ(1 + ZZ)^{−1}}.

Type IV: δ = Im { 2Z^∗dZ − 2q(Z)^∗dq(Z) 1 +^tZZ^tZZ − 2Z^∗Z } , q(Z) =

Z_2 ( i 1 ) Z_2 . The heart of the proof will rely on the following lemma.

Lemma 2.2.2 The following identity holds for the classical domains:

d arg j(g, Z) = δ(Z) − δ(gZ) (2.6)

Proof. For Type I, we have j(g, Z) = det(CZ + D)^{−1} and so

d arg j(g, Z) = (1/2i)(d log det(CZ + D)^∗ − d log det(CZ + D)) = (1/2i)Tr{d(CZ + D)^∗(CZ + D)^{∗−1} − d(CZ + D)(CZ + D)^{−1}}. By setting U = (AZ +B) and V = (CZ +D) to simplify our notation, it suffices to find an expression for d(CZ + D)(CZ + D)^{−1} = dV V^{−1}. First, notice that gZ = UV^{−1}. Then consider the following equivalent relations: ( Z^∗ I ) g^∗I_{m,n}gd ( Z I ) = ( Z^∗ I ) d ( Z I ) ⇐⇒ U^∗dU − V^∗dV = Z^∗dZ. Now,

dV V^{−1} = V^{∗−1}(V^∗dV )V^{−1} = V^{∗−1}(U^∗dU − Z^∗dZ)V^{−1} = V^{∗−1}U^∗(dU)V^{−1}) − V^{∗−1}Z^∗dZV^{−1} = V^{∗−1}U^∗(UV^{−1}dV V^{−1} + d(UV^{−1})) − V^{∗−1}Z^∗dZV^{−1} = (gZ)^∗(gZ)dV V^{−1} + (gZ)^∗d(gZ) − V^{∗−1}Z^∗dZV^{−1}, or equivalently (I − (gZ)^∗(gZ))dV V^{−1} = (gZ)^∗d(gZ) − V^{∗−1}Z^∗dZV^{−1}, and so dV V^{−1} = (I − (gZ)^∗(gZ))^{−1}[(gZ)^∗d(gZ) − V^{∗−1}Z^∗dZV^{−1}]. We multiply through and take the trace, simplifying the second term on the right hand side to Tr{(I − (gZ)^∗(gZ))^{−1}V^{∗−1}Z^∗dZV^{−1}} = Tr{V^{−1}(I − (gZ)^∗(gZ))^{−1}V^{∗−1}Z^∗dZ} = Tr{(I − Z^∗Z)^{−1}Z^∗dZ}, where the identity (I − (gZ)^∗(gZ))^{−1} = V^∗(I − Z^∗Z)^{−1}V has been used. We then get Tr{dV V^{−1}} = Tr{(I − (gZ)^∗(gZ))^{−1}(gZ)^∗d(gZ)} − Tr{(I − Z^∗Z)^{−1}Z^∗dZ}.

We now use this trace equation to compute

d arg j(g, Z) = d arg det(CZ + D)^{−1} = (1/2i)Tr{(dV V^{−1})^∗ − dV V^{−1}} = −Im Tr{(I − (gZ)^∗(gZ))^{−1}(gZ)^∗d(gZ)} + Im Tr{(I − Z^∗Z)^{−1}Z^∗dZ} = δ(Z) − δ(gZ), as desired.

For Types II and III, we observe in these two cases that the argument parallels that used for Type I. This follows from recognizing that the expression for the determinant factor of automorphy j(g, Z) doesn’t change. Also, D lies inside {Z ∈ M_{nn}(C ) : I − Z^∗Z >> 0} and G_R is a subgroup of SU(n, n), so d arg j(g, Z) produces the same identity formula as in Type I case. Now use the identities^tZ = Z and^tZ = −Z for Types II and III, respectively, to simplify the formula to the desired expressions as stated in the lemma.

Again, the Type IV argument is complicated and must be derived separately. First, we recall some of the notation used earlier in showing the transformation property of the kernel function K for the Type IV case:

U = AZ_1 + BZ_2, V = CZ_1 + DZ_2, v = ( i 1 ) V. We shall often write v^∗ to mean v̄ even though v is not a matrix. Secondly, define q(Z) = Z_2z^{−1}_2 , where z_2 = ( i 1 ) Z_2. Then q(gZ) = V v^{−1} and 2q(Z)^∗dq(Z) = tZZd(^tZZ). Now, j(g, Z) = (v/2i)^{−1} and so

d arg j(g, Z) =^1_{2i} (log det(v/2i)^∗ − log det(v/2i)) =^1_{2i} Tr{(dvv^{−1})^∗ − dvv^{−1}}.

Therefore, to find an expression for dvv^{−1}, note that gZ = Uv^{−1} and check the following equalities: Ẑ∗g∗I_{n,2} d(gẐ) = tẐI_{n,2}Ẑ ⇐⇒ U ∗dU − V ∗dV = Z∗_1 dZ_1 − Z∗_2 dZ_2, tẐ tgId(gẐ) = tẐdẐ = 0 ⇐⇒ tUdU + tV dV = 0. Then compute dvv^{−1} = v^{∗−1}v^∗dvv^{−1} = v^{∗−1}V^∗ ( i 1 )_∗ ( i 1 ) dV v^{−1} = v^{∗−1}V^∗dV v^{−1} + v^{∗−1}V^∗ ( 0 −i i 0 ) dV v^{−1}. Add and subtract the term 2q(gZ)^∗dq(gZ) to the right hand side above, but replace the addition by the equivalent expansion below instead: 2q(gZ)^∗d(gZ) = 2v^{∗−1}V^∗d(V v^{−1}) = 2v^{∗−1}V^∗(dV v^{−1} − V dvv^{−2}) = (2v^{∗−1}V^∗dV v^{−1} − dvv^{−1}) − (2v^{∗−1}V^∗V v^{−1} − 1)dvv^{−1} = v^{∗−1}V^∗ ( 1 i −i 1 ) dV v^{−1} −^t(gZ)(gZ)^t(gZ)(gZ)dvv^{−1} = v^{∗−1}V^∗dV v^{−1} + v^{∗−1}V^∗ ( 0 i −i 0 ) dV v^{−1} −^t(gZ)(gZ)^t(gZ)(gZ)dvv^{−1}, where the identity v^∗v^∗vv^{−1} − 2v^∗V^∗V v^{−1} +^tV V^tV V = 0 (proved earlier in our discussion of the kernel function) is used below to justify the previous substitution: t(gZ)(gZ)^t(gZ)(gZ) = v^{∗−2t}UU^tUUv^{−2} = v^{∗−2}(^tUU^tUU)v^{−2} = 2v^{∗−1}V^∗V v^{−1} − 1.

If our directions above are correctly put into practice, then our expression for dvv^{−1} simplifies (namely from cancellation of the terms involving the 2 × 2 matrices): dvv^{−1} = 2v^{∗−1}V^∗dV v^{−1} −^t(gZ)(gZ)^t(gZ)(gZ)dvv^{−1} − 2q(gZ)^∗dq(gZ). Now, expanding the first term on the right hand side above as

2v^{∗−1}V^∗dV v^{−1} = 2v^{∗−1}(U^∗dU − Z^∗_1 dZ_1 + Z^∗_2 dZ_2)v^{−1} = 2(gZ)^∗dUv^{−1} − 2v^{∗−1}(Z^∗_1 dZ_1 − Z^∗_2 dZ_2)v^{−1} = 2(gZ)^∗(d(Uv^{−1}) + 2Uv^{−1}dvv^{−1}) − 2v^{∗−1}(4Z^∗dZ − 2^tZZd(^tZZ))z^{−1}_2 = 2(gZ)^∗d(gZ) + 2(gZ)^∗(gZ)dvv^{−1} − j(g, Z)^∗(2Z^∗dZ − 2q(Z)^∗dq(Z))j(g, Z), and bring terms involving dvv^{−1} on the right to the left hand side to get:

(1 +^t(gZ)(gZ)^t(gZ)(gZ) − 2(gZ)^∗(gZ))dvv^{−1} = 2(gZ)^∗d(gZ) − 2q(gZ)^∗dq(gZ) − j(g, Z)^∗(2Z^∗dZ − 2q(Z)^∗dq(Z))j(g, Z). A division and application of the transformation property for the K(gZ, gZ) term then brings our calculation for dvv^{−1} to an end: dvv^{−1} = 2(gZ)^∗d(gZ) − 2q(gZ)^∗d(gZ) 1 +^t(gZ)(gZ)^t(gZ)(gZ) − 2(gZ)^∗(gZ) − 2Z^∗dZ − 2q(Z)^∗dq(Z) 1 +^tZZ^tZZ − 2Z^∗Z . As a result, d arg j(g, Z) =^1_{2i} Tr{dv^∗v^{∗−1} − dvv^{−1}} = −δ(gZ) + δ(Z). This completes the proof of the lemma. □

Remark. The reader may have expected the metric for Type IV to contain the term^t(gZ)(gZ)d(^t(gZ)(gZ)) instead of q(gZ)dq(gZ). Oddly, it happens that t(gZ)(gZ)d(^t(gZ)(gZ)) = 4q(gZ)dq(gZ), but^tZZd(^tZZ) = 2q(Z)dq(Z). It is this difference by a factor of 2 between the identities above that makes the G^1_R-invariance of Ω_ν unclear when the expression^t(gZ)(gZ)d(^t(gZ)(gZ)) is used.

Proof. (of the proposition) We first reduce the proof to showing that only the second term in Ω_ν is invariant under G^1_R = G_R × S^1_ν . This follows from the fact that since ω is the riemannian metric for D, it is G_R-invariant, hence G_R × S^1_ν - invariant, because the action of the circle S^1_ν on D is trivial.

We have G^1_R acting on D^1 as follows: (g, s)(Z, t) = (gZ, ť), where ť = t + s + arg τ^{−1}_ν (κ(g, Z)). Then dť = dt + d arg τ^{−1}_ν (κ(g, Z)) and by the previous lemma, d arg τ^{−1}_ν (κ(g, Z)) = −νd arg j(g, Z) = δ(gZ) − δ(Z). Hence, dť ν − δ(gZ) = dt ν − δ(Z), and shows the G^1_R-invariance of Ω_ν . □

We claim that the spaces D^1 are all isometric to each other for any two different values of ν (excluding the case where ν = 0).

Corollary 2.2.3 If ν_1, ν_2 ≠ 0 are integral, then the map T_{ν1,ν2} : D^1_{ν1} → D^1_{ν2} given by T_{ν1,ν2} (z, t_1) = (z, ν_2 ν_1 t_1) (2.7)

is an isometry.

Proof. We will write T = T_{ν1 ,ν2} when there is no ambiguity. Clearly, T is a diffeomorphism. Then observe that T^∗(dz) = dz and T^∗(dt_2) = (ν_2/ν_1)dt_1. Now check the equality T^∗Ω_{ν2} = Ω_{ν1} by using our expression for Ω_{ν1} and Ω_{ν2} . Hence, T is an isometry. □

Chapter 3

Weakly Symmetric Spaces

3.1 Weakly Symmetric Spaces

In this section we intend to characterize D^1_ν as a weakly symmetric space in the sense of Selberg. Since all our circle bundles are isometric to each other, it suffices to consider just one of them by choosing ν = 1. From now on, we shall assume this to be the case (unless otherwise mentioned) and urge the reader to bear this in mind. We also mention that the results in this section are new and extend those of Selberg in the symplectic case.

Definition. Let M be a riemannian manifold. Then (M, G, μ) is called a weakly symmetric space if i) G is a transitive group of isometries on M.

ii) μ is an involutive isometry on M (not necessarily in G) with μGμ^{−1} ⊂ G. iii) Given any x, y ∈ M, there exists an element g ∈ G such that gx = μy and gy = μx. Let σ be ordinary complex (not matrix) conjugation on D and extend it to D^1 (also called σ) by σ(Z, t) = (σ(Z), −t) = (Z, −t). We are then ready to present the main result of our thesis.

Main Theorem 3.1.1 I. (D^1 , G^1_R, σ) is a weakly symmetric space. II. Let G_R = SU(m, n). Then (D^1 , G_R, σ) is a weakly symmetric space if only if m ≠ n. The proof will require the following two lemmas:

Lemma 3.1.2 Let Z ∈ D. Then Z and Z are in the same K-orbit, i.e. there is an element k ∈ K such that kZ = Z. If G_R = SU(m, n) with m ≠ n and t ∈ [0, 2π), then k can chosen so that arg τ(κ(k, o)) = t.

Proof. We first prove the lemma for G_R = SU(1, 1) and then make use of the Polydisk theorem [28] to handle the general case. Decompose z = re^{iθ} . Then define k = ( e^{−iθ} 0 0 e^{iθ} ) ∈ K_R so that kz = re^{−iθ} = z. For the general case, consideration the decomposition D = K_R · G_R[Ψ](x_0), where G_R[Ψ](x_0) is the polydisk defined as the product of |Ψ| open unit discs constructed from each strongly orthogonal root in the maximal set Ψ. Write

Z = k_0 · ∏ γ∈Ψ g_γ (x_0) = k_0 · Πz_γ .

Then conjugation of Z means Z = k · Πz_γ . As in the SU(1, 1) case, we choose k_γ ∈ K_R[γ] such that k_γ z_γ = z_γ . Now define k = k_0 · Πk_γ · k^{−1}_0 to get kZ = Z. This completes the proof of the first part.

As for the second part, we essentially give an alternative proof of the first part but reveals the difference between G_R of tube type and not of tube type.

This also avoids (masking would be more appropriate) the machinery of the polydisk theorem. Consider G_R = SU(m, n). We then have the decomposition p_+ = Ad(K_R)(a_+), where a_+ ⊂ p_+ is the subalgebra corresponding to the maximal abelian subalgebra a in p generated by the strong orthogonal roots. Then in view of the Harish-Chandra embedding D ⊂ p_+, we can assume Z = Ad(k_0)(X) for some k_0 ∈ K and X ∈ a_+ in the following diagonal form:

X = r_1e^{iθ1} r_2e^{iθ2} .. . r_me^{iθm}

| | | | | | | | 0 ,

where 0 is the m × (n − m) zero matrix. Let t_0 = arg τ(k_0k^{−1}_0 ). We now look for

k_1 = ( A 0 0 B ) ; A = e^{iα1} e^{iα2} .. . e^{iαm} , B = e^{iβ1} e^{iβ2} . . . e^{iβn} ,

so that Ad(k_1)X = AXB^{−1} = X. This translates to the set of equations {α_i + θ_i − β_i = −θ_i}, i = 1, 2, ..., m; m∑ i=1 α_i + n∑ j=1 β_j = 0.

Notice that if m = n, then a unique solution is specified, namely α_i = −θ_i, β_i = θ_i, i = 1, 2, ..., m; β_j = 0, i = m + 1, ..., n, which gives us the desired A and B. However, since we are assuming G is not of tube type, suppose m < n. Let t ∈ [0, 2π) and denote δ = (t_0 − t) − ∑_m i=1 θ_i m , ϕ = 2((t_0 − t) − ∑_m i=1 θ_i) n − m . Then by choosing α_i = −(θ_i + δ), β_i = θ_i − δ, i = 1, 2, .., m; β_j = ϕ, j = m + 1, ..., n, one can check that

arg τ(k_1) = arg det(B)^{−1} = t − t_0.

Finally, set k = k_0k_1k^{−1}_0 to get

kZ = Ad(k_0k_1k^{−1}_0 )Z = Ad(k_0k_1)X = Ad(k_0)X = Ad(k_0)X = Z.

It remains to check that

arg τ(κ(k, o)) = arg τ(k_0k_1k^{−1}_0 ) = arg τ(k_0k^{−1}_0 ) + arg τ(k_1) = t_0 + (t − t_0) = t, which completes the proof. □

Lemma 3.1.3 Let Z_1, Z_2 ∈ D. Then there exists an element g ∈ G_R such that gZ_1 = Z_2 and gZ_2 = Z_1. Furthermore, arg τ(κ(g, Z_1)) = arg τ(κ(g, Z_2)) (mod 2π).

Proof. To accomplish this, we first pick h_1 ∈ G_R such that h_1Z_1 = o and h_1Z_2 = Z. Now choose h_2 ∈ G_R such that h_2o = Z and h_2Z = o. By the lemma above, there exists k ∈ K such that ko = o and kZ = Z. Then D a symmetric space means we can pick h_2 ∈ G_R which exchanges o and Z, i.e. h_2o = Z and h_2Z = 0. In summary, consider the chain of maps in the following diagram: Z_1 → o → o → Z → Z → Z_2 → Z_2 h_1 k h_2 σ h^{−1}_1 σ Z_2 → Z → Z → o → o → Z_1 → Z_1 Now, it can be easily checked that σG_Rσ = G_R = G_R, so that σh^{−1}_1 σ = h^{−1}_1 . Just set g = h^{−1}_1 h_2kh_1 to get gZ_1 = Z_2 and gZ_2 = Z_1.

As for the proof of the second statement, consider the kernel function K(Z, W ) defined in Chapter I. Recall that K(Z, W ) satisfies K(W, Z) = K(Z, W ) and has the following transformation property: K(gZ, gW ) = j(g, Z)^{−1}K(Z, W )j(g, W )^{−1}. To apply this to our situation, use the fact that gZ_1 = Z_2 and gZ_2 = Z_1 to get

K(gZ_1, gZ_2) = K(Z_2, Z_1) = K(Z_2, Z_1) = K(Z_1, Z_2), or K(Z_1, Z_2) = K(gZ_1, gZ_2) = j(g, Z_1)^{−1}K(Z_1, Z_2)j(g, Z_2)^{−1},

from which the fact j(g, Z_1)j(g, Z_2) = 1 is clear. We conclude from τ(κ(g, Z)) = j(g, Z) that arg τ(κ(g, Z_1)) = arg τ(κ(g, Z_2)) (mod 2π).

This finishes the proof of the lemma. □ Proof. (of main theorem) I. By construction, G^1_R is transitive on D^1 , so property i) in the definition of a weakly symmetric space is satisfied. For ii), it is clear that σ is an involution and that it normalizes G^1_R since σ(g, s)σ^{−1}(Z, t) = σ(g, s)(Z, −t) = σ(gZ, arg τ^{−1}(κ(g, Z)) − t + s) = (gZ, arg(τ^{−1}(κ(g, Z)) + t − s), and so σ(g, s)σ^{−1} = (g, −s) ∈ G^1_R. To show that Ω is preserved under σ, observe that its first term is invariant under conjugation. As for its second term, dt − Im Tr{(I − Z^∗Z)^{−1}dZ^∗Z} is sent to its negative under conjugation, so under the square, is also invariant under σ. This proves ii).

To prove iii), let (Z_1, t_1), (Z_2, t_2) ∈ D^1 . Then it suffices to find an element (g, s) ∈ G^1_R such that

(g, s)(Z_1, t_1) = σ(Z_2, t_2), (g, s)(Z_2, t_2) = σ(Z_1, t_1).

This translates into the following equalities:

gZ_1 = Z_2 gZ_2 = Z_1 ; arg^{−1} τ(κ(g, Z_1)) + t_1 + s = −t_2 arg^{−1} τ(κ(g, Z_2)) + t_2 + s = −t_1 .

The first pair of equations is satisfied by choosing g from the previous lemma. For the second pair of equations, just set s = −(t_1 + t_2 + arg τ^{−1}(κ(g, Z_1))) and again use the lemma to check that the equations hold. Hence, (D^1 , G^1_R, σ) is weakly symmetric.

II. If we view G_R as a subgroup of G^1_R, then it suffices to show that (g, s) can be chosen with s = 0 and arg τ^{−1}(κ(g, Z_i)) = −(t_1 + t_2). Denote

t_0 = arg τ(κ(h^{−1}_1 h_2, o) + arg τ(κ(h_1, Z_1)).

From the previous lemma, we can choose k obtained in part I so that arg τ(κ(k, o)) = t_1 + t_2 − t_0. Then

κ(g, Z_1) = κ(h^{−1}_1 h_2kh_1, Z_1)

= κ(h^{−1}_1 h_2, o)κ(kh_1, Z_1) = κ(h^{−1}_1 h_2, o)κ(k, o)κ(h_1, Z_1).

As a result, we can now choose s = 0 since

arg τ(κ(g, Z_1)) = t_0 + (t_1 + t_2 − t_0) = t_1 + t_2.

This completes the proof of our main theorem. □

Corollary 3.1.4 (D , G , σ) is a weakly symmetric space.

This will follow from the proposition below which states that the universal cover of a weakly symmetric space is weakly symmetric. Let (M, G, μ) be a weakly symmetric space. Denote by ~M and ~G the universal covers of M and G, respectively, and π : ~M → M, p : ~G → G their respective covering map. Also, let μ̃ be an extension of μ to ~M. If x, y ∈ M, then d(x, y) shall mean the distance from x to y with respect to the riemannian metric on M invariant under G and μ.

Proposition 3.1.5 If (M, G, μ) is weakly symmetric, then ( ~M, ~G, μ̃) is weakly symmetric.

Proof. Write M = G/K. Let H = p^{−1}(K)^0 be the identity component of p^{−1}(K). Then ~M = ~G/H. Suppose x̃, ỹ ∈ ~M and x = π(x̃), y = π(ỹ) their projection to M. Since M is weakly symmetric, we can choose g ∈ G such gx = μy, gy = μx. Then since π^{−1}(gx) = π^{−1}(μy) = {μ̃(w) : w ∈ π^{−1}(y)} and ỹ ∈ π^{−1}(y), g lifts to a unique g̃ with g̃(x̃) = μ̃(ỹ). If d(·, ·) denotes the distance between two points on M (or ~M), then we have d(μ̃(ỹ), g̃(ỹ)) = d(g̃(x̃), g̃(ỹ)) = d(μ̃(ỹ), μ̃(x̃)), which implies that ~g(ỹ) = ~μ(x̃), as desired. This completes the proof. □

3.2 The Unit Disc

Let G_R = SU(1, 1). The characterization that D^1 (ν = 1) is weakly symmetric can be made more explicit. Let (z, t) and (w, r) be two distinct points in D^1 . Then without loss of generality, we can pick (w, r) to be the origin (o, 0). The strategy is to pick h ∈ G_R to switch o and z and compose with an element k ∈ K_R mapping z to z̄ to obtain the desired g. The answer is k = ( √ z̄/z 0 0 √ z/z̄ ) , h = 1 d ( i −iz iz̄ −i ) , d = √ 1 − z̄z. This leads to the element (g, s) as being g = 1 d ( i √ z̄/z −i √ z̄z i √ z̄z −i √ z/z̄ ) , s = −t + arg(i/z). Now check that arg τ(g, z) = arg τ(g, o) = − arg(i/z) to obtain (g, s)(o, 0) = (z, −t) and (g, s)(z, t) = μ(o, 0). We next compute the Laplacian Δ on D^1 . Write z ∈ D as z = x + iy. By definition, any riemannian manifold (M, Ω) has a Laplacian Δ defined by

Δf = div grad f = 1 ‖Ω‖ ∑ l ∂ ∂x_l ( ∑ k Ω^{kl}‖Ω‖ ∂f ∂x_k ) , ‖Ω‖ = | det(Ω_{ij} )|.

Lemma 3.2.1 If G = SU(1, 1), then

Δ = (1−x^2−y^2) ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) +(1−x^2−y^2)^{12} (y−x) ( ∂ ∂x + ∂ ∂y ) ∂ ∂t +(1+x^2+y^2)

∂^2 ∂t^2 . Proof. The metric Ω of D^1 can be expressed in matrix form as

(Ω_{ij} ) = 1 + y^2/d^2 −xy/d −y/2νd −xy/d 1 + x^2/d^2 x/2νd −y/2νd x/2νd 1/4ν^2 .

It can be checked that ‖Ω‖ = 1 d^4

, (Ω^{ij} ) = d^2 0 2yνd 0 d^2 −2xνd 2yνd −2xνd (1 + x^2 + y^2)4ν^2 .

It remains to just write out the definition of the Laplacian to obtain the desired formula in the lemma. We leave this tedious calculation for the interested reader. □ Remark. The expression for δ takes the form:

δ(z) = Im { z̄dz 1 − z̄z } = xdy − ydx 1 − (x^2 + y^2) . Then differentiating δ gives

d(δ) = Im { dz̄ ∧ dz (1 − z̄z)^{−2} } = 2 dx ∧ dy (1 − (x^2 + y^2))^2 . We notice that the numerator term dx ∧ dy above is the symplectic form on R^2 .

3.3 The Unbounded Realization

In this section we describe the unbounded realization of D^1 by extending the Cayley transform on D to D^1 . Our goal is to verify that for G_R = Sp(n, C ) ∩ SU(n, n) and ν = 1, the Cayley transform of D^1 is indeed the circle bundle constructed by A. Selberg in [15].

Fix a one-dimensional K̃_R-type τ_ν with ν integral. Let c be the Cayley transform, c(D) = H the unbounded realization, and ~G_R = cG_Rc^{−1} the corresponding group of isometries of H. It is then possible to independently construct circle bundles H → H in the same fashion as D^1 → D. We do this by first defining the group extension

~G^1_R = ~G_R × S^1_ν = c(G_R × S^1_ν )c^{−1} = cG_Rc^{−1} × S^1_ν ,

giving ~G^1_R the direct product structure. Now set H = H × S^1_ν . Then define the following group action ~Φ : ~G^1_R × H → H : (g̃, s)(w, r) = (g̃w, arg τ^{−1}(κ(g̃, w)) + r + s). The point is that by properly extending c to a transformation of D^1 , its image should correspond precisely to our unbounded domain H = H × S^1_ν described above. Therefore, we define an extended Cayley transform c by c(z, t) = (c, 0)(z, t) = (cz, arg τ^{−1}(κ(c, z)) + t) = (w, r). Observe that this extension is not trivial on the circle component of D^1 but twists it via a factor of automorphy. Of course, it is easily checked that this action is compatible with c in the sense that the following diagram is commutative: D^{1 c}−→ H (g, s) (g̃, s) D^{1 c}−→ H

If ω̃ is the metric on H, then call ~Ω the corresponding metric on H invariant under ~G_R. We shall later explicitly compute ~Ω and prove that indeed c^∗(~Ω) = Ω.

Theorem 3.3.1 (H , ~G^1_R, σ̃) is weakly symmetric, where σ̃ = cσc^{−1} and σ is complex conjugation on D^1 .

It is straightforward to check that H satisfies all the conditions of a weakly symmetric space by transforming this situation over to D^1 and use the fact that (D^1 , G^1_R, σ) is weakly symmetric. However, it would be more interesting for us to explicitly characterize the action of ~G^1_R on H , namely determine κ(g̃, W ), and compute the riemannian metric. We shall discover below that for tube domains of Types I (m = n) and II, this is possible. Afterwards, we check our results by applying the extended Cayley transform c.

Let G_R = SU(n, n). Then the Cayley transform c is given by c = ( iI iI −I I ) , and the group ~G_R = cG_Rc^{−1} consists of following matrices: ~G_R = { g̃ = ( A B C D ) , A^∗C = CA^∗, A^∗D − C^∗B = I, B^∗D = D^∗B } . Let M_n(C ) be the space of n × n complex matrices and V the subset of all hermitian matrices. Then cZ = i(Z + I)(I − Z)^{−1} = W maps D to H = {W = X + iY ∈ M_n(C ) : X, Y ∈ V and Y >> 0}, and Y >> 0 means that it is positive definite. The action of ~G_R on H is W̌ := gW = (AW + B)(CW + D)−1. It can be checked that σ̃ acts on H as σ̃W = −W = −X + iY . We will need to compute the factor of automorphy κ(g̃, w). By definition, g̃ exp(W ) ∈ exp(g̃W )κ(g̃, W )P_−.

The decomposition below now tells us what κ(g̃, W ) should be:

g̃ exp(W ) = ( A B C D ) ( I W 0 I ) ∈ ( I g̃W 0 I ) ( A − (g̃W )C 0 0 CW + D ) ( I 0 U 0 ) . If τ = τ_ν is a one-dimensional K-type, τ_ν (κ(g̃, W )) = det(CW + D)^{−ν} .

The following lemma will be needed to compute the metric on H .

Lemma 3.3.2 If W_2, W_1 ∈ H, then W̌_2 − W̌_1 = (W_2C^∗ + D^∗)^{−1}(W_2 − W_1)(CW_1 + D)^{−1} (3.1)

Proof. We first observe that (g̃W )^∗ = g̃W^∗. Then rewriting it as (g̃W^∗)^∗ = g̃W and using the properties of ~G_R, we have

W̌_2 − W̌_1 = (AW_2 + B)(CW_2 + D)−1 − (AW_1 + B)(CW_1 + D)−1 = [(CW^∗_2 + D)^{−1}]^∗(AW^∗_2 + B)^∗ − (AW_1 + B)(CW_1 + D)^{−1} = (W_2C^∗ + D^∗)^{−1}[(W_2A^∗ + B^∗)(CW_1 + D)

−(W_2C^∗ + D^∗)(AW_1 + B)](CW_1 + D)^{−1} = (W_2C^∗ + D^∗)^{−1}[W_2(A^∗C − C^∗A)W_1 + W_2(A^∗D − C^∗B) −(D^∗A − B^∗C)W_1 + (B^∗D − D^∗B)](CW_1 + D)^{−1} = (W_2C^∗ + D^∗)^{−1}(W_2 − W_1)(CW_1 + D)^{−1}

and so the lemma follows. □

The lemma above allows us to compute the differential of W̌ . Set W_2 = W + ΔW , W_1 = W and define ΔW̌ = W̌_2 − W̌_1. Then using the lemma and allowing ΔW → 0, we have

dW̌ = lim_{ΔW →0}[(W + ΔW )C^∗ + D^∗]^{−1}(ΔW )(CW + D)^{−1} = (W C^∗ + D^∗)^{−1}dW (CW + D)^{−1}

(3.2)

Now write W̌ = X̌ + iY̌ . If we let W_2 = W and W_1 = W^∗ = X^∗ − iY^∗ = X − iY , then again from the lemma above X̌ = (W C∗ + D∗)−1X(CW ∗ + D)−1 Y̌ = (W C∗ + D∗)−1Y (CW ∗ + D)−1 (3.3) Observe that (W̌ )^∗ = (X̌)^∗ − i(Y̌ )^∗ = X̌ − iY̌ .

Recall that the action of ~G^1_R on H can now be written as

(g̃, s)(W, r) = (g̃W, r + s + arg det(CW + D)^ν ) = (W̌ , ř).

Write Tr{W } for the trace of the matrix W .

Lemma 3.3.3 dř ν − 1 2 Tr{Y̌^{−1}dX̌} = dr ν − 1 2 Tr{Y^{−1}dX} (3.4)

Proof. Making use of (3.2) and (3.3), we see that

dW̌ · Y̌^{−1} = (W C^∗ + D^∗)^{−1}dW (CW + D)^{−1}(CW^∗ + D)Y^{−1}(W C^∗ + D^∗) dW̌^∗ · Y̌^{−1} = (W^∗C^∗ + D^∗)^{−1}dW^∗(CW^∗ + D)^{−1}(CW^∗ + D)Y^{−1}(W C^∗ + D^∗)^{−1})

Then observing that the trace of matrix is preserved under conjugation, we have

Tr{dX̌ · Y̌^{−1}} =^1_2 [Tr{dW̌ · Y̌^{−1}} + Tr{dW̌^∗ · Y̌^{−1}}] =^1_2 [Tr{dW (CW + D)^{−1}(CW^∗ + D)Y^{−1}}

+Tr{(W^∗C^∗ + D^∗)^{−1}dW^∗ · Y^{−1}(W C^∗ + D^∗)}].

Now write

(CW^∗ + D) = (CW + D) + (CW^∗ − CW ) = (CW + D) − 2iCY (W C^∗ + D^∗) = (W^∗C^∗ + D^∗) + (W C^∗ − W^∗C^∗) = (W^∗C^∗ + D^∗) + 2iY C^∗

and use conjugation again to see that Tr{dX̌ · Y̌^{−1}} =^1_2 [Tr{dW · Y^{−1}} − 2iTr{dW (CW + D)^{−1}C} +Tr{(dW^∗ · Y^{−1}} + 2iTr{(W^∗C^∗ + D^∗)^{−1}dW^∗ · C^∗}] = Tr{dX · Y^{−1}} − i[Tr{CdW (CW + D)^{−1}} −Tr{(W^∗C^∗ + D^∗)^{−1}dW^∗ · C^∗}].

We next note that

d arg det(CW + D)^ν =^1_{2i} d[log det(CW + D)^ν − log det((CW + D)^∗)^ν ] =^ν_{2i} [Tr{CdW (CW + D)^{−1}} − Tr{(W^∗C^∗ + D^∗)^{−1}dW^∗C^∗}]

and so using the fact that dř = dr + d arg det(CW + D)^ν , we can then conclude Tr{dX̌ · Y̌^{−1}} = Tr{dX · Y^{−1}} + 2 ν (dř − dr). Our proposition is now clear. □

It is well-known that the metric ω̃ on H is the following:

ω̃ = Tr{Y^{−1}dX}^2 + Tr{Y^{−1}dY }^2.

Theorem 3.3.4 The Riemannian metric ~Ω_ν on H given below is ~G^1_R-invariant:

~Ω_ν = ω̃ + ( dr ν − 1 2 Tr{Y^{−1}dX})^2 (3.5)

Proof. Again, we use the reduction that the first term in (3.5) is just the metric on H and since it depends only on the action of ~G, it is clearly ~G^1_R-invariant. Proposition 3.3.3 then tells us that the second term is also invariant under ~G^1_R and so the same can be said for Ω_ν . It is clear that Ω_ν is positive definite and hence is Riemannian. □

We now verify that the metric induced by c on H_ν = c(H_ν ) defined earlier coincides with ~Ω computed above for Types I (m = n) and II. Denote by δ̃ =^1_2 Tr{Y −1dX}.

Proposition 3.3.5 c^∗(~Ω_ν ) = Ω_ν (3.6)

Proof. Writing out Ω_ν = ω +(dt/ν −δ)^2. Classically, we already have c^∗(ω̃) = ω, so it suffices to show that the differential map c^∗ satisfies that c^∗(dr/ν − δ̃) = dt/ν −δ. The proof then requires first finding Z^∗dZ(I −Z^∗Z)^{−1} in terms of dW and secondly dt in terms of dr. We have Z = c^{−1}(W ) = (W − iI)(W + iI)^{−1} and so I − Z = 2i(W + iI)^{−1}. Differentiating the inverse Cayley transform gives dZ = 2i(W + iI)^{−1}dW (W + iI)^{−1}. Furthermore, the following identity is true: I − Z^∗Z = I − (W + iI)^{∗−1}(W − iI)^∗(W − iI)(W + iI)^{−1} = (W + iI)^{∗−1}[(W + iI)^∗(W + iI) − (W − iI)^∗(W − iI)](W + iI)^{−1} = (W + iI)^{∗−1}(4Y )(W + iI)^{−1}.

Use these facts to compute

Tr{Z^∗dZ(I − Z^∗Z)^{−1}} = Tr{^i_2 (W + iI)^{∗−1}(W − iI)^∗(W + iI)^{−1}dW Y^{−1}(W + iI)^∗} = Tr{^i_2 (W + iI)^{−1}dW Y^{−1}(W − iI)^∗}.

To find dt in terms of dr, we first need to determine τ(κ(c, Z)). This we can get from

c exp Z = ( iI iI −I I ) ( I Z 0 I ) = ( iI i(I + Z) −I I − Z ) , so that τ(κ(c, Z)) = det(I − Z)^{−ν} . Now differentiate to get

d arg τ^{−1}(κ(c, Z)) =^ν_{2i} (d log det(I − Z) − d log det(I − Z)^∗) =^ν_{2i} Tr{−(I − Z)^{−1}dZ + dZ^∗(I − Z)^{∗−1}} = −νIm Tr{I − Z)^{−1}dZ} = −νIm Tr{(W + iI)(W + iI)^{−1}dW (W + iI)^{−1}} = −νIm Tr{(W + iI)^{−1}dW }. Next, denote by A = Tr{Z^∗dZ(I − Z^∗Z)^{−1}} − Tr{(W + iI)^{−1}dW }. From the previous calculations, A simplifies to

A = Tr{^i_2 (W + iI)^{−1}dW Y^{−1}[(W − iI)^∗ + 2iY ]} = Tr{^i_2 (W + iI)^{−1}dW Y^{−1}(W + iI)} = Tr{^i_2 dW Y^{−1}},

from whence we get after writing W^∗ = X−iY the identity Im A =^1_2 Tr{Y^{−1}dX}. Since dr = d arg τ^{−1}(κ(g, Z)) + dt, we conclude that dt/ν − Im Tr{Z^∗dZ(I − Z^∗Z)^{−1}} = [dr − d arg τ^{−1}(κ(g, Z))]/ν − Im Tr{(I − Z^∗Z)^{−1}dZ^∗Z} = dr/ν − Im Tr{Z^∗dZ(I − Z^∗Z)^{−1} − (W + iI)^{−1}dW } = dr/ν − Im A = dr/ν −^1_2 Tr{Y^{−1}dX}, as desired. □

In case G_R = Sp(n, C ) ∩ SU(n, n), we have ~G_R = Sp(n, R) and

H = {W = X + iY : W = W^t and Y > 0}

is the Siegel generalized upper-half plane. Now view ~G_R as a subgroup of SU(n, n) and H as a subspace of the corresponding domain for SU(n, n) to see that the metric for H in this case is exactly the same:

~Ω_ν = ω̃ + ( dr ν − 1 2 Tr{Y^{−1}dX})^2. When ν = 1, ~Ω_1 given above is precisely the metric computed by Selberg for his circle bundle (see [15]) as promised.

3.4 Hyperbolic Space

We shall compute ~Ω_ν (and assume ν = 1 for simplicity) when D is a complex hyperbolic space by using the Cayley transform c. Let Z =^t(z_1, ..., z_n) denote the elements of D and W =^t(w_1, ..., w_n) denotes the elements of H. The Cayley transform c(Z) = W (and its inverse) is then explicitly given by

w_j = 2iz_j 1 − z_n , 1 ≤ j < n; w_n = i 1 + z_j 1 − z_n ; z_j = w_j w_n + i , 1 ≤ j < n; z_n = w_n − i w_n + i . Write w_j = x_j + iy_j , for 1 ≤ j ≤ n. Then the unbounded realization is then described as H = {W ∈ C^n : 4y_n − ∑_{n−1} j=1 |w_j |^2 > 0}.

Lemma 3.4.1 Let H_ν be complex hyperbolic space. The riemannian metric ~Ω is given as

~Ω = ω̃ + ( dr − ∑_{n−1} j=1 (x_j dy_j − y_j dx_j ) + 2dx_n 4y_n − ∑_{n−1} j=1 |w_j |^2

)_2

(3.7)

Proof. Using the Cayley transformation equations above, we obtain dz_j = (w_n + i)dw_j − w_j dw_n (w_n + i)^2 , dz_n = 2idw_n (w_n + i)^2 . The metric Ω_ν (assume ν = 1 for simplicity) is given as Ω = ω +(dt−δ)^2, where

δ = Im Tr { Z^∗dZ 1 − Z^∗Z } = Im { ∑_n j=1 z̄_j dz_j 1 − ∑_n j=1 z̄_j z_j } . Then a short computation gives 1 1 − Z^∗Z = 1 1 − ∑_n j=1 z̄z = |w_n + i|^2 4y_n − ∑_{n−1} j=1 |w_j |^2 . Now check that Z^∗dZ 1 − Z^∗Z = ∑_n j=1 z̄_j dz_j 1 − ∑_n j=1 z̄_j z_j = ∑_{n−1} j=1 w̄_j dw_j 4y_n − ∑_{n−1} j=1 |w_j |^2 + 2i(w̄_n + i)dw_n − ( ∑_{n−1} j=1 |w_j |^2)dw_n (w_n + i)(4y_n − ∑_{n−1} j=1 |w_j |^2) . We’ll also need to determine τ^{−1}(κ(c, Z)) since dr = d arg τ^{−1}(κ(c, Z)) + dt.

First, observe that

c·exp Z = 2i .. . 2i i i −1 1

1 z_1 .. . . . 1 z_{n−1} 1 z_n 0 1 = 2i 2iz_1 . . . . . 2i 2iz_{n−1} i i(1 + z_n) −1 1 − z_n .

This gives τ^{−1}(κ(c, Z)) = 1 − z_n = 2i/(w_n + i) and

d arg τ^{−1}(κ(c, Z)) = −Im { dz_n 1 − z_n } = −Im { dw_n w_n + i } . Then combining

δ + d arg τ^{−1}(κ(c, Z)) = Im { ∑_{n−1} j=1 w̄_j dw_j + 2idw_n 4y_n − ∑_{n−1} j=1 |w_j |^2 }

= ∑_{n−1} j=1 (x_j dy_j − y_j dx_j ) + 2dx_n 4y_n − ∑_{n−1} j=1 |w_j |^2 .

We can now write the answer for ~Ω as ~Ω = ω̃ + (dr − d arg τ −1(κ(c, Z)) − δ)2 = ω̃ + ( dr − ∑_{n−1} j=1 (x_j dy_j − y_j dx_j ) + 2dx_n 4y_n − ∑_{n−1} j=1 |w_j |^2

)_2 , as desired. □

Chapter 4

Applications

4.1 Gelfand Pairs

The notion of weakly symmetric spaces is intimately related to that of Gelfand pairs. Therefore, we first provide a treatment of Gelfand pairs in connection with our circle bundles D^1 . Denote by C^∞(G) as the space of infinitely differentiable functions on G and define the following subspaces of C^∞(G):

C^∞_c (G) = {f ∈ C^∞(G) : f has compact support} C^∞(G//K) = {f ∈ C^∞(G) : f(hg) = f(gh) = f(g) for all h ∈ K} C^K (G) = {f ∈ C^∞(G) : f(hgh^{−1}) = f(g) for all h ∈ K}

Also, we define C^∞(G/K) to be the space of infinitely differentiable functions on G/K. If f_1, f_2 ∈ C^∞_c (G), then define their convolution to be

(f_1 ∗ f_2)(x) = ∫ G f_1(g)f_2(g^{−1}x)dg

The spaces C^∞_c (G) and C^∞_c (G/K) become algebras under this convolution product.

Definition. We say that (G, K) is a Gelfand pair if the algebra C^∞_c (G//K) = C^∞_c (G) ∩ C^∞(G//K) is commutative under the convolution product. In that case, the homogeneous space G/K is said to be commutative.

There are many other characterizations of a Gelfand pair (G, K) in terms of its spaces of G-invariant differential operators and integral operators. Let E(G/K) be the space of G-invariant endomorphisms of C^∞_c (G/K). Let D ∈ E(G/K) be such that, if given a function f ∈ C^∞_c (G/K) and an open subset V of G/H we have f|_V = 0 implies Df|_V = 0, then D is said to satisfy the local property and called a differential operator of C^∞_c (G/K).

Let h ∈ L^1(G//K) and define a function p_f on G/K × G/K as follows:

p_h(xK, yK) = h(y^{−1}x) (4.1)

Observe that p_h is well-defined since h is bi-K-invariant. Now, let I_{ph} be an integral operator on C^∞(G/K) ∩ L^2(G/K) with kernel p_h, where we define I_{ph} f(xK) = ∫ G/K p_h(xK, yK)f(yK)dyK (4.2) Then I_{ph} is well-defined and p_h is G-invariant, since p_h(gxK, gyK) = h((gy)^{−1}gx) = h(y^{−1}x) = p_h(xK, yK) (4.3) for all g ∈ G and hence, I_{ph} ∈ E(G/K). The invariant kernel p_h is also called a point-pair invariant (see Selberg [23]).

We define the following subspaces of E(G/K):

D(G/K) = {D ∈ E(G/K) : D satisfies the local property} I(G/K) = {I_{ph} ∈ E(G/K) : h ∈ L^1(G//K)}

Note that D(G/K) is just the space of G-invariant differential operators and I(G/K) ∼= L^1(G//K). Here are the awaited equivalent conditions for (G, K) to be a Gelfand pair.

Theorem 4.1.1 The following are equivalent if G is a reductive Lie group and K a compact subgroup:

(i) (G, K) is a Gelfand pair.

(ii) The space of double cosets K\G/K is commutative. (iii) E(G/K) is commutative. (iv) D(G/K) is commutative. (v) I(G/K) is commutative.

These equivalence conditions are well known results; we refer the interested reader to [27], Chapter 8 and [4], Proposition 1.7.1 for details. We mention that it is still unknown whether weak symmetry is equivalent to the Gelfand pair conditions.

We next investigate the commutativity of certain function spaces on D and D^1 . It is then profitable to view D = G /K_ν and D^1 = G^1 /K^1 as homogeneous in what follows. Define the subspace C^K (G//K_s) = C^K (G) ∩ C^∞(G//K_s). Then there is the following inclusion of subspaces: C^∞(G//K) ⊂ C^K (G//K_s) ⊂ C^∞(G//K_s). Lemma 4.1.2 (Flensted-Jensen) C^K_c (G//K_s) is commutative under convolution.

Proof. See [2], Theorem 3.1. □

Recall the injection j : G → G discussed in Section 2.1.

Lemma 4.1.3 (cf. [2], Prop. 4.1) C^K_c (G//K_s) ∼= C^∞_c (G //K_ν ) as function algebras under convolution.

Proof. We mention that Flensted-Jensen [2] has shown that C^K_c (G//K_s) ∼= C^∞_c (G^1 //K^1 ). We extend his argument to D . Let f ∈ C^∞_c (G //K_ν ). Then f ∘j is just the restriction of f to G. Since j(K_s) ⊂ K_ν , this means f ∘j ∈ C^∞_c (G//K_s). Note that to show f ∘ j ∈ C^K_c (G//K_s) it suffices to show that it is invariant under Z^0_K . Let k ∈ Z^0_K . Then the following calculation j(kg) = (kg, 0) = (k, arg τ(k))(g, arg τ^{−1}(k)) = (k, arg τ(k))(gk, 0)(k^{−1}, arg τ^{−1}(k)) = (k, arg τ(k))j(gz)(k^{−1}, arg τ^{−1}(k))

implies that f(j(kg)) = f(j(gk)). Hence, f ∘ j ∈ C^K_c (G//K_s).

Conversely, let h ∈ C^K_c (G//K_s). We wish to show that there exists an f ∈ C^∞_c (G //K_ν ) such that f ∘ j = h. Define

f(g_s) = h(exp(− s ν Z_0)g) (4.4)

To see that f is indeed in C^∞_c (G //K_ν ), let k_ν ∈ K_ν . Then f(k_ν g_s) = f(kg, s + tν) = h(exp(−^{s+tν}_ν Z_0)kg) = h(exp(−^s_ν η) exp(−tZ_0)k^sk^tg) = h(k^s exp(−tZ_0) exp(tZ_0) exp(−^s_ν Z_0)g) = h(exp(−^s_ν Z_0)g) = f(g_s)

As a result, f is left K_ν -invariant. Similarly, reminding ourselves that h is invariant under inner automorphisms of K, f(g_sk_ν ) = f(gk, s + tν)]) = h(exp(−^{s+tν}_ν Z_0)gk) = h((k^s)^{−1} exp(−tZ_0) exp(−^s_ν Z_0)gk) = h(k^{−1} exp(−^s_ν Z_0)gk) = h(exp(−^s_ν Z_0)g) = f(g_s)

and so f is also right K_ν -invariant. It is clear that f must be unique and hence the mapping f → f ∘ j establishes a bijection between C^K_c (G//K_s) and C^∞_c (G //K_ν ).

Let dx, dw, dy, dz be the Haar measures on G, G , G /Z, Z, respectively, and set ∫ Zdz = 1. Since dw = dydz, we use the diffeomorphism j : G → G /Z to normalize dy so that the bijection f → f ∘ j preserves the L^1-norm between our algebras. It remains to check that the convolution product is preserved. Let f_1, f_2 ∈ C^∞_c (G //K_ν ).

((f_1 ∗ f_2) ∘ j)(g) = ∫ G^1 f1(j(g)w −1)f_2(w)dw = ∫ G^1 /Z ∫ Zf_1(j(g)y^{−1}z^{−1})f_2(zy)dxdz = ∫ G f_1(j(gx^{−1}))f_2(j(x))dx = ((f_1 ∘ j) ∗ (f_2 ∘ j))(g)

Hence, C^K_c (G//K_s) and C^∞_c (G //K_ν ) are isomorphic as algebras.

We have also proven that C^∞_c (G //K_ν ) is commutative. To see that we can also get Flensted-Jensen’s result that C^∞_c (G^1 /K^1 ) is commutative, it suffices to prove that our definition of f in (4.4) is well-defined on the coset space G^1 because G^1 and K^1 are quotients of G and K_ν , respectively. This requires the following expression for elements of K^1 . Decompose elements of K as k = k^sk^t where k^s ∈ K_s and k^t ∈ Z^0_K . Now write k^t = exp(tZ_0) for some real number t so that k_ν = k^{tν} . If k_ν is an element of Q_ν , then k_ν = k^{tν} and f(g_sk_ν ) = f(gk^t, s + tν) = h(exp(−^{s+tν}_ν Z_0)gk^t) = h(exp(−^s_ν Z_0) exp(−tZ_0)gk^t) = h(exp(−^s_ν Z_0)(k^t)^{−1}gk^t) = f(g, s) implies f is well-defined on G^1 . □ Remarks. Note that the proposition above does not hold when ν = 0 because our definition in Equation (4.4) is absurd. The mapping f → f ∘j fails to be oneto-one in this case because G /K_ν reduces to a direct product of G/K and R, and so the strict containment C^K_c (G//K_s) ⊂ C^∞_c (G //K_ν ) becomes clear. However, commutativity of C^∞(G /K_ν ) still holds because now G /K_ν = G/K × S^1 is a direct product of two weakly symmetric spaces.

It is also interesting to observe that even though G/K_s and G /K_ν are diffeomorphic as Riemannian manifolds, (G, K_s) and (G , K_ν ) are not equivalent as Gelfand pairs in general, since the space of double cosets K_s\G/K_s and K_ν \G /K_ν may not be isomorphic. However, they do coincide when ν ≠ 0 and G is a bounded symmetric domain not of tube type.

Lemma 4.1.4 (cf. [2], Theorem 3.3) C^∞_c (G//K_s) = C^∞_c (G //K_ν ) if and only if G is not of tube type.

4.2 Spherical Representations

Assume G and K as in the previous section so that (G, K) is a Gelfand pair. Then E(G/K) is commutative. This leads to us the notion of spherical kernels and their corresponding spherical functions. Let I be an integral operator on C^∞_c (G/K) of the form I(f)(z) = ∫ D p(z, w)f(w)dw, f ∈ C^∞(G/K), z, w ∈ D. Denote by I(G/K) the space of such operators I that are invariant under G, i.e. p(gz, gw) = p(z, w) for all g ∈ G. Following Godement [6], p is then called an invariant kernel of I. Furthermore, p is said to be a spherical kernel if it satisfies the property ∫ D p(z, u)q(u, w)du = μ_q p(z, w), μ_q constant, for every invariant kernel q ∈ I(G/K) with compact support (as a function of one variable).

Lemma 4.2.1 (Godement [6], p. 144-03) p(z, w) is a spherical kernel if and only if D_zp(z, w) = λ_pp(z, w) for everyD ∈ D(G/K), where λ_p is a constant depending only on p.

Let φ be a complex-valued continuous function on a homogeneous space D = G/K. We say that φ is a spherical function on D if (i) φ(o) = 1, o = eK, (ii) φ is invariant under the left action of K, (iii) Dφ = λ_Dφ for each D ∈ D(G/K).

Translating these properties to functions on G, we say that φ is a spherical function on G with respect to K if (i) φ(e) = 1, (ii) φ is bi-K-invariant, (iii) Dφ = λ_Dφ for each D ∈ D_K (G).

Let π : G → G/K is a quotient map. Then φ̃ = φ ∘ π is a spherical function on G with respect to K if and only if φ is a spherical function on G.

Lemma 4.2.2 (Godement) If p is a spherical kernel on D, then φ(gK) = p(gK, K) is a spherical function on D. Conversely, if φ is a spherical function on D, then p(gK, hK) = φ(h^{−1}g) is a spherical kernel on D.

Proof. Follows immediately from Lemma 7.1. □

Let D^1 be a weakly symmetric space so that (G^1 , K^1 ) is a Gelfand pair. Flensted-Jensen [2] has characterized the spherical functions on G^1 (with respect to K^1 ). We summarize his results below, which are just generalizations of Harish-Chandra’s results for spherical functions on G with respect to K. Let G^1 = K^1 A_ν N be the ”Iwasawa decomposition” of G^1 . For x ∈ G^1 , let H(x) ∈ a^1 be the unique element such that x ∈ K^1 exp(H(x))N.

Lemma 4.2.3 (Flensted-Jensen) Let dk, da, dn be Haar measures on K^1 , A_ν and N, respectively. The Haar measure dg on G^1 can be normalized so that ∫ G^1 f(g)dg = ∫ K^1 A_ν N f(kan)e^{2ρ(H(g))}dkdadn (4.5) for each f ∈ C_c(G^1 ).

Theorem 4.2.4 (Flensted-Jensen) Every spherical function on G^1 w.r.t. K^1 is of the form

φ_λ(g) = ∫ K^1 e^{(iλ−ρ)(H(gk))} dk where λ ∈ (a^1)^∗_C . Moreover, φ_λ ≡ φ_μ if and only if λ = w(μ) for some w ∈ W_ν .

A joint eigenfunction f on D^1 is an eigenfunction of each of the operators D ∈ D(G^1 /K^1 ), and so determines a homomorphism μ : D(G^1 /K^1 ) → C defined by Df = μ(D)f. Any such homomorphism μ has a joint eigenspace given by

E_μ = {f ∈ C^∞(G^1 /K^1 ) : Df = μ(D)f for each D ∈ D(G^1 /K^1 )} (4.6)

Lemma 4.2.5 (cf. [10] IV, Prop. 2.4) The joint eigenfunctions on G^1 /K^1 are characterized by the following integral equation: Each joint eigenspace E_μ ≠ 0 contains exactly one spherical function φ. The members f of E_μ are characterized by ∫

K^1

f(xkyK^1 )dk = f(xK^1 )φ(yK^1 ), x, y ∈ G^1 (4.7)

Proof. The proof mirrors that given by Helgason [9] in the case of symmetric space. □

Lemma 4.2.6 Every square-integrable joint eigenfunction of D(G^1 /K^1 ) is a joint eigenfunction of I(G^1 /K^1 ).

Proof. Let f ∈ E_μ with φ the corresponding spherical function. Denote by f̃ = f ∘ π and φ̃ = φ ∘ π to be their pullback to G 1 . If I_{pψ} ∈ I(G 1 /K 1 ), then the following reordering of integration is permissible by Fubini’s theorem, since ψ and f are square-integrable (and so is φ):

I_{pψ} f(xK^1 ) = ∫ G^1 /K^1 pψ(xK 1 , yK^1 )f(yK^1 )d(yK^1 ) = ∫ K^1 ∫ G^1 /K^1 ψ(k −1y^{−1}x)f̃ (yk)d(yK^1 )dk = ∫ G^1 f̃(g)ψ(g−1x)dg = ∫ G^1 f̃(xg)ψ(g−1)dg = ∫ K^1 A_ν N f̃(xkan)ψ(n−1a−1k−1)e2ρ(H(a))dkdadn = ∫ A_ν N f̃(x)φ̃(an)ψ(n−1a−1)e2ρ(H(a))dadn = f̃(x) ∫ K^1 A_ν N φ̃(kan)ψ(n −1a^{−1}k^{−1})e^{2ρ(H(a))}dkdadn = f(xK^1 ) ∫ G^1 φ̃(g)ψ(g −1)dg = f(xK^1 ) ∫ G^1 /K^1 p(K

1 , gK^1 )q(gK^1 , K^1 )dg = f(xK^1 )μ_q p(K^1 , K^1 )

where μ_q is a constant depending only on q since p is a spherical kernel. Hence, I_{pψ} f = μ_pf. □ We next investigate the connection between spherical representations of G^1 and discrete series representations of G. This will make use of some deep results of Langlands [14]. For any integer k, let L^2(D^1 , k) denote the space of square-integrable functions on D that transform under G according to the onedimensional K-type τ^k = j^k, where j is the jacobian factor of automorphy defined in chapter I. Then H^2(D^1 , k) will be the subspace of holomorphic functions. Write elements of D as w = gK. Now, consider the reproducing kernel K_k(z, w) defined as follows for f ∈ H^2(D^1 , k): ∫ D K_k(z, w) j(g, o)^kj(g, o)^k f(w)dw = f(z). Then Langlands has proven the following:

Proposition 4.2.7 (Langlands)

P_k(f)(z) = ∫ D K_k(z, w) j(g, o)^kj(g, o)^k f(w)dw defines the orthogonal projection of L^2(D^1 , k) onto H^2(D^1 , k).

This proposition now implies that K(z, w) has the following properties:

Corollary 4.2.8 (Langlands) i) K(gz, gw) = j(g, z)^kK(z, w)j(g, w)^k. ii) K(z, w) = K(w, z) and K(z, z) > 0. iii) ∫ D K_k(z, w)K_k(w, u) j(g, o)^kj(g, o)^k dw = K(z, u). Properties i) and ii) now tell us that K_k(z, w) has the same transformation properties as our kernel function K(z, w) raised to the exponent −k and hence, must agree (see Satake [21]). Lemma 4.2.9 K_k(z, w) = K(z, w)^{−k}. Let E_ϕ be an eigenspace of D(G^1 /K^1 ). Since ∂/∂t is a fundamental operator of D(G^1 /K^1 ), every F ∈ E can be written as F (z, t) = K_k(z, z)^{− 12} f(z)e^{ikt} for some integer k ∈ Z and function f on D. Define the operator T : F → f. Assume that g_sF represents the action of G^1 on F by left translation. Then using the above transformation property of F and writing j(g, z) = |j(g, z)|e^{i arg j(g,z)}, we can compute the image T (g_sF ): Lemma 4.2.10 T (g_sF )(z) = j(g, z)^kf(z)e^{iks} Proof.

F (g_s(z, t)) = F (gz, t + s + arg τ^{−1}(κ(g, z))) = K_k(gz, gz)^{− 12} f(gz)e^{ik(t+s−arg j(g,z))} = K_k(z, z)^{− 12} |j(g, z)|^{−k}e^{−ik arg j(g,z))}e^{iks}e^{ikt} = K_k(z, z)^{− 12} j(g, z)^{−k}f(z)e^{iks}e^{ikt} and so T (g_sF )(z) = j(g, z)^{−k}f(z)e^{iks}. □ We hope to show in a later section that T : E → Ł^2(D, k) is an intertwining operator for π_ϕ restricted to G ⊂ G^1 and the discrete series representation π_λ. Lemma 4.2.11 p_k(z_t, w_r) = K_k(z, w)e^{ik(t−r)} K_k(z, z)^12 K_k(w, w)^12

(4.8)

is an G^1 invariant kernel on D^1 × D^1 for all k ∈ Z.

Proof. Again, using the transformation property of K_k(z, w) described above and the fact that j(g, z) = |j(g, z)|e^{i arg j(g,z)}, it becomes straightforward to check that p_k(g_sz_t, g_sw_r) = p_k(z_t, w_r). Let I be the corresponding integral operator with kernel p_k. Then

I(F )(z_t) = ∫ D^1 p_k(z_t, w_r)F (w_r )dw_r = e^{ikt} K_k(z, z)^12 ∫ D ∫ S^1 K(z, w) K(w, w) f(w)dwdr = K(o, o)^{−1}K(z, z)^{− 12} e^{ikt}P_k (f)(z) and so I is a projection of E such that T (I(E)) = H^2(D, τ^k ). □

4.3 Holomorphic Discrete Series

Let π be an irreducible representation of G on a Hilbert space E. If τ is a representation of K on V , then we say that v ∈ E transforms according to τ if π(K)v is isomorphic to a finite number of copies of V . Let E_τ be the subspace of E consisting of vectors which transform according to τ and denote by P_τ : E → E_τ the corresponding projection. Consider the operator P_τ π(x)P_τ and define ϕ(x) = Tr(P_τ π(x)P_τ ) to be its trace. If m denotes the multiplicity of τ in π_K , then we say that ϕ is a τ-spherical function of height m. In the case ϕ has height one, we have the following characterization of τ-spherical functions:

Theorem 4.3.1 (Godement) Let ϕ be a continuous function on G. Then ϕ is a τ-spherical function of height one if and only if ∫ K/Z ϕ(k^{−1}xky)dk = ϕ(x)ϕ(y) (4.9) In this paper, we shall only be concerned with τ-spherical functions of height one. Therefore, ϕ will now simply be called a τ-spherical function.

Lemma 4.3.2 If φ_λ is a spherical function on G^1 with respect to K^1 , then its restriction to G is a τ-spherical function.

Proof. The fact that φ_λ is a spherical function means that ∫ K^1

φ_λ(xk_ν y)dk_ν = ϕ(x)ϕ(y). (4.10)

Define ϕ to be the restriction of φ_λ to G. If k ∈ Z^0_K and g ∈ G, then φ(kx) = φ(k)φ(g) and so the restriction of ϕ to Z^0_K determines a character of Z^0_K . Denote by τ = ϕ|_Z0_K . Extend τ to a one-dimensional representation of K by allowing τ to be trivial on K_s. Then

ϕ(k^{−1}xky) = φ_λ(k^{−1}xky) = τ^{−1}(k)φ_λ(xk_ν y) (4.11)

for k ∈ K. The transformation k → k_ν has Jacobian τ(k) and so ∫ K/Z ϕ(k^{−1}xky)dk = ∫ K^1 ϕ(xk_ν y)dk_ν = ϕ(x)ϕ(y). (4.12) Hence, ϕ is a τ-spherical function. □

We wish to show next that if φ_λ ∈ L^2(G^1 /K^1 ), then the restriction ϕ can be realized as a square-integrable matrix-coefficient of a holomorphic discrete series representation π. Denote by V the representation space of τ, Λ the highest weight of τ, and v_Λ the corresponding highest weight unit vector. Consider the associated line bundle V_τ → G/K, where V_τ = G ×_K V , induced from τ. If H denotes the space of L^2-holomorphic section of V_τ → G/K, then we may view

H ∼= f : G → V 1. f holomorphic 2. f(gk) = τ^{−1}(k)f(g), k ∈ K, g ∈ G 3. ∫ G/Z ‖f(g)‖^2_τ dg < ∞ , where the norm of f(g) is given by the inner product (· , ·)_τ on V .

Let π denote the unitary representation of G on the Hilbert space H acting by left translation. Denote by E_τ to be the subspace of H consisting of elements which transform according to τ, i.e. if v ∈ E_τ , then π(K)v is isomorphic to a finite number of copies of V . The projection of H onto E_τ we will write as P_τ . Now define the operator Φ^π_τ (x) = P_τ π(x)P_τ on H and set ϕ^π_τ (x) to be its trace.

Extend τ to a representation of ~K_C so that Λ becomes a linear functional on h_C . Let μ be the maximal root of Φ^+_n .

Theorem 4.3.3 (Harish-Chandra) If ⟨λ + ρ, μ⟩ < 0, then π is an irreducible unitary representation of G and π|_K has τ as the unique minimal K-type.

Lemma 4.3.4 If ⟨λ + ρ, μ⟩ < 0, then ϕ = ϕ^π_τ is a matrix coefficient of π.

Before proving the lemma, we shall need to describe Harish-Chandra’s construction of the holomorphic discrete series (extended to our situation for G simply-connected). More precisely, we define a space of functions on W = P_− ~K_C G as follows:

H := F : W → C 1. F holomorphic 2. F (pkx) = τ(k)F (x), p ∈ P_−, k ∈ ~K_C , x ∈ W 3. ∫ G/Z |F (g)|^2 dg < ∞ ,

Let f ∈ H and define a function F by F (g) = (f(g^{−1}), v_τ )_τ . Then under the correspondence f ↔ F , we have that f is holomorphic section if and only if F is holomorphic function. It is easily shown that H ∼= H as Hilbert spaces and the action of G on H by right translation is equivalent to π (see [14], p.102). We keep this equivalence in mind and define

ψ(x) = (τ(κ(x))v_Λ , v_Λ)_τ

Theorem 4.3.5 (Harish-Chandra) If ⟨Λ + ρ, μ⟩ < 0, then

(i) ‖ψ‖^2 < ∞ and ψ ∈ H. (ii) (π(x)ψ, ψ) = ψ(x)‖ψ‖^{−2}. (iii) ‖ψ‖^{−2} = Π_{β∈Φ}+_n |(Λ(H_β ) + ρ(H_β ))/ρ(H_β )|.

Proof. For part (i), see [7], Lemma 9. For parts (ii), see [7], corollary to Theorem 2. For part (iii), see [8], Theorem 4. □ Proof. (of the lemma) By definition, Harish-Chandra’s theorem says that ψ ∈ E_τ and π irreducible means that {ψ/‖ψ‖} is an orthonormal basis for E_τ since E_τ has dimension one. Then the Schur orthogonality relations imply

ϕ^π_τ (x) = tr(P_τ π(x)P_τ ) = (π(x) ψ ‖ψ‖ , ψ ‖ψ‖ ) and so part (ii) of Harish-Chandra’s results now gives us ϕ = ϕ^π_τ = ψ. We conclude that ϕ is a square-integrable matrix coefficient of the holomorphic discrete series representation π. □

4.4 Invariant Eigenfunctions

Let Γ be a discrete subgroup of G which acts discontinously on D. Then F = Γ\D is a fundamental domain of D. If we also view Γ as a subgroup of G^1 , then F_ν = Γ\D^1 will be called a fundamental domain of D^1 .

Lemma 4.4.1 Let Γ be a discrete subgroup of G. Then (i) F is a fundamental domain of D if and only if F_ν is a fundamental domain for D^1 .

(ii) F is compact if and only if F_ν is compact. (iii) F has finite area if and only if F_ν has finite area.

Proof. (i) Γ acts discontinuously on D if and only if F_ν acts discontinuously on D^1 . □

Let χ be a representation of Γ on V_χ and τ_ν a one-dimensional K-type. Extend χ to Γ_ν and define

C^∞(D^1 , χ) to be the space of infinitely differentiable functions on D^1 with values in V_χ and which transform as follows: F (m(z, t)) = χ(m)F (z, t) (4.13) Similarly, let L^2(D^1 , χ) be the space of square integrable functions F on D^1 with values in V_χ and transforms as in (4.13): ∫ D^1 F (z, t)F (z, t)d(z, t) = ∫ F_ν F (z, t)F (z, t)d(z, t) < ∞, (4.14) where d(z, t) is a G^1 -invariant measure on D^1 . We define an inner product on L^2(D^1 , χ):

(F_1, F_2) = ∫ F_ν F_1(z, t)F_2(z, t)d(z, t). (4.15) Then L^2(D^1 , χ) becomes a Hilbert space under this inner product.

Let us assume χ to be one-dimensional and k an integer. We define

E(χ, k) = { F ∈ L^2(D^1 , χ) :

1. DF = μ(D)F for all D ∈ D(G^1 /K^1 ) 2.^∂_{∂t} F = kF (4.16)

to be the eigenspace of D(G^1 /K^1 ) corresponding to μ. Also, define A(χ, k) to be the space of square-integrable functions on D which transform as follows: f(z) = χ(m)τ^k (κ(m, z))f(z), m ∈ Γ. (4.17) The following lemma now gives us the first connection between eigenfunctions of D(G^1 /K^1 ) and functions on D that transform automorphically.

Lemma 4.4.2 Let F (z, t) ∈ E(χ, k). Then F (z, t) = K(z, z)^{k2} f(z)e^{ikt}, (4.18) where f(z) ∈ A(χ, k).

Proof. Since F ∈ E(χ, k) has eigenvalue k under the differential operator^∂_{∂t} , it must be of the form F (z, t) = g(z)e^{ikt} for some integer k. Now K(z, z) is nonvanishing so we can write g(z) = K(z, z)^{k2} f(z). Then using the transformation property of F , we have F (m(z, t)) = χ(m)F (z, t) F (mz, t + arg τ^{−1}(κ(m, z)) = χ(m)K(z, z)^{k2} f(z)e^{ikt} K(z, z)^{k2} |τ(κ(m, z))|^k e^{i arg τ −k(κ(m,z))}f(mz)e^{−ikt} = χ(m)K(z, z)^{k2} f(z)e^{ikt} and so f(mz) = χ(m)τ^k (κ(m, z))f(z), which means f ∈ A(χ, k). □

4.5 Selberg Trace Formula

Let I_{pψ} ∈ I(G^1 /K^1 ) act on F ∈ L^2(D^1 , χ) as follows: ∫ D^1 p_ψ(z, w)F (w)dw = ∫ F_ν ∑ Γ χ(m)p_ψ(z, mw)F (w)dw. (4.19) We define P_ψ(z, w, χ) = ∑ m∈Γ χ(m)p_ψ(z, mw) (4.20) and view P_ψ as the kernel of the integral operator I_{pψ} on L^2(D^1 , χ). To insure that the summation on the right side of (4.20) converges, we assume that P_ψ has the following properties (see Selberg [23], p. 60): there exists a majorant Ξ of p_ψ (meaning |p_ψ(z, w)| ≤ Ξ(z, w) for all z, w ∈ D^1 ) such that (i) ∫ D^1 Ξ(z, w)dw < ∞ (ii) Ξ has regular growth, i.e. there exists positive constants A and δ such that Ξ(z, w) < A ∫ d(w,w̃)<δ k_ψ(z, w̃)dw̃, (4.21) where d(w, w̃) denotes the shortest geodesic distance between w and w̃. Selberg has proven that under these assumptions, the series for p_ψ(z, w, χ) converges absolutely for z, w in D^1 .

Since the set of fundamental differential operators {D_1, ..., D_l,^∂_{∂t} } may be chosen to be self-adjoint, there exists an orthonormal system of eigenfunctions {F_i} which forms a basis for C^∞(D^1 , χ) and satisfying

D_j F_i = λ^i_j F_i, j = 1, ..., l (4.22)

such that the l-tuples λ^i = (λ^i_1, ..., λ^i_l ) have no finite point of accumulation. We expand P_ψ as follows: P_ψ(z_t, w_u, χ) = ∑ i h(λ^i)F_i(z_t)F^∗_i (w_u). (4.23)

Let us formally compute the trace of I_{pψ} :

Tr(I_{pψ} ) = ∑ i h(λ^i). (4.24)

On the other hand, we have Tr(I_{pψ} ) = ∫ F_ν Tr(Pψ (zt, zt, χ))dzt, and so Tr(I_{pψ} ) = ∑ m∈Γ Tr(χ(m)) ∫ F_ν p_ψ(z_t, mz_t)dz_t (4.25)

Following Selberg [23], we divide Γ into its conjugacy classes {m}_Γ inside G^1 , where m is a chosen representative. Let Γ_m denote the centralizer of m in Γ and write [m̃] as the coset element in Γ_m\Γ represented by m̃. The right hand side of (4.25) now becomes ∑ {m}_Γ ∑ Γ_m\Γ

Tr(χ(m̃^{−1}mm̃) ∫ F_ν p_ψ(z_t, m̃^{−1}mm̃z_t)dz_t (4.26)

Before simplifying this expression any further, we first observe that Tr(χ(m̃^{−1}mm̃)) = Tr(χ(m)). Also, for any coset [m̃] ∈ Γ_m\Γ, we have ∫ F_ν p_ψ(z_t, m̃^{−1}mm̃z_t)dz_t = ∫ m̃F_ν p_ψ(z_t, mz_t)dz_t, (4.27)

where m̃F_ν is the translation of F_ν by m̃. As a result, (4.26) can be rewritten as ∑ {m}_Γ ∑ Γ_m\Γ

Tr(χ(m) ∫ F_ν p_ψ(z_t, mz_t)dz_t, (4.28)

where F^m_ν is the fundamental domain for Γ_m in D^1 . We transform the integral on the right hand side to integration over G^1 /K^1 as ∫ F^m_ν p_ψ(xK^1 , mxK^1 )d(xK^1 ). (4.29)

According to Selberg ([23], p. 65), this integral becomes ∫ G^1 /G_m ψ(g^{−1}_s m^{−1}g_s)dg_s, (4.30)

where G_m is the centralizer of m in G^1 . Hence, the final equation for the Selberg trace formula becomes

Tr(I_{pψ} ) = ∑ {m}_Γ Tr(χ(m))vol(G_m/Γ_m)Υ_ψ(m), (4.31)

where Υ_ψ(m) = ∫ G^1 /G_m ψ_(g^{−1}_s m^{−1}g_s)dg_s (4.32) is a function which depends only on the conjugacy class of m in G^1 .

Let I_{pψ} be a integral operator on D^1 with spherical kernel p and corresponding spherical function ψ. Assume that p is square-integrable. Then I_{pφ} is in fact a Hilbert-Schmidt operator, which implies that it has a discrete spectrum and that its eigenspaces are finite-dimensional. More precisely, the spectrum contains only one nontrivial eigenvalue h(I_{pφ} ) with eigenfunctions consisting of those elements F ∈ E(χ, k) such that F (z_t) = K(z, z)^{k2} f(z)e^{ikt} with f(z) ∈ A(χ, k). To compute h(I_φ), let F ∈ E(χ, k). Then

I_{pφ} F = μ_pF (4.33)

and so h(I_{pφ} ) = μ_p. If we introduce a basis F_1, ..., F_N of E(χ, k), then the trace of I_{pφ} is Tr(I_{pφ} ) = μ_pN. On the other hand, the Selberg trace formula tells us that μ_pN = ∑ {m}_Γ Tr(χ(m))vol(G_m/Γ_m)Υ_φ(m). (4.34)

Since the dimension of A(χ, k) equals N, we now have a formula for computing this dimension.

Bibliography

[1] W.L. Bailey and A. Borel, Compactification of arithmetic quotients of bounded symmetric domains, Annals of Math. 84 (1966), 442-528.

[2] M. Flensted-Jensen, Spherical Functions on a Simply Connected Semisimple Lie Group, Amer. J. Math. 99 (1977), 341-361.

[3] M. Flensted-Jensen, Spherical Functions on a Simply Connected Semisimple Lie Group II, Math. Ann. 228 (1977), 65-92.

[4] R. Gangolli and V.S. Varadarajan, Harmonic Analysis of Spherical Functions on Real Reductive Groups, Ergebnisse der Mathematik und ihrer Grenzgebiete 101 (1988), Springer-Verlag.

[5] R. Godement, Introduction aux Travaux de A. Selberg, Séminaire Bourbaki 144 (1957), 1-16.

[6] R. Godement, A Theory of Spherical Functions I, Trans. AMS 73 (1952), 496-556.

[7] Harish-Chandra, Representations of Semisimple Lie Groups V, Amer. J.

Math. 78 (1956), 1-41.

[8] Harish-Chandra, Representations of Semisimple Lie Groups VI, Amer. J.

Math. 78 (1956), 564-628.

[9] S. Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Pure and Applied Mathematics 80 (1978), Academic Press.

[10] S. Helgason, Groups and Geometric Analysis, Pure and Applied Mathematics 113 (1984), Academic Press.

[11] L.K. Hua, Harmonic Analysis of Functions of Several Complex Variables in the Classical Domains, AMS Translations of Mathematical Monographs 6, 1963.

[12] R. Herb and J.A. Wolf, Wave Packets for the Relative Discrete Series I.

The Holomorphic Case, J. Funct. Anal. 73 (1987) no. 1, 1-37.

BIBLIOGRAPHY 53

[13] A. Korányi, The Poisson integral for generalized half-planes and bounded symmetric domains, Annals of Math. 82 (1965), 332-349.

[14] R. Langlands, The Dimension of Spaces of Automorphic Forms, Amer. J.

Math. 85 (1962), 99-125.

[15] H. Maaβ, Siegel’s Modular Forms and Dirichlet Series, Lecture Notes in Mathematics 216 (1971), Springer-Verlag.

[16] H. Maaβ, Spherical Functions and Quadratic Forms, J. Indian Math. Soc.

20 (1956), 117-162.

[17] H. Nguyen, Spherical Functions of One-Dimensional K-types, preprint. [18] W. Poor, Differential Geometric Structures, McGraw-Hill 1981. [19] H. Rossi and M. Vergne, Analytic continuation of the holomorphic discrete series of a semisimple Lie group, Acta Math. 136 (1976), 1-59.

[20] I. Satake, On Some Properties of Holomorphic Imbeddings of Symmetric Domains, Amer. J. Math. 91 (1969), 289-305.

[21] I. Satake, Algebraic Structures of Symmetric Domains, Publ. Math. Soc.

Japan 14, 1980.

[22] N. Shimeno, The Plancherl Formula for Spherical Functions with a Onedimensional K-type on a Simply Connect Lie Group of Hermitian Type, J. Funct. Anal. 121 (1994) no. 2, 330-388.

[23] A. Selberg, Harmonic Analysis and Discontinuous Groups in Weakly Symmetric Riemannian Spaces with Applications to Dirichlet Series, J. Indian Math. Soc. 20 (1956), 47-87.

[24] A. Terras, Harmonic Analysis on Symmetric Spaces and Applications I,II.

Springer-Verlag.

[25] J.A. Tirao, Square Integrable Representations of Semisimple Lie Groups, Trans. AMS 190 (1974), 57-75.

[26] Y.L. Tong and S.P. Wang, Harmonic Forms Dual to Geodesic Cycles in Quotients of SU(p, 1), Math. Ann. 258 (1982), 289-318.

[27] J.A. Wolf, Harmonic Analysis on Topological Groups, unpublished text 1994.

[28] J.A. Wolf, Fine Structure of Hermitian Symmetric Spaces, Symmetric Spaces, 1972.