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Bernoulli Challenge

Prize Problem: Find the sum of the 10th powers of

the first 1000 natural numbers, i.e.

10 10 10 101 2 3 ... 1000

(Jacob Bernoulli did it “in less than half of a quarter of an hour”)

Hint: The answer is a 32-digit number.

Rules: Students only.  No technology allowed.

(October 2006)
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"With the help of this table it took me less than half of a quarter 

of an hour to find that the tenth powers of the first 1000 

numbers being added together will yield the sum 

91409924241424243424241924242500

From this it will become clear how useless was the work of 

Ismael Bullialdus spent on the compilation of his voluminous 

Arithmetica Infinitorum in which he did nothing more than 

compute with immense labor the sums of the first six powers, 

which is only a part of what we have accomplished in the space 

of a single page." 

Jacob Bernoulli, Ars Conjectandi (1713)
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Sums of Powers Formula
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Bernoulli Polynomials
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Some Properties of Bernoulli Numbers and Polynomials
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Bernoulli Number Identities

Euler coined the term „Bernoulli‟ numbers in his textbook 

E212, Institutiones calculi differentialis, Part II, Chapter 5, 

(1755)
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Quadratic recurrence:

0 4 2 2 0 4 42 : 6 3m B B B B B B B 2

4 25 6B B

2 2

4 2 2

6 4 3 1

5 1 2 5
B B B

2 2( ) 2

0

2
(2 1) ( 1)

2

m

k m k m

k

m
B B m B m

k



11

2 2
2 1 2 12 2

0 1

( 1) 2 ( 1) 21 1 1
cot

2 2 (2 )! (2 )!

n n n n
n nn n

n n

B B
s u u u

n u n

4 1 4 0
ds

ss
du

2
2 2 22

2
1

( 1) (2 1)21 1 1
csc

4 2 (2 )!

n n
nn

n

n Bds
u u

du u n

Euler‟s proof (trigonometric identity):

2 2(cot 1 csc )u u

2
2 2

2 22 2

2 2
1 0

( 1) (2 1)2 ( 1) 24 4
1 1 0

(2 )! (2 )!

n n n n
n nn n

n n

n B B
u u

u n u n

22 2
2 2( )2 22

1 0 0

( 1) 2( 1) (2 1)2
1

(2 )! (2 )!(2( ))! 4

m mn n m
k m km mn

n m k

B Bn B u
u u

n k m k

22 2
2 2( ) 22

1 0

( 1) 2( 1) (2 1)2

(2 )! (2 )!(2( ))! 4

m mm m m
k m k mm

m k

B Bm B u
u

m k m k



12

Power Rule:
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Appell Sequences
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Bernoulli polynomials as Appell sequence:
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Example 2:
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Example 3: 1( ) mf x x
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Example 3: ( ) ( )mf x B x
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EMS:
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Example 4: ( )f x
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( ) ( ) ( )f x g x h x
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Hypergeometric Bernoulli Polynomials (N = 2)

0 1
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2 3

1
(2, ) 1, (2, ) ,
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2 1 1 1
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3 18 6 90
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Appell sequence with zero first moment:
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Example 5: ( ) (2, )mf x B x
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Proof:
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(2)
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1
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Efficient formula for Bm(2):
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2 11
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(2) if  odd
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Interesting Problem: Find a formula for Bm(2) in terms of 

only Bernoulli numbers.
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Theorem:
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Other choices for f(x):

( ) (1 ) ( ) ( )m nf x x B x B x

Further Exploration

2

2
/2

/2 ( )
( ) ( ) ( 1)

n x
n x

n n

d e
f x H x e

dx

1

2 1
( ) ( )

2 2

n

n n n

x x
f x E x B B

n

(Cubic recurrence formula?)

(Hermite polynomials)

(Euler polynomials)
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Appell Sequence: { ( )}nA x

Generalized Euler-Maclaurin Summation (GEMS)

Repeated Integration by Parts:

0(i) ( ) 1A x

1(ii) '(2, ) (2, )n nA x nA x

0( ) ( ) ( )
b b

a a
f x dx A x f x dx

2
1 1

2

( ) '( )
[ ( ) ( ) ( ) ( )]

2!

1
( ) ''( )

2!

b

a

b

a

A x f x
A b f b A a f a

A x f x dx

1 1[ ( ) ( )] ( ) '( )
b

b

a
a

A x f x A x f x dx
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1
( 1) ( 1)

1

( )

( 1)
( ) [ ( ) ( ) ( ) ( )]

!

( 1)
( ) ( )

!

kp
b

k k

k k
a

k

k
b

p

p
a

f x dx A b f b A a f a
k

A x f x dx
p

1 1 2 2

3
3

1
( ) [ ( ) ( ) ( ) ( )] [ ( ) '( ) ( ) '( )]

2!

( ) ''( ) 1
( ) '''( )

3! 3!

b

a

b
b

a
a

f x dx A b f b A a f a A b f b A a f a

A x f x
A x f x dx

GEMS:

Choices for Ak(x):
( ) (2, )k kA x B x

( ) ( )nA x H x

( ) ( )nA x E x
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