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Bernoulli Polynomials

0
( )

1 !

xt n

nt
n

te tB x
e n

∞

=

=
− ∑

Generating function

Recursive formula

0

( )
!( 1 )! !

nn
k

k

B x x
k n k n=

=
+ −∑

0 1

2 3 2
2 3

1( ) 1, ( ) ,
2

1 3 1( ) , ( ) ,
6 2 2

...

B x B x x

B x x x B x x x x

= = −

= − + = − +

The Bernoulli numbers are defined by (0)n nB B=

0 1 2 3
1 11, , , 0, ...
2 6

B B B B= − = =



3

Some Properties of Bernoulli Numbers and Polynomials
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What about derivative and integral properties?
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Theorem: (Appell, 1882) The following two definitions 
of Bernoulli polynomials are equivalent:

I. Generating function:
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Hypergeometric Bernoulli Polynomials (N = 2)
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Some Properties of Hypergeometric Bernoulli Numbers
and Polynomials
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Again, what about derivative and integral properties?
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Weighted means:
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Theorem: (N = 2) The following two definitions of 
hypergeometric Bernoulli polynomials Bn(2,x) are 
equivalent:

I. Generating function:

II. Appell sequence with zero first moment:

0(i) (2, ) 1B x =

1(ii) '(2, ) ( 1) (2, )n nB x n B x+ = +

1

0

1/ 2 if 0
(iii) (1 ) (2, )

0 if 0n

n
x B x dx

n
=⎧

− = ⎨ >⎩
∫

2

0

/ 2! (2, )
1 !

xt n

nt
n

t e tB x
e t n

∞

=

=
− − ∑



11

Proof of Theorem
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Theorem: The following two definitions of 
hypergeometric Bernoulli polynomials Bn(N,x) are 
equivalent for all positive integers N:

I. Generating function:

II. Appell sequence with zero first moment:

0(i) ( , ) 1B N x =

1(ii) '( , ) ( 1) ( , )n nB N x n B N x+ = +

1

0

1/ if 0
(iii) (1 ) ( , )

0 if 0n

N n
x B N x dx

n
=⎧

− = ⎨ >⎩
∫

0

/ ! ( , )
1 !

N xt n

nt
n

t e N tB N x
e t n

∞

=

=
− − ∑

Hypergeometric Bernoulli Polynomials



15

K. Dilcher and L. Malloch (2002)
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Bernoulli-Padé Polynomials
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Theorem: The following two definitions of 
Bernoulli-Padé polynomials Bn

(r,s)(x) are equivalent 
for all non-negative integers r and s:
I. Generating function:

II. Appell sequence with zero first moment:
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