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Recurrences for Two-Dimensional Sequences
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Triangular Recurrence (Pascal’s Triangle):
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Generalization 1:
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Generalization 2:

-How many a’s and b’s in each term?

- How to assign indices to a’s and b’s?
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( ) { {1,2,..., }: } (e.g. {1,2,3})pA k p k

Closed Formula for x(p,n)
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Generalization 3:
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-How many a’s and b’s in each term?

- How to shift indices for a’s and b’s?
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Shift by Position Index
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Position index function (rank of an element with respect to a set):
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Final Generalization:
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Proof: Induction on p
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Application to Bernoulli Polynomials
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Classical Bernoulli Polynomials:
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Generalized Bernoulli Polynomials (GBPs) of Order p:

(1)NOTE : ( ) ( ) (classical Bernoulli polynomials)n nB x B x

( , )a p n ( , )b p n

( ) ( 1) ( 1)

1( ) 1 ( ) 1 ( )
1 1

p p p
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n x
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Lemma: (Nörlund, 1924) For 1, 1n p

( , )x p n
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Closed Formula for GBPs
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Theorem: For 1n p
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Theorem: (Dilcher, 1996) For 1n p

Combinatorial analog of Dilcher’s formula based on our 

results for generalized triangular recurrences:

Stirling numbers of the first kind
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Further Generalizations

1. Hypergeometric Bernoulli Polynomials

2. Three-term recurrences


