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Pascal’s Triangle
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Binomial Expansion:
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Arithmetical Triangle (Pascal, 1654)
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Figurate Triangle (Jacob Bernoulli, 1713)
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Pascal’s Square
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Bernoulli Polynomials

Sums of powers:
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Bernoulli numbers:

B, =1, B, =1/2 (or -1/2),
BZ :1/6, Bg =Y,
B, =—1/30, B, =0.



Generating function (Euler):
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Bernoulli polynomials:
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Quotients of Power Series
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Determinant Formula for Bernoulli Polynomials
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Elementary Row and Column Operations

Step 1: Factor 1/(i—1)! fromrow ifori=1, 2,..., n+1.
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B, (X)

Step 2: Factor (j — 3)! from row j for | = 3, 4,...

_ (=)™11213L...(n - 2)!

112131...(n—1)!

1
1

2!
2!
3!
3!

41

n!
(n+1)!

0 0
0 0
21 0
3! 3!
21 21
n! n!

(n —-1)! (n—2-)!2!

N+,
0 0
0 0
0 0
0 0
0
n!
2!(n—2)!

10

n+1



Theorem: (Costabile—Dell’ Accio—Gualtieri, 2006)
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x*  1/3 1 2 0 0O 0
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Observe that Pascal’s square appears in red inside the matrix
above with its main diagonal entries replaced by zeros.
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Corollary: (Turnbull, 1960)
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Hypergeometric Bernoulli Polynomials

Howard (1977):
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Theorem: (N =0)

B, (0,X) = (-1) = (x-1)"
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Observe that Pascal’s square appears (in red) inside the matrix
above.
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Theorem: (N = 2)
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Observe that Pascal’s square appears (in red) with its main and

first lower off-diagonal entries replaced by zeros. .



Theorem: (N arbitrary positive integer)

Bn(N’X):
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Note: Pascal’s square appears Inside the matrix (b;;) with its main
and first N — 1 lower off-diagonal entries replaced by zeros.

16



References

1. F. Costabile, F. Dell’ Accio, M. I. Gualtieri, A new approach to Bernoulli
polynomials. Rendiconti di Matematica, Serie VII. Volume 26, Roma (2006), 1-
12.

2. A\W.F. Edwards, Pascal’s Arithmetical Triangle, Oxford University Press, New
York, 1987.

3. A. Hassen and H. D. Nguyen, Hypergeometric Bernoulli Polynomials and Appell
Sequences, to appear in Intern. J. Number Theory.

4. F. T. Howard, Numbers Generated by the Reciprocal of e*x-1-x, Math. Comput. 31
(1977) No. 138, 581-598.

5. Turnbull, H.A. The Theory of Determinants, Matrices, and Invariants. New York:
Dover Publications, 1960.

6. MacTutor History of Math: Gottfried Wilhelm von Leibniz:

17


http://www-gap.dcs.st-and.ac.uk/~history/Biographies/Leibniz.html
http://www-gap.dcs.st-and.ac.uk/~history/Biographies/Leibniz.html

