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Euler-Riemann Zeta Function
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Hypergeometric Zeta Function
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(@) <,(s) converges for Re(s) >1

(b) &,.(s)= ZU (s+1,s+1+n,n)  (Hypergeometric Zeta Function)
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Confluent Hypergeometric Function of the Second Kind:
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Proof of (b):

1. Express integrand as a binomial series:
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2. Reverse order of integration and summation (uniform convergence):
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Theorem
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Proof:

1. Express integrand in (*) as a binomial series:
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2. Evaluate integral using the substitution nx — x
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Lemma

p#@n)=n
Or equivalently,
=(n-1
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Expression for n = 4.
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Proof:




Analytic Continuation

Contour 7

Contour Integration

@)= " -1 Cwy

‘W‘=§<7z

()
./

Theorem (Riemann)

(@) 1(z) is analytic for all z

(b) 1k)=0 (k=2,34,..)

I'l—z)
27

(c) ¢(@)= 1(2)

Note: Part (c) gives the analytic continuation of zetato all z =1



Contour 7

Hypergeometric version:
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Theorem

(@) 1,(z) is analytic for all z
(b) 1,Kk)=0 (k=234,..)
© 6@="20)

27l

Note: Part (c) gives the analytic continuation of zetato all z=0,1



Bernoulli Numbers and Trivial Zeros of Zeta
Theorem (Riemann)
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Corollary (Trivial Zeros of Zeta):

£ (-2n) =0

Bernoulli Numbers:
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Hypergeometric version

Theorem
2

n(n+1)

Note: No trivial zeros in this case!
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Howard (Generalized Bernoulli) Numbers:
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Functional Equation

Lemma (Riemann)
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Proof:
Contour 7
1. Consider the ‘truncated’ contour integral W = (2n+1)7
1(n,z) = j (e" —1)-1( W)
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2. Evaluate the integral using residues:

1(n,z) < w_ o (W)
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Roots of e"-1=0
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Theorem (Euler-Riemann Functional Equation)

£(2) = 2(27)*sin (%er(l— ) (1-2)

Corollary (Euler)
(27)*"B,,

o (2n) = 2(2n)!




Hypergeometric version:

Lemma

2(2) z+1 z-1
- =2(-1) Zr cos[(z-1)6,]

where w, =r.e™ are the roots of €"—-1-x=0

Contour 7»

Proof:

1. Consider the ‘truncated’ contour
Integral
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2. Evaluate the integral using residues:
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Theorem For Re(z) <0,

£,(2) = 2(-1"* T (-2)} £ cos[(z-1)4, ]
Corollary For Re(z)<0,

£,(2)| < 222)™ "2 1 (-2)| ¢ (1~ Re(2)

Complex roots of ¢"-1-w=0:
w, =a, +b,iw, = re'* W, ~ 2.09 + 7.46i
Lemma (Howard)

(2n+1/4)r <b, < (2n+1/2)x



Generalization to Higher-Orders
(Joint work with Abdul Hassen)

Nt-Order Hypergeometric Zeta Functions

S+N-2

¢y (s)= = J.OO 4
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Note: Many of the results discussed earlier generalize
to Nt-order hypergeometric zeta functions.



Open Problems

1. Do hypergeometric zeta functions satisfy a
functional equation? The answer will require
understanding the roots of e"-1-w=0.

2. Do hypergeometric zeta functions have
nontrivial zeros? If so, locate them.

3. Find efficient numerical algorithms for evaluating
hypergeometric zeta functions. Poor estimate for &,(2):

233<£,(2)=Y “(sz’ ") 251
n=1
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Compare with £(2) = Z? = % ~1.6449
n=1
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