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Error Function Riemann Zeta Function
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Zeta Clan

Hypergeometric Zeta Functions:
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Connection with Hypergeometric Series:
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Fractional Descendants
Hypergeometric Series (a, b > 0):
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Fractional Hypergeometric Zeta:
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Family Traits

Family Portrait

I. Classical Zeta: |
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[I. Hypergeometric Zeta:
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A Vast Domain

Analytic Continuation to Re(s) <1

I. Classical Zeta:
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Theorem (Riemann) /.\\z\ ~o<x
(a) I(s) is analytic for all s \-/
(b) 1) =0 (k=2,3,4,.)

©) £(s)=T1-5)1&
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(d) £(s) has one simple pole at s =1




[I. Hypergeometric Zeta:
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Theorem
(a) 1y(s) is analytic for all s
b) 1,()=0 (k=2,34,.)
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II1. Error Zeta:
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Theorem
(a) 1,,(s) is analytic for all s
(b) 1,,(n/2)=0 (n=34,..)

_ T(1-(5-1/2))
(c) &in(s)= oo 512
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(d) ¢.,,(8) has infinitely many simple poles at s =1,0,—1,...
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Property Values

Zeta Values at Negative Integers

I. Classical Zeta (s < 0):

£0)=-1/2
§(=2)=0
§(=4)=0
§(=6)=0

C(=1)=-1/12
£(=3)=1/120
£(=5)=-1/252
£(=7)=1/240




Theorem (Euler-Riemann)

S(—n)=(-1)" B (n=0,1,2,3,...)
n+1
Bernoulli Numbers:
L - y Bmﬂ=1-£z+l.£+0023— 1 .Z4+O-ZS+ : 026—...
ee—1 & ™m 27 621 31 30 4 51 42 6!
o O
B =—1/2 B, =1/6
B, =0 B, =—1/30
B, =0 B, =1/42
B, =0 B, =—1/30

Corollary (Trivial Zeros of Classical Zeta):
¢(=2n)=0
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II. Hypergeometric Zeta (S < 0):

N =2:
AN
25 20 15 10

¢,(0) = Undefined
¢, (=2)=-1/270
;,(—4)=1/2268
¢, (—6)=-1/7290

& (=) =1/18

£, (=3)=-1/1620
&, (=5)=—1/85050
£, (=7)=13/204120
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Theorem (N =2)

£(-m =2

nn+1)

By.n(2)  (N=1,2,3,..)

Generalized Bernoulli Numbers:

12122123 1zt 5 7

B..(N) - generalized Bernoulli numbers

Corollary (“Trivial” Zeros): ,(S) # 0 on the left half-
plane {Re(S) < 0,=— 2.4}, except for infinitely many
zeros located on the negative real axis.

- —t— —- — ...
3 18 2! 90 3! 270 4! 1134 5!

12



III. Error Zeta (s < 0):

Theorem (N = 1/2): {, ,(s) has simples poles at negative
integers (including 0 and 1) and has zeros at negative
half-integers (including 1/2). In particular:

(_ 1)2n_1 Bl/2,2—2n
2(2-2m)!T'(n-1/2)

(b) 4/1/2((2n+1)/2)20 (n=0,-1,-2,...)

(a) Res(g,,(8),s=n)=

(n=1,0,-1,...)

Fractional Bernoulli Numbers:
7677 m \/;[ 4 , 64 z* 256 z° j
= l-——72"+— —-— :

+...
3 15 4! 21 6!

B, ,, - fractional Bernoulli numbers
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Best of All Possible Worlds?

A Functional Equation

I. Classical Zeta: 2! L

Reflection across the
critical line Re(s) = 1/2:

-15 -10 -5 5 10 15

Theorem (Euler-Riemann Functional Equation)

£(s)= 2(27[)8131n( jl“(l $)C(1-5)
Corollary (Euler)
(272.)2n52n
2(2n)!

6 (2n) =
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[I. Hypergeometric Zeta:
Theorem For Re(s) <0,

£ (8)=2(-D"'(N-DIT(A-(s+N —1))2 cos[(s—1)(8, — 7)]
Functional Inequality Theorem (N=2) For Re(s) <0,

£,(9)] < 2(27) "™ P (—5)[ £, (1- Re(s)

z. =a_+bi=re%are complex roots of
e —1-z=0
Z, ~2.0888+7.4615i,

[ ~7.7484, 6 ~74.3604°

B 68 B 88 8
°

(6]
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I11. Error Zeta:
Theorem For Re(s) <0,

\/_F(l (S 1/2) i SZ{COS 2(3 1)(72' (9)]—I-COS[2(S 1)9 ]}

512(8) = 2cos[z(s—1/2)] &

Functional Inequality Theorem (N = 1/2) For Re(s) <0,
C(1-(s-1/2))
x/zcos[ﬂ(s —1/2)]

S (9)] < 2y ¢ (1-Re(s),3/4)

z. =a_+bi=re%are complex roots of
erf(z)=0 4 .
2, ~1.4506+1.8809i, i y

rh=2.3753, 6,=52.3596

Hurwitz Zeta Function: £(s,a) = Z
n=0 (n + a) 16




What Does the Future Hold?
Open Problems

1. Do fractional zeta functions satisfy a functional equation ?

2. Locate nontrivial zeros of fractional zeta functions.
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