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The First Paradox
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PROBLEM I (E236)
Given point A, find the curve EM such that the perpendicular 

AV, derived from point A onto some tangent of the curve MV, 

is the same size everywhere.
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Note: If the solution curve is assumed to lie below x-axis, then 

Euler’s DE becomes
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Euler’s Differential Equation:
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Ordinary Method of Integration
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Euler’s differential equation (differential form):
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1. Square both sides:
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2. Solve for dy (Euler ignores negative solution):

3. Rewrite:
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LHS:

RHS:

Simplifies to:
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2 2 2( ) 1 (true)a x du adx u  
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Integrating by Differentiating

Case I: 0
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dx


1
dp

p x
dx

 
   

  21

ap dp

dxp




Euler’s Differential Equation:

2. Differentiate:

1. Rewrite in terms of

2 2ydx xdy a dx dy  
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2 2x y

Solution to Case I:
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Eliminate the parameter:
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Case II: 0
dp

dx


(Tangent line)

Thus  p = constant = n
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Higher-Order Examples

Case I: 0
dp

dx
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Case II: 0
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(Tangent line)

Thus  p = constant = n
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Case I: 0
dp

dx


Arbitrary order:
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General Solution of Euler’s DE
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Integrating by Differentiating:
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Case I: 0
dp

dx


(Parametric solution!)

Case II: 0
dp

dx


 y xp F p 

Thus  p = constant

(Tangent lines to solution in Case I)



PROBLEM II (E236)
On the axis AB, find the curve AMB such that having derived from one 

of its points M the tangent TMV, it intersects the two lines AE and BF, 

derived perpendicularly to the axis AB at the two given points A and B, 

so that the “rectangle” formed by the lines AT and BV is the same size 

everywhere.
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(“Tangential area”)
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Euler’s Differential Equation
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Eliminating the parameter:
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Solution to Case I:
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Case II: 0
dp

dx
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(Tangent line)

Thus  p = constant = n
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PROBLEM III (E236)
Given two points A and C, find the curve EM such that if we 

derive some tangent MV, which the perpendicular AV is directed 

towards from the first point A, and we join the straight line CV to 

V from the other point C, this line CV is the same size 

everywhere.

a

b

x=AP

y=PM

CV=a

AC=b
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PROBLEM IV (E236)
Given two points A and B, find the curve EM such that having 

derived some tangent VMX, if the perpendiculars AV and BX are 

directed towards it from the points A and B, the rectangle of these 

lines  is the same size everywhere.

x=AP

y=PM

AB = 2b

2cBXAV 
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Generalization to 3-D

2-D: (Distance from curve to point)

2 2ydx xdy a dx dy  

3-D: (Distance from surface to point)
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The Second Paradox
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