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The First Paradox
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EXPOSITION DE QUELQUES PARADOXES

DANS LE CALCUL INTEGRAL

par M. EULER.

Premier  Paradoxe.

L

} me propofe ici de déveloper un paradoxe dans le calcul intégral,
qui paroitra bien érrange : c’eft qu'on parvient quelquefois & des
équations différenticlles, dont il paroit fort difficile de trouver les in-
tégrales par les régles du calcul intégral, & quiil eft pourtant aifé de
trouver, non par le moyen de 'intégration, mais plutdt en différen-
tiant encore I’équation propofée ; de forte qu'une différentiation réite-
rée nous conduife dans ces cas a l'intégrale cherchée, C'eft fans doure
un qccident fort furprenant, que la différentiation nous puiffe menerau
méme but, auquel on eft accourumé de parvenir par Iintégration qui
¢{t une opération entierement oppofée.

I1.  Pour mieux faire fentir I'importance de ce paradoxe, on n'a
qu'a fe fouvenir, que le calcul intégral renferme la méthode naturelle
de trouver les intégrales des quantités différentielles quelconques: &
de i il femble qu'une équation différentielle étant propofée, il n'y a
d’autre moyen pour arriver 4 fon intégrale, que d'en entreprendre I'in-
tégration.  Et fi I'on vouloir, au lieu d'intégrer cetre équation, la dif-
férentier encore une fois, on devroit croire qu'on s'éloigneroir en.
core davantage du but propofé ; attendu qu'on auroit alors une équa.
tion différentielle du fecond degré, qu'il faudroir méme deux fois inté-
grer, avant qu'on parvint aut bur propofé,

IIT.
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The First Paradox
IQ

Here L'intend to explain a paradox in integral calculus that will seem rather strange: this

is that we sometimes encounter differential equations in which it would seem very
difficult to find the integrals by the rules of integral calculus yet are still easily found, not
by the method of integration, but rather in differentiating the proposed equation again; so
in these cases, a repeated differentiation leads us to the sought integral. This is
undoubtedly a very surprising accident, that differentiation can lead us to the same goal,
to which we are accustomed to find by integration, which is an entirely opposite
operation.

II. To get a better feel for the importance of this paradox, we only have to
remember that integral calculus holds the natural method for finding integrals from
differential quantities: and from this it seems that for a proposed differential equation,
there is no other way to arrive at its integral than to attempt its integration. And if we
would, instead of integrating this equation, differentiate it once more, we would need to
believe that we would further distance ourselves from the proposed goal; considering that
we would then have a differential equation of the second degree, it would need two
integrations before we reach the proposed goal.
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I 11 doit donc &ire trds furprenant, quune différentiation
réiterée ne nous éloigne non feulement davantage de l'intégrale, que
nous nous propofons de chercher, mais qu'elle nous puiffe méme
fournir cerce intégrale. Ce feroit fans doure un grand avantage, fi cet
accident étoit général, & qu'il eur lieu toujours, puisqu’alors la re-
cherche des intégrales, qui eft fouvent méme impoflible, n’auroit
plus la moindre difficulté : mais il ne fe trouve qu'en quelques cas trés
particuliers dont je rapporterai quelques exemples : les aurres cas de-
mandent tovjours la méthode ordinaire d'intégration. Voil done
quelques problémes qui ferviront 4 éclaircir ce paradoxe.

PROBLEME 1L

Le point A étant donné, trouver la courbe EM telle, que la per-
endiculaive AV tivée du point A fur une tangente quelconque de la
courbe MV, Joit partout de la méme grandewr.

1V.  Prenant pour axe une droite quelconque AP, tirée du

point donné A, qu'on y tire d'un point quelconque de Ja courbe cher-
chée M la perpendiculaire MP, & une autre infiniment proche mp :
& qu'on nomme AP =2, PM =y, &la longueur donnée de la
ligne AV =a. Soit de plus I'élément de la courbe Mm—=ds, &
ayant tiré Mz parallele d 'axe AP, on suoraPp = Mx = dx
& am=dy; donc ds =V (dx* +4-dy*). Qu'on baiffe du
point P aufi fur la rangente MV la perpendiculaire PS, & fur celle- cy
du point A la perpendiculaire AR, qui fera parallele 4 la tangente MV,
Maintenant, puisque les triangles PMS & APR font femblables au
: i — Mz.PM __ ydx
trisngle Mmx, on en tirera: PS = Ma— — o
mx.AP __

& PR=2 = ’7"}: dob, & caufe de AV=PS~PR,

Mum
dx—xd
nous aurons cette équation, 4 — y—xﬁx—"

Pp 3

ou ydx = xdy = ads

-—_

Fig. 1,

1L It must therefore be very surprising that a repeated differentiation does not
distance us only further from the integral that we proposed to find, but it can even give us
this integral. This would undoubtedly be a great advantage, if this accident were general
and always held true, since then the study of integrals, which are often impossible, would
no longer pose the least difficulty: but it is only found in some very particular cases in
which I will relate some examples: the other cases always follow the ordinary method of
integration. Therefore, here are some problems that serve to clarify this paradox.

PROBLEM I
Given point A, find the curve EM such that the perpendicular AV, derived from
point A onto some tangent of the curve MV, is the same size everywhere. (Fig. 1)

IV. Taking for the axis some straight line AP derived from the given point A, we
derive the perpendicular MP there from some point M on the sought curve and another
infinitely close line mp. Also, let us call AP = x, PM =y, and the given length of the line
AV = a. Furthermore, let the element of the curve Mm = ds, and having derived M7
parallel to the axis AP, we will have Pp = Mr = dv and mm = dy; therefore

ds=1'f(dx2+dy2). We extend from the point P also onto the tangent MV the

perpendicular PS and onto this line from the point A the perpendicular AR, which will be

parallel to the tangent MV. Now, since the triangles PMS and APR are similar to the

Mz PM  ydx mr- AP xdy |

—=—un =— from
Mm ds Mm  ds

triangle Mmm, we can derive: PS =



PROBLEM | (E236)

Given point A, find the curve EM such that the perpendicular
AV, derived from point A onto some tangent of the curve MV,

IS the same size everywhere.

AMmz, APMS, and AAPR are similar
PS _ M=z :PS:PI\/Iol\/Iﬂ:de
PM Mm Mm ds
PR:myz :PR:APomn:xdy
AP  Mm Mm ds

ds = Mm = \/dx? + dy?
AV =a (“Tangential” distance)




a=AVvV =PS-PR
_ydx  xdy

ds  ds V/

ydx — xdy = ads

Euler’s Differential Equation:

dy _ . Jdx? + dy?
dx dx

y—X

Note: If the solution curve is assumed to lie below x-axis, then
Euler’s DE becomes

dy _ _ (0x)° +(~dy)’ dy o +dy’

—y)—x—= — X
=y) dx dx =Y dx dx



Ordinary Method of Integration

Euler’s differential equation (differential form):
ydx —xdy =a \/dxz +dy?
1. Square both sides:

ydx® — 2xydxdy + x°dy* = a*dx” + a“dy’

2. Solve for dy (Euler ignores negative solution):

_ —xydx+ adx\/x2 +y°—a’
a® —x°

dy

3. Rewrite:

a”dy — x*dy + xydx :adxﬁ\/x2 +y°—a’



a“dy — x*dy + xydx = adxi\/x2 +y°—a’

4. u-substitution:

uxdx
y=uva’—x°; dy=duva®—x°’—
LHS: at=x

uxadx
(@’=x?)dy + xydx = (a*— x*){duva® —x* |- (a’- xz)( ]+ uxdxva® — x°
( ) /aZ_X2

= du(a’— x2)* — UxdxreP=X’ -+ UXOXheP =X
RHS:

adx\/x2 +y’-a’ = adx\/(a2 —x*)(u® -1

Simplifies to:
du(a’~x?)” =adx/(a® — x?)(u®-1)

. (a°=x*)du =adx+/u”* -1




CaseI: U’ =1

(a’—x*)du = adx~u® —1 (true)

Thus:

y=uvaZ—x2 =++a>-x*
. X*+y*=a* (Circle)

2
CaseIl: U”#1

j du _aj de2
Juz—1 Y at-x
Iog(u +\/u27—1) = Iog(n(wj%J

a—Xx



Ve
u+¢u2—l=n(§i§j

a—X

(a+xj 2u(u++u®-1)=-1

a—X

b
nzﬂiiij 2un(a+xj =1
a—X a—X

—n(a+x)% ].(a+xj}é
+U=
2 \a—X 2n\ a—Xx

_n(a+xj% y ].(a+xj}5
+ =
2\a-x) J@a+x)(a-x) 2nla-x

—N 1
—(a+xX)+v=—(a—x
2( )y2n( )

mz—Dx+(Wﬂ4)a

(Line)
2N 2N

y:
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Integrating by Differentiating

Euler’s Differential Equation:

ydx—xdy =a \/dxz +dy?

1. Rewrite in terms of p = dy ;

dx
y—Xp =a.1+p°

2. Differentiate: ﬂ—(l p+xdpj ap__ dp

dx dx 1+ p2 dx
dp ap
— X —
G T rey i
Case I: d—p;tO
X

| ap _ > | a
X = \/1+7 y =a1+p° +xp \/1+7
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Eliminate the parameter:

2
ap a
X +y? =|- +
y ( J1+ pz) (»\/1+ p°

Solution to Case I:

2
_a’p’+a’
1+ p?
(Circle)

E

o
QD
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dp

(Tangent line)

Case ll: — =0 Thus p=constant=n
dx
y—Xp=a\1l+p> ..y=nx+ayl+n’
/
/
/
s M
/
V r/,i"
d a
/’.f
/
y
L
/ A
/
s
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Higher-Order Examples

Cubic:
ydx — xdy = a%/ dx® + dy”®
::y—xp:aﬂ+p3(p:%¥j
Case I: QBiO
dx
X = ap’ y= 2
I+ p°)’ J A+ p*)°
. dp _ _
Case II: o 0 Thus p=constant=n
X

y—xp=adl+p® . y=nx+adl+n’

(Tangent line)
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Arbitrary order:

ydx — xdy = aQ/ (adx" + gdx"dy” + ydx"“dy” + etc.)

=y = px+aQ/(a+,8pV+7p“+etc.)

Case I: %7&0

dx
_ —vafp T — uayp“T —etc.
n Q/(a +Bp" +yp”+etc)"

_naa+(n-v)app" +(n—u)ay p” +etc.

n Q/(a +Bp" +yp” +etc)"

Case II: dp =0 Thus p=constant=m

dx

y = mx+aQ/(a+,BmV +ym* +etc.)
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General Solution of Euler’s DE

y—-xp=F(p)

Integrating by Differentiating:

Case I:

X =

dp
dx

dy
dx

—F'(p)

=

(1 p+xdpj F'(p)- dp

P =X ZB/ F(p)zg

y=F(p)+xp=|F(p)-pF'(p)

Case II:

y=xp+F(p)

Wb _,
dx

(Parametric solution!)

Thus p = constant

(Tangent lines to solution in Case I)
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PROBLEM 11 (E236)

On the axis AB, find the curve AMB such that having derived from one
of its points M the tangent TMV, it intersects the two lines AE and BF,

derived perpendicularly to the axis AB at the two given points A and B,
so that the “rectangle” formed by the lines AT and BV is the same size

everywhere.

F

v
AMmz, APMS, and AAPR are similar

S :
RM _TR m;z:xdy
M7 dx
SV:MS-myz:(Za—x)dy
; M7 dx
A X PP B Fig. 2
X=AP dx=Pp=Mz ds=Mm=./dx?+dy’ AB =2a

y=PM dy=mz AT -BV =c? (“Tangential area”)
17



AT = PM —RM = y X%
dx & M 2
BV = BS+SV =y 22-Nd T R| :
dx ;
A P p

Euler’s Differential Equation

dx dx

AT -BV :(y—ﬂj(y— xdy | 2ady

:>y—xp:—ap+\/c2+a2p2 =F(p) (p

dx

n

B Fig. 2
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Integrating by Differentiating

Case I: %7&0

dx

¥ =g— azp (X_a)Z a.2p2
2 2 2 = 2 2 2 2
c-+ap a cc+ap
2
C 2 c2

\/CZ—I—aZpZ C2 C2+a2pz

Eliminating the parameter:

(x—a)® vy
2 + 2 2 2
a c® c +a‘p
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Solution to Case I:

(Ellipse)
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dp =0 Thus p=constant=n

Case II:
dx
Y — Xp :—api\/c2 +a’p’
. y=-n(@a-x)£+Jc?+n’a’®  (Tangent line)
. AT =—na++/c? +n%a? N
BV =na++/c? +n%a? /T
M//

AT -BV =¢’

T —
-~
7

5
iy s

- r'; N

T ’ b

~ A 1 )

- )
B,V ~
! o
i ~
s
.//.
=
B
y
- M
T

-

21



PROBLEM Il11 (E236)

Given two points A and C, find the curve EM such that if we
derive some tangent MV, which the perpendicular AV is directed
towards from the first point A, and we join the straight line CV to
V from the other point C, this line CV is the same size

everywhere.
§ y=PM
\Y :
é/ § CV=a
a | AC=D
ay
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PROBLEM 1V (E236)

Given two points A and B, find the curve EM such that having
derived some tangent VMX, if the perpendiculars AV and BX are
directed towards it from the points A and B, the rectangle of these

lines is the same size everywhere.

23



Generalization to 3-D

m

M__/_rn

2-D: (Distance from curve to pomt)
dy, dx S

(xy)e o) é
\/dx +dy

ydx — xdy = a /dx? + dy? < ol
Y—Xdy 1+(dyj
dx dx P

3-D: (Distance from surface to point)

zdxdy — xdydz — ydxdz = a \/ dx*dy?® + dx*dz® + dy*dz®

oz a1 \/ (azj (az T
Z—X——Y 1+ —
OX 8y OX oy
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The Second Paradox

Second Paradoxe,
XXXI,

Le fecond patadoxe, que je m'en vai étaler, n'eft pas moins fur
prenant, puisqu'il eft aufli contraire aux idées communes du calcul
intégral, On s'imagine ordinairement, qu'ayant une équation diffé-
rentielle quelconque, on n'ait qu'é chercher fon intégrale, & 4 lui
rendre toute fon érendue en y ajoutant une conftante indéfinie, pour
avoir tous les cas, qui font compris dans équation différentielle. Ou
bien, lorsque cette équation différentielle eft le réfultar d'une folution
d’un probléme, on ne doute pas que Péquation intégrale, qu'on en
trouve par les régles ordinaires, ne renferme toutes les folutions
poffibles du probléme : cela s'entend, lorsqu'on n'aura pas négligé
Paddition de conftante, que toute intégration exige,

XXXIL.  Cependant il y & des cas, ot intégration ordinaire
nous conduit & une équation finie, qui ne renferme pas tout ce qui

btoit contenu dans I'équation différentielle propofée ; quand méme
on ne néglige pas la conftante mentionnée. Cela doit paroitre d'au-
tant plus paradoxe, plus oneft accoutumé d'étre convaincu de la juftes.
fe de lidée expliquée dans larticle précédent. Car i I'équation inté-
grale, qu'on aura trouvée aprés toutes les précautions preferites, n'é-
puife pas 'érendue de I'équation différentielle ; le probléme admertra
des folutions, que l'intégration ne fournira point, & partant on arrie
vera 4 une folation défectucufe, ce qui femble fans doute renverfer les
principes ordinairesdu calcul intégral.

The Second Paradox
XXXL

The second paradox. that I will put forth 1s no less surprisig, since 1t s also contrary to

the common ideas of mtegral calculus. We usually imagme that having some differential
equation, we only need to find its itegral and to render it m its full extent by adding to 1t
an undefmed constant to have all the cases that are comprised i the differential equation.
Or when this difterential equation 1s resultant from a solution of a problem, we have no
doubt that the mtegral equation found by the ordinary rules contams every possible
solutton of the problem: this 15 understood when we have not neglected the addition of a
constant that all mtegration demands.

XXXII. However, there are cases where ordinary integration gives us a finite
equation that does not contam all that would be contamed m the proposed differential
equation, still not neglecting the aforementioned constant. This would seem much more
paradoxical since we are accustomed to being convinced of the accuracy of the 1dea
explaned m the previous paragraph. Because if the itegral equation, which we will
have found after all prescribed precautions, does not exhaust the extent of the differential
equation, the problem will allow solutions that the integration will not produce, and
hence we will amve at a defective solution that undoubtedly seems to upset the ordinary
principles of integral calculus.
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