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Bernoulli Polynomials

B, (X) =1, Bl(x)=X—%,

1 3 1
B.(X)=X’—x+=, B.(X)=xX*-Zx*+=x,
»(X) a 5(X) > >

Generating function

teXt 0 n
C 3B, —
e _1 n=0 n!
Recursive formula
Z”: B, (X) X"

i (n+1-Kk)!  nl

The Bernoulli numbers are defined by B =B _(0)

1 1
B=1 B-7, B,=2, B=0,..



Some Properties of Bernoulli Numbers and Polynomials

1 (-D"'(2x)™ 1 e X
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What about derivative and integral properties?

).
15+ 0.4
0.2

0.5} /

2 - /,// / B 2 - 0.2 04/ 06 08 1
-_1 0.2
e 0.4

Interval [-2,2] Interval [0,1]

— BO(X) — Bl(X) E— BZ(X) E— Bg(X)



Theorem: (Appell, 1882) The following two definitions
of Bernoulli polynomials are equivalent:

|. Generating function:

[1. Appell sequence with zero mean:
(1) By(x) =1

(i) B,,, '(x) =(n+1)B, (x)
1 1fn=0

(iii) jo B (x)dx = {o N



Hypergeometric Bernoulli Polynomials (N = 2)

F. Howard (1977)

t?e /21 & t"
=>» B (2,X)—
e' —1—t nzz(; ol )n!

Recursive formula

5B (2,x) X" B 0
%k!(s)n_k ol O ‘{

B,(2,X) =1 B,(20) = x—3.

2 1 1 1
B.(2,X) =X’ —=x+—, B.,2,X)=X>—X*+=X+—.
»(2,X) AT 5(2,X) 5% 30

m=0

3-4---(3+m-1) m>0



Some Properties of Hypergeometric Bernoulli Numbers
and Polynomials

n+l 2Bn+1(2) . XS
L G(om = (e (Q()—NS 1)—‘-0e — dej

2. Bn(2,x):zn:(rk]j8k(2)-x”"‘

E B.(2)  [1/2! ifn=1
3. ~kiin-k+2)! | 0 ifn>1

We define hypergeometric Bernoulli numbers by
B,(2)=B,(2,0)



Again, what about derivative and integral properties?
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Weighted means:
(1_ X) Bn (2’ X)
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Theorem: (N = 2) The following two definitions of
hypergeometric Bernoulli polynomials B,(2,x) are
equivalent:

|. Generating function:
2 Xt/2| o0
e—-lt_Z

I1. Appell sequence with zero first moment:

(i) By(2,%) =1
(ii) B,., (2,X) = (N+1)B, (2,%)

ifn=0

o 1/2
(meQ—MBAZXMX={O ifn>0
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Proof of Theorem (1= 11)

(1)

d | t%e® /2! d | & t"
= B (2,X)—
dx{et—l—t_ deZ; (&%) l}

t%e* /21 I t"

t =>» B (2,X)—
o0 tn+1 o0 B (2 X) tn+1

= » B (2,X = nld 7.
nzz;‘ { )n! nzz(; (n+1) n!

B. (2, ) Bn+r1] izl X)
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(iii)
[[a-xB,@2xdx= (- x)Lno(EjBk (2)- xnk} "

_ kzl‘;[rk‘jsk (2)( [la- x)x”-kdx)

< nB (2 1
&~ kI(n=k)! (n—k+1)(n—k+2)
:n! C Bk(2)
~ki(n—k +2)!
12 ifn=0
|10 ifn>0
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(I1=1) Define ) .
G(X,t)=ZBn(X)m

Then

G &\t

_X:ZBn(X)ﬁ dn nl(x)—_tZB_l(x)——tG(xt)
This implies

G(x,t)=e"g(t)
It follows that

[le(xtdx= j:{i‘; Bn(x)tn—n!} dx

_ J‘Olextg (t)dx = i('[: B, (X)dX)tn—n!

Xt

t S G(X 1) = tte
e -1 e -1

= g(t) =
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Hypergeometric Bernoulli Polynomials

Theorem: The following two definitions of
hypergeometric Bernoulli polynomials B,(N,x) are
equivalent for all positive integers N:

|. Generating function:
t"e /N! ‘i t"
et _1_t n=0 ’ n!

I1. Appell sequence with zero first moment:
() Bo(N, x) =1

(ii) B,.. (N, X) = (N +1)B, (N, X)

ifn=0

o 1/N
(WXLQ—@aKN“mXZ{o ifn>0
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Bernoulli-Pade Polynomials

K. Dilcher and L. Malloch (2002)

(_1)3 r !S !tr+s+1ext

(r+)i(r+s+D1 Q"I (t)e' = P (1) |

Pade Approximants for et
P() o
Q" (t)

P(r,s)(t) :i(r+s_ J)Itj’ Q(r,s)(t) :i(r+s_ J)I(_t)J

i (r+s)! = (r+s)!

-> B
n=0 n!

Bernoulli-Padé versus Hypergeometric Bernoulli

B"(x)=B.(N,x), (r=N-1 s=0)
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Theorem: The following two definitions of
Bernoulli-Padé polynomials B, ("S)(x) are equivalent
for all non-negative integers r and s:

|. Generating function:

(_1)3 r!S!tr+s+1ext
(r+s)i(r +s+11 Q" (t)e'

0 tn
— B(r,s) L

I1. Appell sequence with zero first moment:

(1) B (x) =1 (if) B,y () = (n+1)B,"(x)

n+1

rist/(r+s+1)! ifn=0

(iii) j;x (1—x)rB§“S)(X)d><={ 0 ifn>0
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