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Recurrences for Two-Dimensional Sequences

Triangular Recurrence (Pascal’s Triangle):
X(p,n)=x(p-Ln)+x(p-1,n-1) (n>p

X(0,n) = f(n)

X(0,n) =|f(n)
X(1,n) =x(0,n) +x(0,n-1) =
X(2,n)=x(L,n)+x(,n-1)

f (0) f (1)
x(0,0) x(0,1)

>0)

f(2)

X(0,2)

X(1,1)

X(1,2)

f(n)+ f(n-1)

=[x(0,n)+ x(0,n=1)]+[x(0,n—=1) + X(0,n —2)]
=|f(n)+2f(n-1+ f(n-2)

x(3,n)=[f(N)+3f(Nn—1)+3f(n—2)+ f(n—23)

x(p,n):[g]f(n)+(fjf(n—l)+...+(gjf(n— 0=y

X(2,2)

f(3)

X(0,3)
X(1,3)
X(2,3)
X(3,3)

k=0

(Ejf(n—k)




Generalization 1:

Xx(p,n)=ax(p-1,n)+bx(p-1,n-1) (n>p=0)
X(0,n) = f(n)

x(0,n) =|f(n)
X(1,n) = |af (n) +bf (n-1)

x(2,n) =|a’f (n) + 2abf (n —1) +b* f (n - 2)

x(3,n) =|a’f (n) +3a’bf (n—1) +3ab*f (n—2) +b*f (n—23)

a
X(p,n) = ( ja f(n)+( jap‘lbf(n—1)+...+[E]bpf(n—p)

_ Zp:(kja”"bkf(n—k)

k=0




Generalization 2:
x(p,n)=a(p)x(p-Ln)+b(p)x(p-L,n-1)  (n=p=0)

X(0,n) = f(n)
x(0,n) =|f(n)
x(4,n)={a@) f(n)+b(@) f(n-1)

X(2,n) =

X(3,n) =

X(p,n) =

a(2)a@) f (n)+[a(2)b(d) +b(2)a@)+]f (n—1)+b(2)b(2) f (n—2)

a(d)a(2)a(d) f (n)
+Ha(3)a(2)b() +a(3)b(2)a(l) +b(3)a(2)a(@®)]f (n-1)
+a(3)b(2)b(1) + b(3)a(2)b(1) + b(3)b(2)a(D)] f (n-2)

+h(3)b(2)b(1) f (n—23)

?

-How many a’s and b’s in each term?
- How to assign indices to a’s and b’s?




X(3,n):

f(n):
f(n-1):

f(n=2):

f(n—3):

Subsets of {1,2,....p }

Position of b's :

a(La(2)a(3)
b(Da(2)a(3)
a(l)b(2)a(2)
aa(2)b(3)
b(D)b(2)a(3)
b(Da(2)b(3)
a(1)b(2)b(3)

b(1)b(2)b(3)

Subset of {1,2,3}

% (0-element subset)

-
—{2}; (1-element subsets)
- {3}

-{L2})
-{1.3}
-{2,3})

-{12,3} (3-element subset)

Vo

(2-element subsets)




Closed Formula for x(p,n)

A, (K)={o <{L.2,..., p}:[o] =K} (0. {1.2,3})

o ={i,i,,...,i ye A (k) (e.9. c ={1,2})

& = complement of o in {L.2,....K}={j,, I,,..-» I, } (€.0. 5={L2}={3})
b(c) =b(i,)b(i,)---b(i) (e.9. b({1,2}) =b(1)b(2))

a() =a(j)a(j,)-a(i,.) (g adL2}) =a@)

Terms of x(p,n) are of the form a(&)b(c) f (n —k)

(e.9- a1, 2Hb({L, 2}) f (n—2) =b(b(2)a(3) f (n-2))

x(p,n) = Zp:{ Y a(&)b(a)] f (n—k)

k=0\ oeA, (k)




Generalization 3:

X(0,n) =

X(p,n)=a(n)x(p-1,n)+b(n)x(p-1,n-1) (n>p=0)
X(0,n) = f(n)

f(n)

X(1,n) =

a(n) f(n)+b(n)f(n-1)

X(2,n) =

X(3,n) =

a(na(n) f (n)+[a(n)b(n)+b(n)a(n-1)]f (n-1)
+b(n)b(n-1) f (n-2)

a(n)a(n)a(n) f (n)

+a(n)a(n)b(n) +a(n)b(n)a(n-1) +b(n)a(n-1)a(n-1)]f (n-1)
+a(n)b(n)b(n-1) +b(n)a(n—1)b(n-1) +b(n)b(n-1La(n-2)]f (n—2)
+b(n)b(n-1)b(n-2) f (n-3)

-How many a’s and b’s in each term?
- How to shift indices for a’s and b’s?




Subsets of {1,2,...,p}

X(3,n): Position of b's: Subset of {1,2,3}
f(n): a(n)a(n)a(n) -9 (0-element subset)
f(n=1): b(n)a(n)a(n) ~{3]

A4

a(n-1b(n)a(n)  -{2}
a(n-a(n-1)b(n) —{3}

(1-element subsets)

f(n-2): b(n-1)b(n)a(n) —{1,2}
b(n—-Da(n-1)b(n) -{1,3}
a(n-2)b(n-1)b(n) —-{2,3}]

f(n—3): b(n-2)b(n-1b(n) —{1,2,3+  (3-element subset)

A4

(2-element subsets)




x(n,3):

f(n):
f(n-1):

f(n—2):

f(n—3):

Shift by Position Index

Position index (rank) with respect to o

a(n)a(n)a(n) —{1,2,3}
b(n)a(n)a(n) —{1,2,3}

a(r11<2— Db(n)a(n) -{12,3}

a(n-Ya(n-1)b(n) -{1,2,3}

b(n<— Db(n)a(n) —-{1,2,3}
b(n<—1) a(n<—1)b(n) —{1,2,3}

a(n—2)b(n-1)b(n) —{1,2,3}

1<2,1<3 2<3

b(n—2)b(n—-1)b(n) — {1, 2,3}



Closed Formula for x(p,n)
o ={ipiymide A (K) (0. o =12} {L2,3})
& =complement of o in {L.2,....K}={j,, I,,..-» I, } (€.0. 5={L2}={3})

Position index function (rank of an element with respect to a set):
1(jio)=[ieo:j<i} (eg. 1(L{L2})=11(2{,2})=0,1(3{12}) =0)

b, (o)=b(n-1(i,,0))b(n-1(i,,0))---b(n-1(i,,0))

(e.9. b ({1, 2}) =b(n - 1(1.{1, 2}))b(n—1(2,{1,2}))] = b(n-1)b(n)

a (o) =a(n-1(j),0))a(n-1(j,,0))---a(n-1(],,0))

(e.9-a, (L2 =a ({3 =a(n-134{L2})) =a(n))

Terms of x(p,n) are of the form a, ()b, (o) f (n—k)

(8.9 & ({L. 21, ({L.2}) f (n—2) =b(n-Db(n)a(n) f (n-2))

x(p,n) = Zp:{ 2. a,()b, (0)] f(n-k)

k=0\ oeA, (k)
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Final Generalization:
x(p,n)=a(pmx(p-inN+pnNXxp-in-} (nx=p0)

X(0,n) = f(n)
X(0,n) =| f(n)
x(Ln)={an) f(n) +(1 n f(n-)

X(2,n) =

X(3,n) =

a(,na(2 n f(n)

Hb(Lma(Z2 N +aAin-32n] (n-)
+b(L,n-1)b(2n) f(n-2

a(Lma(zma(3 n f(n

+[b(L, n)a(2,n)a(3,n)+a(l,n-1)b(2,n)a(3,n)
+a(l,n-Da(2,n-Db(3,n)]f(n-1)

+[b(L,n-1Db(2,n)a(3,n) +b(,n-1a(2,n—-1)b(3,n)
+a(l,n—2)b(2,n-=1)b(3,n)]f(n-2)

+b(L,n = 2)b(2,n—1)b(3,n) f (n—3)

11



b, () =b(i,,n—1(i,o))b(i,,n=1(i,,o))---b(i.,n—=1(i,0))

(e.9. b, ({1, 2}) =b(l,n-1)b(2,n))

a (o) =a(J,n-1(J,0))all,,n-1(J,,0))---all,.n-1(],,0))
(e.9.a ({12}) =2 ({3}) =a(3,n))

Terms of x(p,n) are of the forma, (&)b, (o) f (n—k)

(e.9.a, ({L2Pb, {L.2Hf (n—-2)=bLn-Db(2,n)a(3n)f (n- 2))
Theorem: Suppose

X(p,n)=a(p,n)x(p-1n)+b(p,n)x(p-L,n-1)  (n=p=0)
X(0,n) = f(n)
Then

X(P,n) = Z( S (@) (a)] f (n—k)

k=0\ oeA, (k)

Proof: Induction on p
12



Application to Bernoulli Polynomials
Classical Bernoulli Polynomials:

1 , .1
B,(X) =1, B,(X) = X—E, B,(X)=X"—X+ :
Generalized Bernoulli Polynomials (GBPS) of Order p:
(p)
1)|0 _Z (X )

n=0

NOTE: BY(x)= Bn(x) (classical Bernoulli polynomials)
Lemma: (NOrlund, 1924) Forn>1p>1

Br(]p)(X) :( p_lj B(p -1) (X)+n(ﬁ 1] B(p—l)(x)

x(p,n)  a(p,n) b(p,n) "



Closed Formula for GBPs

Theorem: (Dilcher, 1996) Forn>p=>1

B (0= ()" p@]pf(__l)k [Z( P ””js(p, p—k +m)x"‘]8nk(x)

n km:O

Stirling numbers of the first kind

Combinatorial analog of Dilcher’s formula based on our
results for generalized triangular recurrences:

Theorem: Forn>p=>1

B,Ep><x>=pz[ > a3, (a)]Bnk(x>

k=0\ oeA, (k)
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Further Generalizations

1. Hypergeometric Bernoulli Polynomials
2. Three-term recurrences
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