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Bernoulli Polynomials

B, (X) =1, Bl(x):X—%,

1
B.(X)=x’—X+=, B.(X)=x}*-Zx*+=x,
,(X) g 5(X) > >

The Bernoulli numbers are defined by B, =B,(0):

1 1 1
BO :1, Blz—a, BZ :E, B3 :O, B4:—%, BSZO,
Generating function:
teXt o0 tn
=2 B.(X)—
e' -1 nZ::; !

Recursive formula:

n (”;1) B, (X) = (n+1)x"



Euler-Maclaurin Summation (EMS)

Appell sequence:
() B,(x)=1 (i) B, (x) =nB,_(x)

1 1fn=0

(i) JjBn(x>dX=5n,o={o ifn>0

EMS:

n—

Zf(k) L”f(x)dx——[f(n)+f(0)]+z < D () £#(0) |

1 (2K)!

Special Case: Assume n =1 and fa polynomial of degree p

Ef(x)dx:%[f (1) + f(0)]- fi f D (1) — £ <D (0)]

k=2 !




Hunt for Bernoulli Number Identities

Example 1: f(x)=x"" (m>1)
[ (00 = Exmldx:% %[f(1)+ f(O)]:%[1+O]:—

(m—l)!5

(k=D 1y _ £ (kD) —
FW- 1000 = = 50

EMS:
Ll f(x)dx = %[f 1)+ f(0)]- ii[f RS R (V)

k=2 !

1 mlB (m ]_)I _m
E — k! {(m k)l} =1 2+Zk|(m k)! B, =

nfn+1

m_l(m] B, =0 (Compare with Z( y ] B, (X) =(n+1)x")




Example 2; f(x)=B,(x) (m>1)

1 ifm=0 %[f(]_)+f(O)]Z%[Bm(l)"‘Bm(O)]

=B

m

[ f(xdx= [ B, (x)dx = {

0O ifm>0

Derivatives of Bernoulli polynomials

oy ~ m! YL
Bm (X) - mBm—l(X) — (m _1)| Bm—l(x) — Bm (X) - (m _ k)' Bm—k (X)

f6D (1) - £42(0) =B () - B2 (0) =mls,,

EMS:

[0y 6D ()]

Ef(x)dx=%[f(1)+ f(0)]-

0=B,-B, (Trivial!)



Example 3: T(x)=(@1-x)B,(x) (m>1)

Ef(x)dx: E(l—X)Bm(X)dx __ B

m+1

1 1
ST @+ f(0)]=2[0+B,(0] ==

f(n)(x) Z( j_[l X] B(n k)(X)

m! m!

B (X) -

m—my O gyt o)

=(1-x)

m! m!

P = 100 =~ B 20k

(m . k + 2)| Bm—k+25m,k—l



EMS:

1 1 5\ B,
L f(gdx =L 1)+ f(0)]—kz:;ﬁ

m+1
. Bm+1 _ E Bm . 2mBle+1 + 1 Z Bk Bm—k+1
m+1 2 m+1 (m+D) =\ K

Him+1
-mB_, =(m+1)B_ +Z( ) B

[fP @)~ 157 (0)]

H(m+1
Z( ]BKBm i =—(M+1)B_ -mB_,

Euler’s formula (assume m+1=2n>2):

n.(2n
Z 2k BZkBZn 2k — (2n 1)BZn
k=0




Hypergeometric Bernoulli Polynomials (N = 2)
B,(2,x) =1, BAZX):X—%,

2 1 1 1
B 2’X :Xz__x+_1 B 21X :Xg_X2+_X+_1

Define hypergeometric Bernoulli numbers by B,(2) =B, (2,0)

1 1 1
B(2=1 BQ=—3 BQ=1 B)=g5
Appell sequence with zero first moment:

(i) By(2,) = 1
(ii) B, (2,X) = B, ,(2,%)

ifn=0

. 1/2
(m)fﬂ—@BJmex={0 ifn>0



Example 5: f(x)=B,(2,x) (m>1)
il il m
L f (x)dx = L By (2, X)X = B, (2) +--5,,

%[f @) + f(0)] = %[Bm (2,1)+B,(2,0)]=B,(2) +%Bm_1(2) (m>1)

m! m!

(k-1) (k-1)
FD@ - 00 = - B @)+ 5

EMS:
[ 100 =211 @+ 1Y 1@~ 19 (0]

:2 -

m B.:. ~
Bm (2) = Bm (2)+EBm—1(2)_ 2 Z( jBk Bm k(2)



Theorem:

(M mBm—l
g(ijkBmk (2)=-—=+B,(

Efficient formula for B (2):

=(m+1
B.(2) =B, +— B (2)Byy.1-i
k

( -2
2. [ m+1

m+1

.

2 & .
12“(2“1) B,;..(2)B,,; ifmeven

-1
2 :
B +—— B, (2)B . 1f m odd
m m-l-lj_o[ 2J ] 21( ) m+1-2 j

Interesting Problem: Find a formula for B.,(2) in terms of

only Bernoulli numbers.



Further Exploration

Other choices for f(x):

f(x)=@Q-x)B,(x)B,.(x) (Cubic recurrence formula?)

F(X)=E ,(x)= %'[Bn (%lj B (gﬂ (Euler polynomials)

2
n x%/2 dn(e—x 2
€ n

f(x)=H.(x)=(-1 ) (Hermite polynomials)
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