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Christian Goldbach

Born: 18 March 1690 in Königsberg, Prussia

Died: 20 Nov 1764 in Moscow, Russia

2

- Attended University of Königsberg where he mainly studied law, 

medicine, and some mathematics

- Well traveled and met with many of the leading scientists



Euler-Goldbach Timeline

1725 Goldbach is appointed recording secretary of newly established

Imperial Academy of Sciences (later called St. Petersburg 

Academy of Sciences)
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1727 Euler arrives in St. Petersburg to replace Nicolaus Bernoulli II

1728 Goldbach moves to Moscow to tutor Peter II

1729 Euler and Goldbach begin their 35-year long correspondence

1732 Goldbach moves back to St. Petersburg and is appointed 

correspondence secretary of the Academy

1740 Goldbach leaves the Academy for a senior position in the 

Ministry of Foreign Affairs

1741 Euler leaves St. Petersburg to join the Berlin Academy

1764 Goldbach dies

1766 Euler returns to St. Petersburg



Euler-Goldbach Correspondences

P.H. Fuss, Correspondance mathématique et physique de 

quelques célèbres géomètres du XVIIIème siècle, 1843; 

available on the Euler Archive: 

http://www.math.dartmouth.edu/~euler/
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167 letters (1729 – 1764) 

Adolf P. Juškevič and Eduard Winter, Leonhard Euler und 

Christian Goldbach : Briefwechsel 1729-1764, Abh. 

Deutsch. Akad. Wiss. Berlin Kl. Philos. (Berlin, 1965).

Forthcoming English translation(?)

http://www.math.dartmouth.edu/~euler/


Year Frequency

1729 2

1730 11

1731 3

1732 4

1735 2

1736 1

1737 1

1738 1

1739 7

1740 3

1741 8

Year Frequency

1742 16

1743 16

1744 10

1745 12

1746 15

1747 11

1748 10

1749 8

1750 8

1751 7

1752 9
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Frequency of Their Correspondences



Euler-Goldbach Correspondences

Translation of portions of seven correspondences between 

Dec 1741 – June 1742:

Euler to Goldbach – Dec 9, 1741 (OO757)

Goldbach to Euler – Feb 13, 1742 (OO759)

Euler to Goldbach – Mar 6, 1742 (OO761)

Goldbach to Euler – April 12, 1742 (OO763)

Euler to Goldbach – May 8, 1742 (OO764)

Goldbach to Euler – June 7, 1742 (OO765) (Goldbach’s conjecture)

Euler to Goldbach – June 30, 1742 (OO766)

Translation from German into English by:

- Elizabeth Volz (Rowan graduate student)

- Reinert Schmidt (Glassboro High School physics teacher)
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I have lately also found a remarkable paradox. Namely that the 

value of the expression 

is approximately equal to 10/13 and that this fraction differs only in 

parts per million from the truth. The true value of this expression 

however is the cosine of the arc .6931471805599 or the arc of 39 

degrees 42 min. 51 sec. 52 tenths of sec. and 9 hundredths of sec. in 

a circle of radius one. 

Euler to Goldbach – Dec 9, 1741 (OO757)

1 12 2

2
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I have noticed that if you wanted to make it so that 

Goldbach to Euler – Feb 13, 1742 (OO759)

than p would have to be smaller than 3 and larger than 2. I confess 

that these limits are large but I do not have the curiosity to determine 

them any closer. 

1 12 2 0p p
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Now that I have the curiosity to investigate when 

Euler to Goldbach – March 6, 1742 (OO761)

it has given me the opportunity to remark that this can happen in 

infinitely many ways.  First observe that p is between 2 and 3, namely 

2.26618021.  The true value is p= π /(2l2) where π = 3.14159265 and 

l2=1-1/2+1/3-1/4+etc. = .6931471803.  All following values are 

derived out of this in that you multiply these with 3, 5, 7, 9, etc.

1 12 2 0p p
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Euler’s Paradox

1 12 2
cos(ln 2) 0.769239...

2

10
0.769231...
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Euler gives no explanation for this paradox and no indication if 

this is coincidental.
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Euler’s Solution

1 12 2 0p p

ln 2 1 ln 2 1 0p pe e

2cos( ln2) 0p

(2 1)
ln 2

2

n
p

(2 1)

2ln 2

n
p
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To my knowledge these correspondences indicate the earliest 

known application of Euler’s famous formula

first published in Euler’s 1748 pre-calculus textbook, Introductio 

in analysin infinitorum [E101].

cos sinixe x i x

Euler’s Formula
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It is in my opinion also remarkable that when you determine p through

Goldbach to Euler – April 12, 1742 (OO763)

also then this will become

as long as x is an integer.

1 12 2 3p p

1 1

2 1 2 1 2 1 2 1

2 1 2 1

2 2

(1 5) ( 1 5) (1 5) ( 1 5)

2 2

xp xp

x x x x

x x
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Goldbach’s Solution

1 12 2 3p p

11
3 ( 2 )pa a

a

3 5 1 3 5

2 2
a

a

1 1 3 5 3 5
2 2

2 2

x x

xp xp x xy y

2 1 2 1 2 1 2 1

2 1 2 1

(1 5) ( 1 5) (1 5) ( 1 5)

2 2

x x x x

x x
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1 (1 5) (1 5)

25

n n

n n
F

Binet’s Formula

Observe that Goldbach’s solution resembles Binet’s formula for 

Fibonacci numbers.  However, neither Euler nor Goldbach mention 

this connection, which is surprising given the simple recursive 

nature of the Fibonacci numbers and circumstances suggesting 

that Euler knew of them.

1722 De Moivre uses formula to derive generating                 

function for Fibonacci numbers

1728 D. Bernoulli publishes formula

2
0

1

1

n

n

n

F x
x x

17
1767 Euler publishes formula in E326

1743 J. P. Binet publishes formula



2 1 2 1

2 2 1 2 1

2 1 2 1

2 2 1 2 1

(1 5) ( 1 5)
2 ,

2

(1 5) ( 1 5)
2 .

2

n n

n n n

n n

n n n

F F

F F

1 1

2 1 2 12 2np np

n nF F

Observe that the sequence

2 1 2 1n n nx F F

satisfies the recurrence

2 13n n nx x x

Connection to Fibonacci numbers:

0 1 2 3( 2, 3, 7, 18,...)x x x x
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Exact Values of Cosine
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1 11
cos( ln 2) 2 2

2

np npnp

1 12 2 3p p

1 3 5 3 5

2 2 2

n n



Euler’s General Case 
pi pia a b

1
( )piy b y a

y

2 4

2

b b
y

1
cos[ ln ]

2

npi npinp a a a
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2 21 4 4

2 2 2

n n

b b b b



Exact Values of Sine

2 21 4 4
sin[ ln ]

2 2 2

n n

b b b b
np a

pi pia a b

For n odd:

2 21 4 4
sin[ ln ]

2 2 2

n n

b b b b
np a

For n even:
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Linear Recurrences

Theorem: If 

2 1n n nx bx x
nx

0 11,x x b

,npi npia a

( 2) ( 1)

pi pi

pi pi

n pi n pi npi

a a b

a b a

a ba a

then 

npi npi

nx a a

and more generally

satisfies the recurrence

Proof: Since each elementary solution satisfies

the recurrence, it follows the same for
npi npi

nx a a :
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Theorem: If 

2 1n n nx bx x
nx

0 10,x x b

then 

( 1)npi n npi

nx a a

and more generally

satisfies the recurrence
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Observe that a direct formula can be derived for such a 

linear recurrence:

2 24 4

2 2

n n

n

b b b b
x

Thus:

1 1
cos[ ln ]

2 2

npi npi

nnp a a a x



0 1

2 1

0, 1

n n n

x x

x Mx x

2

1
for  even

2
cosh( log )

4
for  odd

2

n

n

y n

n
M

x n
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Hyperbolic Analogue

In 2007 T. Osler found analogous formulas for hyperbolic 

cosine (and sine):

0 1

2 1

2,

n n n

y y M

y My y

2 4

2

M M
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