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Welcome

With a wide variety of challenging offerings, the Mathematics Department at Rowan
University offers a competitive, yet fun, learning environment. Students have the

option of two undergraduate degrees, a graduate program and several concentrations.

Our faculty is comprised of experts in many areas, including applied and theoretical
mathematics, statistics, abstract algebra and analysis. Rowan's math students boast
noteworthy credentials, as well. Many have conducted original research, participated
in national and international mathematics competitions and published papers with
faculty.
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If you are not a math major and need a math course to fill 3 general eduacation
requirement please click here for our recommendations.
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Sums of Powers
1000(1001) _

1+2+3+...+1000 = 5 500,500
2420+ 1007 = o) — 333,833,500
1°+2° +3°+...+1000"° =2
Zn:k =1+2+3+...+Nn= n(n+1) _ %(n2 +n) (Pythagoreans)
o=

Zn:kz 2402, P n(n+1)(2n+1) _ 1
k=1

6 E(2n3 +3n%+n) (Archimedes)

D k= 6—16 6n** +33n" +55n° —66n’ +66n° —33n° +5n
k=1



Bernoulli Challenge
(October 2006)

Prize Problem: Find the sum of the 10t powers of
the first 1000 natural numbers, i.e.

19+ 2% +3° +...+1000"
Rules: Students only. No technology allowed.

Hint: The answer is a 32-digit number.

(Jacob Bernoulli did it “in less than half of a quarter of an hour™)



"With the help of this table it took me less than half of a quarter
of an hour to find that the tenth powers of the first 1000
numbers being added together will yield the sum

91409924241424243424241924242500

From this it will become clear how useless was the work of
Ismael Bullialdus spent on the compilation of his voluminous
Arithmetica Infinitorum in which he did nothing more than
compute with immense labor the sums of the first six powers,
which is only a part of what we have accomplished in the space
of a single page."

Jacob Bernoulli, Ars Conjectandi (1713)



Sums of Powers Formula

n ! ! !
D kP = - L L — LS
<" T 01(p+1)! 1p! 21(p—1)!

p! 2
+ B,n"* +..+B,n
3l(p-2)!

Bernoulli numbers:

= %(Zn3 +3n°+n)



Bernoulli Polynomials

B, (X) =1, Bl(x):X—%,

1
B.(X)=x’—X+=, B.(X)=x}*-Zx*+=x,
,(X) g 5(X) > >

Generating function

Recursive formula
Zn: B, (X) _ X"
o kI(n+1-k)! n!

The Bernoulli numbers are defined by B, = B (0).:

tt T N U LI
e -1 2 12 720 30240




Some Properties of Bernoulli Numbers and Polynomials

o1 (=D)"(@2n)” - 1_7
1. ;(2n):;k2n: 2o} B,, KHF:%]

R ol SLLA n n! 5) 5l
5 B”(X)_kz(;‘(k]ka (k]:k!(n—k)! (2)2ﬁ:10

3. B,-x)=(-)"B,(x) (=B,1=(-"B,(0)

1 1
B.(X)=x?—Xx+==x(x-1)+=
,(X) g (x-1) g

B,(1-X)=(1-x)(—Xx) +l = X(x-1) +% =B, (X)

4. B, Zk 12(1)U

k=0



Bernoulli Number ldentities

Euler coined the term ‘Bernoulli’ numbers in his textbook
E212, Institutiones calculi differentialis, Part Il, Chapter 5,

(1755)
oA P T W 335

f22. WNomerd. ifti per 1}11iverfam‘ feriervm doflrinam
amplifimum_habent _ufum. Primum enim ex his nomeris
formari _poflunt -ulrimi  termini m fummis poteftatum  pa-
yium, guos non @eque ac reliquos termunos ex fummis  prae-
cedentium reperiri pofle fupra annotavimus. In poteftatibus
enim paribus poftremi {ummarum termini fone s per certos
yumercs mmluplicati ; qui nomeri pro  poteflatibus 115 IV ;
1 I I I

VI ; VI ; & funt'g, ol AT
alternantibus afflefti. Orlontur antem hi r!umeri ﬁ valores
litterarum @, 6, 9, 8, &c. fopra inventi refpelive divi-
dantur per mumeros impares 3, §, 7 Bc. onde ifti - pume-
1i,. qui ab Joventore lacobo Bermowllso vocari folent Bernoul-

liapi erpnt:

Be. . fignis

ClE I-=
5 Sﬂ
7 42
9 30
VE =
T @ T €

122. These numbers have great use throughout the entire theory of series.
First, one can obtain from them the final terms in the sums of even powers,
for which we noted above (in §63 of part one) that one cannot obtain them, as
one can the other terms, from the sums of earlier powers. For the even powers,
the last terms of the sums are products of 2 and certain numbers, namely for
the 2nd, 4th, bth, 8th, etc., % ﬁ é ﬁ etc. with alternating signs. But
these numbers arise from the values of the letters a, 8, 7. 0, etc., which we
found earlier, when one divides them by the odd numbers 3, 5, 7, 9, etc. These

numbers are called the Bernoulli numbers after their discoverer Jakob Bernoulli,

a= 1 =2A=B,
5= 3 =%="B,
1= 5 =C=B
5= 30 =9 =—B
= @ =¢ =By



123. Thus one immediately obtains the Bernoulli numbers 2, 5, ¢ etc. from

the following equations:

A :
VR
C= 92 . 29y
=37 . Za¢ 4 3765 12
t= 7 FAD+ EEE 4B
§=17 15 A¢ + s w80+ Aoarse 1wl
6 =47 AT + Mt B¢ + M 0

etc.,

Quadratic recurrence:
2m

Z(2k ) By Bymty =—(2M-1)B,,  (m>1)
k=0

m=2: B,B,+6B,B,+B,B, =—3B, = 5B, — 6B?
:>—B4_682
5 1-2 5

431B

2

10



Euler’s proof (trigonometric identity):

1 (1 (-D"27Byy ons 1 0 (D)2 By o0
S_zco{ jz (2n)! U Z (2n)!

n=0 n=1
2n
E:—ECSCZ(:L j:___i_Z( 1) (2n 1)2 BZn u2n—2
du 4 2 = (2n)!
ds , )
4E+1+4SS:O (cot®u+1=cscu)
o 2n 2n 2
iz _1+Z( 1) (2n 1)2 2n 2I‘l 1 o Z( 1) 2 2n 2n :O
u n=1 (Zn)l (Zn)'
_1+i(_1) (2n-1)2""B 2n | ,2m +izm:( nr2" B, Bym-i) 42 :_U_2
= (2n)! (2k)!(2(m—k))! 4

= [ (-)"(2m-1)2°"B,, <& (-D)"2°"B, B,y U2
Z{ (2m)! % (21 (2(m—K))! }“
11



(-)"(2m-1)2°"B,, n i (-1)"2°"B,, Bymiy
(2m)! & (2k)1m-kK)!

(m>1)

m (2m

Z( 2k ] BaBamig = —(2m-1)B,, (m>1)
k=0

Alternate Proof (Euler-Maclaurin Summation)
Power Rule:

P, (x) =X’

p,'(X) =nx"" —mpn_l( )

P, "0 =n(n-Dx"* = _2),pn2()
p,"() =n(n-1)(n-2)x"* = @ _3), Pr s(X)

nl n—k

GETT —k)'

pr(lk)( )_ pn k( )

12



Appell Sequences

B,(X)=1, | B,(X)= x—%, B,(X) = X —x+%, B,(x) = x° —gxz +%x
B, '(x)=1 B,'(x) =2x-1 B,'(X) =3x* —3x+1/2
=B, (x) =2(x-1/2) =3(x* —x+1/6)
=2B,(X) =3B, (X)
— BO(X)
I Bl(X)
— BZ(X)
— B3(X)

13



Bernoulli polynomials as Appell sequence:
() By(x) =1
(i) B, '(x) =nB,._,(X) ( j B, (x)dx = % B, (X)j

.. 1 ifn=0
(ii1) J:Bn(x)dx :{0 050

Example 1.

= dx = |ldx =x+C=|x-=
B, (x) jBo(x)x jlx X+ =2

1
:E+C :>C=—%

1
0= [B,(x)dx = [ (x+C)dx =X +Cx

0



Euler-Maclaurin Summation (EMS)

kZ: f (k)= Lﬂ f(x)dx——[f (n) + f(O)]+Z . (2K)!

nB

s 177(a), a<on

[ f (2k-1) (n) - f (2k-1) (0)]

Example 2: f(x)=x

n-1 n-1 2

1
Zf(k)=k§k ff(x)dx:% == E[f(n)+f(0)]:g

: B (2k-1) (2k-1) nqu+1 (29+2)

;(k),[f (n)— f#2(0) |=0 —(q+1)!f (@)

EMS: S 20 n(n+)
> Z kz 2 2 2

15



Special Case (n = 1)
Repeated Integration by Parts

[ f(dx= [B, (0 (x)dx u=f(x),  dv=B,(x)dx
du= f'(x)dx, v= j B, (x)dx = B, (X)

=[B,() f (I - [ B0 T (x)dx
B0 f0-8OfO1- 22 L6 001000y

2 2 1
—-BIf O+ O] (B, ©-B,0) 1 (0) { Bs(xé‘; (X)}

_% [1B,00 F (x)dx
= —B[f()+ f(0)]- %[f - f'0)]+ %[Bg @ f ") - B,(0) f "(0)]

B,()1"(X)
{ 41

l +% [B,(x) ) (x)dx

16



=-BIf @+ O1- 2 O~ FO1-2[f @+ (O]

@) () )
Bs(X)SfI (X) :|o _é L B5(X) .I: (5) (X)dX

- %[84 (1) f "(1) - B, (0) f "(0)] {

Assume f a polynomial of degree p:

[ f(0dx = —f S [F00 1) 4 (- 14D (0)]

k=1 '

Ef(x)dx:%[f (1) + f(0)]- kzp;B—kl [F&D 1) - f%D(0)]

B,,

(Z f(k)=[ f (x)dx——[f (n) +  (0)] + > o

[ f (2k-D (n) f (2k-D (0):|

nB
+—292 @ (5) o e[0,n]
(2q+1)!
17



Example 3: f(x)=x"" (m>1)

! 1 om- 1 1 1 1
[foodc= [xmiax=— " [f@)+1(0)]=50+0]=3

0D (1) _ £ kD Q) = (m-1)! wmk| (m-1)! K
(m—k)! o (m=k)! -
0 Ifm—-k=0 (ork =m)
=1 {m-b) otherwise
[ (m—=k)!
EMS:

[ 1000 =211 @+ FO1- 3 4@ - 142 (0]

m-1 . m-1 |
1 1 B (m-1)! TN m!
m 2

Bk
2 &K (m—k)!

m- (N
(™ B, =0 (Recall formula: Bn(x):Z( jBk-x”")
k=0 k k=0 k

18



Example 3: f(x)=B,(x) (m>1)
1 ifm=0
0 ifm>0

[ f(dx= [ B, (x)dx = {

Yt@+ fO)=2B,@1)+B,(0)] —JBn Tmeven
2 2 0 ifm odd

=B

m

Derivatives of Bernoulli polynomials

B, () = MB, 4 (X) =~ B, ()

B (1) -

19



f (kD) bH-f (k1) (0) = B (k-1 1) - B (k-1 (0)

. m! 3 g ;
— (m_(k _1))![ m—(k—l)( ) — m—(k-1)( )]

|
2 - Bm—k+1 ifm+k—-1odd
=1  (Mm-k+1)!

0 Ifm+k—-1even

\

—2m!B, ifm-k+1=1(ork=m)
0 otherwise

(m! ifk=m

| 0 otherwise

Form>1:
> D~ 1Y (0] 5 %«m) - B,

k=2 '

20



EMS:

[ 1000 =211 @+ FO1- 4@ - 142 (0]

0=B_-B

B, =B,

k=2 TN =

(Trivial identity!)

21



Example 4: f(x)=(1-x)B,(x)

[ f()dx= [ @-x)B,(x)dx
_ (1_ X) Bm+1(x) :

(m>1)

1 il
+ B _.(x)dx
m+1L m+1( )

m+1

0

B

_ m+1

- m+1
Lt + f)1=2[0+B,(0)]
2 2 "

1g
2

(000 = <11~ 0)8, (] =2
X

22



Leibniz’s Product Rule:

F(x)=g(x)h(x)
F'(x)=9'(x)h(x)+g(x)h'(x)

(%) =[g"()h’'(x) + g ' ()h'(x)]+[g ()N ’(x) + g (x)h *(x)]
=g"(x)h'(x) +2g'(x)h’(x) + g (x)h*(x)

(%) = g "(x)h(x) +3g "(x)h’(x) + 3g '(x)h "(x)+ g (x)h " (x)

f(”)(x)=(g]g<“>(x)h(x)+(2jg<”1’<x>h'<x>+...+(:jg(x>h<“>(x>

- O(E]g‘”)(x)h“’(x)

k:

23



f(X)=@1-x)B,,(X)
f0(x) = Z( j—[l x]-BY(x)

— 1-x)B (x)~n-1-BI (x)

m! m!
(m—n)! Bnn (0=  Brna ()

=(1-x) -
(m—n+1)!
f (k1) 1) - f (k-1) (0)

m!

m!
— _(k _1) (m K+ 2)| Bm—k+2 (1) - |: (m _K +1)| Bm—k+1(o)

m!
_(k _1) (m _ k 4 2)' Bm—k+2 (O):|

m! m!
= (m K+ 1)| m k+1 + Z(k _1) (m _k + 2)| Bm—k+25m—k+1

where {1 ifk =0
So=1"

0 ifk=0

24



m+1

2

k=2

EMS:

B

m+1

—-B

B,

k!

= [-

[f

[ f (D) (1) f (k-1) (0)}

m+1 Bk m |

Bm—k+1
~ (k)1 (m—k +1)!
k=2

(=TT @+ F(O)1-

1 5 _ 2mB,B 1

m+1

+2(k =1

Bk
|

B (m +1) m+1

L > B +mB_. + Z
k=2

2,

N

m!

(m . k n 2)' Bm—k+25m—k+1]

2m 1 (im+1
—B B —— B B
m+1 m+1—1 (m+l) Z( k j k = m-k+1

[fP @)~ 5P (0)]

m+1
( k j Bk Bm—k+1

m+l 2 " m+l  (m+)&

B B

k = m-k+1

25



m+1

nlim+1
—-B .= (m;l) Bm _|_mBm+1 +Z( K jBk Bm—k+1
k=2

wim+1
-mB,,,, =(M+1)B, +| B,B,,, +(M+1)BB, +> ) BB, ..
k=2

m+1(m +1

-mB_, =(m+1)B,_ +Z ) jBk B ..
k=0

nlim+1
Z Bk Bm—k+1 = _(m +1) Bm — mBm+1
o\ K

ASSUME m+1=2n>2:
2n 2n
Z k Bk BZn—k — _(2n +1) BZn—l — (2” —1) BZn
k=0

n.(2n
Z (2kj B, B, , =—(2n—-1)B,, (recover Euler’s formula)

o

26



Hypergeometric Bernoulli Polynomials (N = 2)

B,(2,X) =1 B,(2) =X,

2 1 1 1
B.(2,X)=xX*—=x+—, B,2,X)=xX>-xX*+=x+—.
,(2,%) T 2(2,X%) 5 X" 30

Appell sequence with zero first moment:
(i) B,(2,x) =1
(1) B, '(2,x) =nB,,(2,x)

ifn=0

. 1/2
(m)fﬂ—@BJmex={0 ifn>0

We define hypergeometric Bernoulli numbers by
B,(2) =B,(2,0)
1 1 1

B(Q=1 BQ=—3 B@=1 B=g5



Example 5: f(x)=B,(2,x) (m>1)

L iy — o o iy — B.(2)+m/2 ifm=1
[ F0odx= [[B, (2% X‘{ B (2)  ifmzl

Proof:
ifm=1

| 1/2
1-%)B, (2, x)dx =
[ @208, 2 x)dx {o if m>1

' 1/2 ifm=1
+£EBm(2,x)dx:{/ T
o M 0

(1/2 ifm=1
0 ifm>1

(1_ X) Bm (2! X)
m
B, (2,0)
m

ifm>1

+1£Bm(z,x)dx:<
m

LF@+O1=3[8,2D+B,(2.0]1-B,@)+78,,2) (m>1)

28



Proof:
[B,(21)+B,2.0)] =5{B,(2.)-B,(2.0)]+B, (2.0

m d
:DELBWAzxmx+aAZO)

= Bua(2)+B,(2)

£ 0D (7) £ 0D () = B¢ (2,1) - B (2,0)
m!
= (m k + 1)| Bm—k+1(2’l) o Bm—k+1 (2’ O)
m!
T (Mm—K+1)!
= [ muzn+m‘kaml}
(M—K)! 2
= m B, (2)+ m’ Ok
(M—K)! 2(m—k—1)!

(m-— k+1)LBm (2, x)dx

29



k=2

_k

k!

[f(kl)(l)_f(kl)(o)]:i3k|: m! lek(Z)-l- m!

~ Kl (m=Kk)! ™ 2(m—k—1)!5m‘k‘1}

B, m! !
—_ml .y B.B (2
(m=1)! 2 &kim-k)! (%)

EMS:
Ef(x)dx=%[f(1)+ £ (0)] i i

k=2

S @) - £5(0)]

m B.: N
Bm (2) = Bm (2)+E Bm—l(z)_ Z( jBk Bm k (2)

1 3 mBm—l
Bm(2)+m(_§j Bm—1(2)+;(ijkBm—k(2) - 2 + Bm(z)

30



Theorem:

(M mBm—l
g(ijkBmk (2)=-—=+B,(

Efficient formula for B (2):

=(m+1
B.(2) =B, +— B (2)Byy.1-i
k

( -2
2. [ m+1

m+1

.

2 & .
12“(2“1) B,;..(2)B,,; ifmeven

-1
2 :
B +—— B, (2)B . 1f m odd
m m-l-lj_o[ 2J ] 21( ) m+1-2 j

Interesting Problem: Find a formula for B.,(2) in terms of

only Bernoulli numbers.



Further Exploration

Other choices for f(x):

f(x)=@Q-x)B,(x)B,.(x) (Cubic recurrence formula?)

F(X)=E ,(x)= %'[Bn (%lj B (gﬂ (Euler polynomials)

—-x2/2
nex2/2 dn(e "

f(x)=H.(x)=(-1 - ) (Hermite polynomials)

32



Generalized Euler-Maclaurin Summation (GEMS)

Appell Sequence: {A,(x)}
() A(x)=1

(1) A, (2,x) =nA_,(2,X)

Repeated Integration by Parts:
[ f00dx = [ A (0 (x)dx

=[A()F L= [ A0 T (X)dx

~[Ab) T (b) - Aa)f (a)]—{Az(X;f '(X)}

+% f A (x) f "(x)dx

33



E F(x)dx=[A®)Tb)-A@)T(a)] _%[Az b)1'(b)-A ()1 @)]

{As(x)gf "(X)l 3 [ AT 000

GEMS:
[ f(0dx= i (_1)H

(1)

J'bA (X) f (D)(X)dx
Choices for A, (X): A (x) = B, (2.X)
A(x) = E,(X)
A(X)=H_(x)

34
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